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¤�µÔÚÈ��ö� � õ ß þ� ¤¢ .´¨� ù¢� � ö� ÷�À �®� þ¤ ��� � ¢¤� õ ¥� �Â þ¢ ¥� � î À � ª� �ü õ � � ó� ÷� ¥� ü ·�� ± õ � ûýø�Æ õ� ÷ø À ÷¤�¢¤�¡Â � ý�ùÄ þø ���� ¥� À ÷�ªüõ Âû�Ò �ú ÷� ¤¢ f(A) + f(B) � þ f(A + B) �Âê �î üþ�ûýø�Æõ� ÷�� �¬�Ê¡ � � ÓÜ µ¿õ â ��� � ý�Â � �¤ ö� � � ± ª � þ �Â ê ß þ� � � ýø�Æõ� ÷ ß þÀ �� ,ý¤� �Æ � ö� ÷�À �®� þ¤ø jjjf(jA � Bj)jjj ý�þ�� ü÷�Øþ ý�û�Â÷ 1øÀ÷� 1988 ñ�¨ ¤¢ .À÷�ù¢�Þ÷ ö��� ö�ð�÷�ð ý�û�Â÷ ø �ø�Ôµõý�þ�� ü÷�Øþ �Â÷ ø f ýÂÚÜÞä ÂãÖõ â��� ý�Â� 2ö�� ø øÀ÷� 1999 ñ�¨ ¤¢ ø �Æþ�Öõ �¤ jjjf(A) � f(B)jjjm´ó�� �� �¤ ýø�Æõ�÷ ßþ� [13℄ ¤¢ 3�¥�î ø ��±�� �¤ jjjf(A+B)jjj � jjjf(A) + f(B)jjj ýø�Æõ�÷ jjj:jjj.¢�¢ �ã¨�� ùÂ�çµõ�ø¢ ÛÊê ¤¢ .Ý��îüõ ö��� [16℄ ø [6℄ â��Âõ ¥� �¤ ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� �õ�÷ö�þ�� ßþ� ñø� ÛÊê ¤¢�(f(�A+ (1� �)B)) � �(�f(A) + (1� �)f(B)) ýø�Æõ�÷ ø ù¢Âî üêÂãõ �¤ ÂþÁ��Æþ�Öõ ý�ûýø�Æõ�÷ø øÀ÷� ýø�Æõ�÷ ��±�� ��¨ ÛÊê ¤¢ .Ý��îüõ ö��� 5 ��Ü�¨ ø 4��� Í¨�� [5℄ â�Âõ ¥� ùÄþø Âþ¢�Öõ ý�Â� �¤[7℄ ,[1℄ â��Âõ ¥� �¤ ö�� ø �¥�î ,9�÷�µ�î ,8×¨ø�¤¢ ,7ßþ¤�� ,6����ú� ,øÀ÷� üÜ±ì ý�û¤�î ¸þ�µ÷ ø ù¢¤ø� �¤ ö�����¤� ,ùÀª ö��� [5℄ ¤¢ 10�õ�ü��þ Í¨�� �î �¤ ö�� ø øÀ÷� ��Ìì ��±�� ÂÚþ¢ ÛØª ø Ý��îüõ ü¨¤Â� [12℄ ø�¤ üþ�ûýø�Æõ�÷ ö� ×Þî �� ø ù¢�¢ �ã¨�� ÂãÖõ â���� ��Þ� �� �¤ ö�� ø øÀ÷� ýø�Æõ�÷ ¤�ú� ÛÊê ¤¢ .Ý�û¢üõ.Ý��îüõ ��±�� üî�Ü� ý�ûÅþÂ��õ ý�Â�
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1 ÛÊê
��õÀÖõ ø Óþ¤�ã�



�õÀÖõ 1-1Ç¿� ¤¢ .Ý��îüõ ù¤�ª� À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ Àã� ý�ûÛÊê ¤¢ �î üþ�þ�Ìì ø Óþ¤�ã� �� ÛÊê ßþ� ¤¢�¤ �ú÷� �� ¯��Âõ üþ�Àµ�� ý�þ�Ìì ø ���¬�Ê¡ ø Ýþ¥�¢Â�üõ üµ�õÂû ý�ûÅþÂ��õ ø �ûÂÚÜÞä üêÂãõ �� �ø¢ø Óþ¤�ã� .Ý��îüõ üêÂãõ ��¨ Ç¿� ¤¢ �¤ �þ�� ü÷�Øþ ý�û�Â÷ ��÷�� �û�Â÷ ¥� ýÀþÀ� á�÷ .Ý��îüõ ö���¢¤�õ ¸�� Ç¿� ¤¢ �¤ �À½õ ø ÂãÖõ ,���Øþ â���� ø ¤�ú� Ç¿� ¤¢ �¤ Âþ�Ê� ÂÚÜÞä ¥� ü��� ���¬�Ê¡.Ýþ¥�¢Â�üõ ¤�úÈõ ýø�Æõ�÷ À�� ö��� �� ÝÈª Ç¿� ¤¢ ´þ�ú÷ ¤¢ .¢�¢ Ý�û��¡ ¤�Âì ü¨¤Â�üµ�õÂû ý�ûÅþÂ��õ ø �ûÂÚÜÞä 2-1.¢�¢ Ý�û��¡ ö�È÷ Mn �� �¤ n� n ÍÜµ¿õ ý�ûÅþÂ��õ ý�Ìê �õ�÷ ö�þ�� ßþ� ñ�Êê ��Þ� ¤¢,üÜ¡�¢ �Â® ×þ ù�ÂÞû � � ÍÜ µ¿õ ý¤�¢Â � ý�Ìê ×þ üÜ¡�¢ �Â® ý�Ìê ×þ :1.2.1 ÓþÂã �:À�îüõ ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �î ´¨� h:; :i : X �X ! F;x = 0 ù�Ú÷� ,hx; xi = 0 Âð� ø hx; xi � 0 ,x 2 X Âû ý�Â� (1);hx; yi = hy; xi ,x; y 2 X Âû ý�Â� (2);h�x + �y; zi = �hx; zi + �hy; zi �; � 2 F ø x; y 2 X Âû ý�Â� (3).hx; �y + �zi = �hx; yi+ �hx; zi �; � 2 F ø x; y 2 X Âû ý�Â� (4):Ý��îüõ ÓþÂã� X üÜ¡�¢ �Â® ý�Ìê ýø¤ �¤ Âþ¥ �Â÷ ,��� üÜ¡�¢ �Â® �� ���� ��jjxjj = hx; xi12 :.´¨� Ûõ�î jjxjj = hx; xi12 �Â÷ ´½� �î ´¨� üÜ¡�¢ �Â® ý�Ìê ,�Â±Ü�û ý�Ìê ×þù�ðÂû ´¨� üÎ¡ ´ª�Ú÷ ×þ T : H ! K .À�ª�� �Â±Ü�û ý�û�Ìê K ø H À��î Âê :2.2.1 ÓþÂã�:Ý�ª�� �µª�¢ �1; �2 2 F ø h1; h2 2 H Âû ý�Â�T (�1h1 + �2h2) = �1T (h1) + �2T (h2):6



ý�ûÂÚÜÞä �Þû �ä�Þ¹õ ø Ý�þ�ðüõ K ý�� �� H �Â±Ü�û ý�Ìê ¥� üÎ¡ ÂÚÜÞä ×þ �¤ T �¤�¬ ßþ� ¤¢ýø¤ ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä �Þû ý�Ìê .Ý�û¢üõ Çþ�Þ÷ B(H;K) �� �¤ K ý�� �� H ¥� ¤�À÷�Âî üÎ¡.Ý�û¢üõ Çþ�Þ÷ B(H) �� �¤ H ÂþÁ� üþ�À� �Â±Ü�û ý�ÌêH üû��µõ Àã� �� �Â±Ü�û ý�Ìê ýø¤ ý�ûÂÚÜÞä �þ ø n� n ÍÜµ¿õ ý�ûÅþÂ��õ ý�Â� �¤ Z,...,B,A éøÂ�.ÝþÂ�üõ ¤�Ø�:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ T üÎ¡ ÂÚÜÞä �Â÷ :3.2.1 ÓþÂã�jjT jj = sup fjjThjj : h 2 H; jjhjj � 1g= sup fjjThjj : jjhjj = 1g= sup f jjThjjjjhjj : h 6= 0g= inf f > 0 : jjThjj � jjhjj; h 2 Hg:ýø� Æ � ¤¢ � î ,B 2 B(K;H) ¢Â Ô �Â Ê ½ � õ Â Ú Ü Þ ä ù� Ú ÷� ,A 2 B(H;K) Â ð� :4.2.1 Ó þÂ ã �´Ö�Ö� ¤¢ .Ý�û¢üõ Çþ�Þ÷ B = A� �¤�¬�� ø ¢�ªüõ ùÀ�õ�÷ A ë�½ó� ,À�îüõ ëÀ¬ hAh; ki = hh;BkiÝþ¤�¢ k 2 K ø h 2 H Âû ý�Â�hAh; ki = hh;A�ki:.Ý�õ�÷üõ üµ�õÂû �þ ë�½ó� ¢�¡ �¤ A 2 B(H) ÂÚÜÞä ,A = A� Âð� :5.2.1 ÓþÂã�ü�ãþ ,Àª�� Â��Â� ¢�¡ ù¢�ú÷�Â� �ø¢�õ �� Âð� ,Ý�þ�ð üµ�õÂû �¤ A 2Mn ÅþÂ��õ :6.2.1 ÓþÂã�A = A� = �At: ÅþÂ��õ ñ�·õ ¤�Î�0B� 1 i�i 1 1CA.Àª��üõ üµ�õÂû ÅþÂ��õ ×þ ßþ�Â���� ´¨� Â��Â� ¢�¡ ù¢�ú÷�Â� �ø¢�õ ��.Ý�û¢üõ ö�È÷ Hn �� �¤ Mn¤¢ üµ�õÂû ý�ûÅþÂ��õ �ä�Þ¹õ�î ,Àª��üõ A = ReA+ i ImA �¤�¬�� A 2Mm�n ÅþÂ��õ ü�¤�î¢ �þ�¹�ReA = A+A�2 ; ImA = A�A�2i ;7



.À�µÆû üµ�õÂû ý�ûÅþÂ��õ ø¢ Âû �î.Ý�õ�÷üõ ñ�õÂ÷ �¤ A (ÅþÂ��õ)ÂÚÜÞä ,A�A = AA� Âð� :7.2.1 ÓþÂã�.Ý�õ�÷üõ ü÷�Øþ �¤ A (ÅþÂ��õ)ÂÚÜÞä ,A�A = I = AA� Âð� :8.2.1 ÓþÂã�.Ý�õ�÷üõ Àõ�ãµõ ,À�ª�� üÖ�Ö� ö� ý�û�þ�¤¢ ��Þ� �î �¤ ü÷�Øþ ÅþÂ��õ ×þ :9.2.1 ÓþÂã�ù�Ú÷� ,Àª�� üµ�õÂû ÂÚÜÞä ×þ A 2 B(H) Âð� :([11℄)10.2.1 ��ÌìjjAjj = sup fjhAh; hij : h 2 H; jjhjj = 1g:.Ý�õ�÷üõ �±Ö÷� �¤ A (ÅþÂ��õ)ÂÚÜÞä ,jjAjj � 1 Âð� :11.2.1 ÓþÂã�¤¢ .hAh; hi � 0 ,h 2 H Âû ý�Â� Âð� ,Ý�þ�ð ´±·õ ß�ãõ �Þ�÷ �¤ A üµ�õÂû ÂÚÜÞä :12.2.1 ÓþÂã�.Ý�û¢üõ ö�È÷ A � 0 ¢�Þ÷ �� ø ´¨� ´±·õ ÂÚÜÞä ×þ A´Ö�Ö�:Ý�ª�� �µª�¢ x 2 C n Âû ý�Â� ù�ðÂû ,Ý�þ�ð ´±·õ ß�ãõ �Þ�÷ �¤ A 2Mn ÅþÂ��õ :13.2.1 ÓþÂã�x�Ax � 0: �� ´¨� ñ¢�ãõ ßþ� øhAx; xi � 0: Ýþ¤�¢ ,x; y 2 C n ø A 2Mn Âû ý�Â� üêÂÏ ¥�4hAx ; yi = 3Xk=0 ikhA(x+ iky) ; x+ ikyi; (1� 1)
4hx ; Ayi = 3Xk=0 ikhx+ iky ; A(x+ iky)i; (2� 1) :i = p�1 �îÝþ¤�¢ A´±·õ ß�ãõ �Þ�÷ ÅþÂ��õ Âû ý�Â� ßþ�Â����hAx ; xi = hx ; Axi: (3� 1)8



.´¨� üµ�õÂû �fõø�ó ´±·õ ß�ãõ �Þ�÷ ÅþÂ��õ Âû �î À�û¢üõ �¹�µ÷ (3�1) ø (2�1) ,(1�1) ý�ûýø�Æ��¤�¬�� ø ´¨� ùÂ¨ ´±·õ �þ ´±·õ ß�ãõ A ,hAh; hi > 0 ,0 6= h 2 H Âû ý�Â� Âð� :14.2.1 ÓþÂã�.Ý�û¢üõ Çþ�Þ÷ A > 0:Ý�ª�� �µª�¢ x 2 C n Âû ý�Â� ù�ðÂû ,Ý�þ�ð ´±·õ ß�ãõ �¤ A 2Mn ÅþÂ��õ :15.2.1 ÓþÂã�x�Ax > 0:Sn �� °��Âµ� �¤ Mn ¤¢ ´±·õ ß�ãõ ý�ûÅþÂ��õ ��Þ� �ä�Þ¹õ ø ´±·õ ß�ãõ �Þ�÷ ý�ûÅþÂ��õ ��Þ� �ä�Þ¹õ.Ý�û¢üõ ö�È÷ Pn øÝ�þ�ð ,À�ª�� üµ�õÂû ý�ûÅþÂ��õ B ø A À��î Âê .Àª�� ´±·õ ß�ãõ �Þ�÷ A Âð� ,A � 0 Ý�þ�ðüõ.Àª�� ´±·õ ß�ãõ �Þ�÷ B �A �Ø�þ� ü�ãþ x�Bx � x�Ax ,x 2 n Âû ý�¥� �� Âð� ,B � A �þ A � Bü�ãþ ,À�þ�ð ÅþÂ��õ ×þ Â�� �¤ ÅþÂ��õ ×þ ÂÎì ýø¤ Â¬��ä á�Þ¹õ :16.2.1 ÓþÂã�tr(A) = nXi=1 aii:.À�ó¢�ãõ Âþ¥ ý�ûù¤��ð A 2Mn ÅþÂ��õ ý�Â� :([17℄)17.2.1 ��Ìì.´¨� üµ�õÂû A (1.x�Ax 2 R ,x 2 C n Âû ý�Â� (2.A2 = A�A (3.tr A2 = tr (A�A) (4C n ¤¢ u ÂÔ¬�÷ ¤�¢Â� ×þ Âð� ,´¨� A üã�Âõ ÅþÂ��õ ùÄþø ¤�ÀÖõ ×þ � ÍÜµ¿õ ¢Àä :18.2.1 ÓþÂã��îý¤�Î� Àª�� �µª�¢ ¢��øAu = �u:�(A) � � ø Ý�õ�÷üõ AÓ�Ï �¤ A 2 Mn ùÄþø Âþ¢�Öõ �ä�Þ¹õ .Ý�õ�÷üõ � � � ÂÒ��µõ ùÄþø ¤�¢Â� ×þ �¤ u´¨� A ùÄþø ¤�ÀÖõ ×þ �´Ö�Ö� ¤¢ .´¨� �Ê¿Èõ ý��ÜÞ� À�� �Èþ¤ A ùÄþø ¤�ÀÖõ ×þ .Ý�û¢üõ Çþ�Þ÷9



Âð� �ú�� ø Âð�det(A� �I) � PA(�) = 0::Ý�û¢üõ Çþ�Þ÷ �(A) �� ø ¢�ªüõ ùÀ�õ�÷ A üÔ�Ï á�ãª A ùÄþø Âþ¢�Öõ �Þû ÕÜÎõ ¤Àì ÝÞþ�î�õ�(A) = max�2�(A) j�j:� � ,À ÷�ùÀ ª ° �Â õ ü óø� ÷ �¤� ¬� � � î �¤ A 2 Hn ¥� �n,...,�2,�1 ùÄ þø Â þ¢� Ö õ � ä� Þ ¹ õ.Ý�û¢üõ ö�È÷ �(A) = (�1(A); �2(A); :::; �n(A)).À÷¤�ÂìÂ� Âþ¥ ý�ûù¤��ð C;B;A 2Mn ý�ûÅþÂ��õ ý�Â� :([17℄)19.2.1 ��Ìì.Àª��üõ A ùÄþø Âþ¢�Öõ á�Þ¹õ �� Â��Â� AÅþÂ��õ Â�� (1�î ü�ãõ ßþ� �� ´¨� ý¤ø¢ ´�¬�¡ ý�¤�¢ ÅþÂ��õ À�� �ÂÌÜ¬�� Â�� (2tr(ABC) = tr(CAB) = tr(BCA):ø �j(B) � �j(A) Ý�ª�� �µª�¢ j = 1;2; :::; n ��Þ� ý�Â� �î ´¨� ¤�ÂìÂ� ü÷�õ¥ �(B) � �(A) Ý�þ�ðüõ.´¨� ¤�ÂìÂ� ��÷ °ÜÎõ ÅØäj = 1;2; :::; n Âû ý�Â� ù�Ú÷� ,A � B Âð� .A;B 2 Hn À��î Âê :(1Ûþø üþ���Øþ Û¬�)20.2.1 Ýó�j(A) � �j(B): � .¢�ª �ã��Âõ [16℄ �� :ö�ûÂ��(B) � �(A) Âð� ,A;B 2 Hn(I) ø Àª�� I ù¥�� ýø¤ ý¢�ã¬ üã��� f À��î Âê :([5℄)21.2.1 ù¤��ðù�Ú÷��(f(B)) � �(f(A)):.�j(A) � �j(B) ,1 � j � n Âûý�Â� �îý¤�Î� A;B 2 Hn À��î Âê (1) :([6℄)22.2.1 ��Ìì.A � U�BU �îý¤�Î� ¢¤�¢ ¢��ø U ü÷�Øþ ÅþÂ��õ ù�Ú÷�.ReA � U�jAjU �îý¤�Î� ¢¤�¢ ¢��ø U ü÷�Øþ ÅþÂ��õ ×þ AÅþÂ��õ Âû ý�Â� (2)Wyle110



T � �I � î ´¨� ü þ� û � �Þ û �ä� Þ¹õ T ÂÚ Ü Þ ä Ó�Ï ù� Ú ÷� ,T 2 B(H) Â ð� :23.2.1 Ó þÂ ã �:Àª�±÷ ÂþÁ�§�Øãõ�(T ) = f� 2 F : T � �I Àª�±÷ ÂþÁ� §�Øãõ g;.Àª��üõ H ý�Ìê Âó�Ø¨� ö�À�õ F �îù�Ú÷� ,T 2 B(H) Âð� :24.2.1 ��Ìì�(T �) = f�� : � 2 �(T )g:Âð� �ú�� ø Âð� ´¨� ÂþÁ� §�Øãõ T � � ø Àª�� ÂþÁ� §�Øãõ T � Âð� �ú�� ø Âð� ´¨� ÂþÁ� §�Øãõ T :ö�ûÂ�.Àª�� ÂþÁ��÷ §�Øãõ T � � �� Âð� �ú�� ø Âð� ´¨� ÂþÁ��÷ §�Øãõ T � � �Áó .Àª�� ÂþÁ� §�Øãõ (T � �)�ßþ�Â����� 2 �(T ), �� 2 �(T �): �.Ýþ¤�¢ �¤ Âþ¥ ��Ìì ��� ��Ìì �� ���� �� �Áó.�(T ) � R ù�Ú÷� ,Àª�� üµ�õÂû T Âð� :([11℄)25.2.1 ��Ììù�Ú÷� ,Àª�� üµ�õÂû T 2 B(H) Âð� :([11℄)26.2.1 ù¤��ð�(T ) � [�jjT jj; jjT jj℄:.À��îüõ ¤��µ¡� üÖ�Ö� ¤�½õ ýø¤ �¤ ¢�¡ Ó�Ï üµ�õÂû ý�ûÂÚÜÞä �î ´¨� ¼®�ø ��� ý�þ�Ìì �� ������´¨� üµ�õÂû A .A 2 Mn À��î Âê :(üµ�õÂû ý�ûÅþÂ��õ ý�Â� üÔ�Ï ��Ìì)27.2.1 ��Ìì�îý¤�Î� Àª�� �µª�¢ ¢��ø � 2 Mn üÖ�Ö� ýÂÎì ÅþÂ��õ ø U 2 Mn ü÷�Øþ ÅþÂ��õ Âð� ÍÖê ø Âð�ýÂÎì ÅþÂ��õ ø P 2 Mn Àõ�ãµõ ÅþÂ��õ Âð� ÍÖê ø Âð� ´¨� üµ�õÂû ø üÖ�Ö� A ùø�ã� .A = U�U�.A = P�P t �îý¤�Î� À�ª�� �µª�¢ ¢��ø � 2Mn� .¢�ª �ã��Âõ [6℄ �� :ö�ûÂ�Q �î ,A = QTQ� Âð� ´¨� ���Èõ ü÷�Øþ T ü·Ü·õ ��� ÅþÂ��õ �� A 2 Mn ÅþÂ��õ :28.2.1 ÓþÂã�11



.´¨� ü÷�Øþ.À�ª�� ß�ãõ °��Â� ×þ �� A ùÄþø Âþ¢�Öõ �n; :::; �2; �1 ø A 2Mn À��î Âê :(1¤�ª)29.2.1 ��Ìì�îý¤�Î� ¢¤�¢ ¢��ø U 2Mn ü÷�Øþ ÅþÂ��õU�AU = T;�� ���Èõ ü÷�Øþ ,A üã�Âõ ÅþÂ��õ �î ü�ãõ ßþÀ� ,i = 1;2; :::; n Âû ý�Â� tii = �i ÂÎì �� ü·Ü·õ ��� T �îø A 2Mn(R) Âð� ,ùø�ã� .À�µÆû A ùÄþø Âþ¢�Öõ ö� üÜ¬� ÂÎì ýø¤ Â¬��ä �î ´¨� ü·Ü·õ ��� ÅþÂ��õ ×þ.¢Âî ��¿µ÷� Àõ�ãµõ ø üÖ�Ö� �¤ U ö���üõ ,À�ª�� üÖ�Ö� A ùÄþø Âþ¢�Öõ �Þû� .¢�ª �ã��Âõ [6℄ �� :ö�ûÂ�.´¨� ���Èõ ü÷�Øþ ýÂÎì ÅþÂ��õ ×þ �� A ù�Ú÷� .Àª�� ñ�õÂ÷ A 2Mn À��î Âê :([6℄)30.2.1 ÝóùÄþø Âþ¢�Öõ ß��»Þû .Àª�� ´±·õ ß�ãõ A Âð� ÍÖê ø Âð� À�µÆû ´±·õ AÅþÂ��õ ùÄþø Âþ¢�Öõ :31.2.1 Ýó.Àª�� ´±·õ ß�ãõ �Þ�÷ A Âð� ÍÖê ø Âð� À�µÆû üÔ�õ�÷ AÅþÂ��õÝþÂ�ðüõ �¹�µ÷ ,30.2.1 Ýó ¥� x 2 C n Âû ý�Â� .À�ª�� üÔ�õ�÷ A ùÄþø Âþ¢�Öõ À��î Âê :ö�ûÂ�x�Ax = x�U�DUx = y�Dy = nXi=1 diyiyi = nXi=1 dijyij2 � 0;.´¨� ü÷�Øþ U �î ,y = Ux ø ´¨� A ùÄþø Âþ¢�Öõ ¥� ýÂÎì ÅþÂ��õ D = diag(d1; :::; dn) �î¤�ÀÖõ �� ÂÒ��µõ ùÄþø ¤�¢Â� x À��î Âê ß��»Þû .� 2 �(A) ø Àª�� ´±·õ ß�ãõ �Þ�÷ A À��î Âê ,ÅØäÂ��¤�¬ ßþ� ¤¢ .Àª�� � ùÄþøx�Ax = x��x) � = x�Axx�x :.� � 0 �Áó ,x�x > 0 ø x�Ax � 0 ö��� .´¨� ´±·õ ß�ãõ �Þ�÷ ý�ûÅþÂ��õ ��±ª ,´±·õ ß�ãõ ý�ûÅþÂ��õ ý�Â� ö�ûÂ�.´¨� ´±·õ ß�ãõ �Þ�÷ Ak ,k = 1;2; ::: ý�Â� ù�Ú÷� ,Àª�� ´±·õ ß�ãõ �Þ�÷ A 2 Mn Âð� :32.2.1 Ýó.´¨� ´±·õ ß�ãõ k = 1;2; ::: ý�Â� Ak ù�Ú÷� ,Àª�� ´±·õ ß�ãõ A 2Mn Âð� ß��»ÞûShur112



Âþ¢�Öõ ,Àª�� ´±·õ ß�ãõ �Þ�÷ A Âð� ñ�� .´¨� Ak ùÄþø ¤�ÀÖõ �k ù�Ú÷� ,Àª�� A ùÄþø ¤�ÀÖõ � Âð� :ö�ûÂ�.´¨� ´±·õ ß�ãõ �Þ�÷ Ak �Áó .´¨� üÔ�õ�÷ �k �¹�µ÷ ¤¢ .À�µÆû üÔ�õ�÷ �û� ,ö� ùÄþø� .Àª��üõ ���Èõ ö�ûÂ� ´¨� ´±·õ A �î üµó�� ý�Â�:A�A � 0 Ýþ¤�¢ ,A 2Mn Âû ý�¥� �� :33.2.1 Ýóø ù��¿ó¢ A À��î Âê .´¨� üÔ�õ�÷ A Âû ý�Â� A�A ùÄþø Âþ¢�Öõ Ý�û¢üõ ö�È÷ ,31.2.1 Ýó Õ±Ï :ö�ûÂ�Ýþ¤�¢ .´¨� A� ùÄþø ¤�ÀÖõ �� �¤�¬ ßþ� ¤¢ .Àª�� � �� ÂÒ��µõ ùÄþø ¤�¢Â� x ø A ý�Â� ùÄþø ¤�ÀÖõ ×þ �A�Ax = A��x = �A�x = ���x = j�j2x:.´¨� ´±·õ ß�ãõ �Þ�÷ A�A �Áó ,´¨� üÔ�õ�÷ j�j2 ö�� ø ´¨� A�A ùÄþø ¤�ÀÖõ j�j2 ßþ�Â����� .´¨� ´±·õ ß�ãõ �Þ�÷ AA� ¢�¢ ö�È÷ ö���üõ ©ø¤ ß�Þû ��Âþ¢�Öõ ö�Þû A ß�Ø� Âþ¢�Öõ .jAj = (A�A)12 ø ´¨� ´±·õ �È�Þû A�A ,AÅþÂ��õ �þ ÂÚÜÞä Âû ý�Â�¢�Àã� �� ý¢�ã¬Â�è °��Â� ×þ ¤¢ �î ,Ý�û¢üõ ö�È÷ sj(A) �� j = 1;2; :::; n ý�Â� ø À�ª��üõ jAj ùÄþø:À÷�ùÀª °�Âõ (üû��µõ �õø�ó )ö�ª¤�ÂØ�s1(A) � s2(A) � ::: � sn(A)�î ü�ãõ ßþ� �� À�û¢üõ ö�È÷ s(A) �� �¤ A ß�Ø� Âþ¢�Öõ ßþ� �ä�Þ¹õ øs(A) = (s1; s2; :::; sn):.Ý��îüõ ö��� [6℄ â�Âõ ¥� �¤ ß�Ø� Âþ¢�Öõ «��¡ ¥� ü¡Â� Âþ¥ ¤¢Ýþ¤�¢ U; V 2Mn ý�ûü÷�Øþ ø A 2Mn ÅþÂ��õ ý�Â� �sj(UAV ) = sj(A) (1sj(A) = sj(A�) (2s2j (A) = �j(A�A) (3A;B 2Mn Âû ý�Â� :([16℄)34.2.1 ��Ììjtr Aj � nXi=1 si(A):13



,Àª�� �µª�¢ ¢��ø W �±Ö÷� ×þ ø C � 0 ,A � 0 Âð� �ú�� ø Âð� 0B� A BB� C 1CA � 0 :35.2.1 ��Ìì�îý¤�Î�B = A1=2WC1=2: � .¢�ª �ã��Âõ [16℄ �� :ö�ûÂ�
�þ�� ü÷�Øþ ý�û�Â÷ 3-1��ª� �þ�� ü÷�Øþ �Â÷ ��÷ �� �û�Â÷ ¥� ýÀþÀ� á�÷ �� Å³¨ ø ù¢Âî üêÂãõ �¤ üÆþÂ��õ �Â÷ ø¢ �Àµ�� Ç¿� ßþ� ¤¢.Ýþ¤�¢ ¤�îø Â¨ �Â÷ á�÷ ßþ� �� �fÂ·î� �õ�÷ö�þ�� ßþ� ¤¢ �î Ýþ�ªüõ�� A 2Mn ý�Â� �¤ l1 �Â÷ :1.3.1 ÓþÂã�jjAjj1 = nXi;j=1 jaijj; .Ý��îüõ ÓþÂã�ö�È÷ jjAjj2 = �Pni;j=1 jaij j2�12 �� �¤ A 2 Mn ý�Â� ùÀª ÓþÂã� l2 �Â÷ �þ ü¨À�Üì� �Â÷ :2.3.1 ÓþÂã�.Ý�û¢üõý�Â� ø A 2Mn Âû ý�Â� Âð� ,¢�ªüõ ùÀ�õ�÷ ö¤�Öµõ �þ �þ�� ü÷�Øþ �Â÷ ,Mn ýø¤ jjj:jjj �Â÷ :3.3.1 ÓþÂã�:Ý�ª�� �µª�¢ U; V 2Mn ü÷�Øþ ÅþÂ��õ ÂûjjjUAV jjj = jjjAjjj:

14



:�þ�� ü÷�Øþ ý�û�Â÷ ¥� üþ�ûñ�·õ:À÷�ªüõ ÓþÂã� Âþ¥ �¤�¬�� �î �û�Â÷-p 1ß��ª (1)kAkp = f nXj=1 sj(A)pg1p = ftr(jAjp)g1p 1 � p <1:.À�µÆû ß��ª ý�û�Â÷ ù¢¤ ¤¢ Âþ¥ ùÀª ÓþÂã� �Â÷ ø¢.¢�ªüõ ÓþÂã� jjAjj = s1(A) = jjAjj1 �¤�¬�� jj:jj ýÂÚÜÞä �Â÷ �þ üÔ�Ï �Â÷ (a)�î ´¨� ü�ãõ ßþ� �� ø ¢�ªüõ �ÂÎõ jj:jj1 �¤�¬�� üÔ�Ï �Â÷jjAjj1 = limp!1 jjAjjp::¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� jj:jjF (3´�Þª�-�Â±Ü�û �Â÷ �þ)2§����øÂê �Â÷ (b)jjAjjF = f nXj=1 sj(A)2g12 = ftr(jAj2)g12 ;´¨À� hA;Bi = tr A�B �¤�¬�� A;B 2 Mn ý�Â� §����øÂê üÜ¡�¢ �Â® ÓþÂã� � � �ø¢ ýø�Æ� �î.Àþ�üõ:¢�ªüõ ÓþÂã� Âþ¥ ÛØª �� §����øÂê �Â÷ X ,l �mÅþÂ��õ ý�Â�jjXjjF = ftr(X�X)g12 = ftr(XX�)g12 = fXi;j jxi;jj2g12 ::¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� �û�Â÷-k 4ßê üî k = 1;2; :::; n ý�Â� (2)kAk(k) = kXj=1 sj(A):¢�ªüõ ÓþÂã� jjAjj(n) �¤�¬�� jjAjj1 �Â÷ ß��»Þû .Àª��üõ jj:jj1 = jj:jj(1) üÔ�Ï �Â÷ ÓþÂã� �� ���� ��.¢�ªüõ ùÀ�õ�÷ Â�� �Â÷ tr(jAj) �� ´¨� ñ¢�ãõ ö�� øShatten1Frobenius2Hilbert-shmidt3Ky fan415



:Ýþ¤ø�üõ [6℄ â�Âõ ¥� �¤ �þ�� ü÷�Øþ �Â÷ ´�¬�¡ À�� Âþ¥ ¤¢.jjAjj � jjjAjjj � jjAjj(n) = jjAjj1 ,A 2Mn ý�Â� (1),B;A 2Mn Âû ý�Â� �î ü�ãõ ßþ� �� ,À�µÆû ü�Â®Âþ¥ �þ�� ü÷�Øþ ý�û�Â÷ (2)jjjABjjj � jjjAjjj jjjBjjj:.jjjAjjj = jjjA�jjj = jjj(A�A)12 jjj = jjj(AA�)12 jjj (3).jjjUAjjj = jjjAU jjj = jjjAjjj ,U ü÷�Øþ Âû ý�Â� (4)Ýþ¤�¢ ù�Ú÷� 0 � A � B ,B;A 2Mn ý�Â� Âð� �î ü�ãõ ßþ� �� À�ª��üõ ���Øþ �þ�� ü÷�Øþ ý�û�Â÷ (5)jjjAjjj � jjjBjjj:Ýþ¤�¢ 1 � k � n Âû ý�Â� ù�Ú÷� .Àª�� A 2 Hn À��î Âê :([16℄)(ÝÞ���õ Û¬�) 4.3.1 ÝónXj=n�k+1�j(A) = minftrU�AU : U�U = I ø U 2Mn;kg:üî ÝÞþ�î�õ Û¬� k = 1;2; ::: ý�Â� ø T ÂÚÜÞä ý�Â� :([16℄)(ßê üî ÝÞþ�î�õ Û¬�)5.3.1 ��Ìì:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ßêkXj=1 sj(T ) = max kXj=1 jhxj ; T yjij;.´¨� ùÀª �µêÂð yk,...,y1 ø xk,...,x1 Àõ�ãµõ�Øþ ý�û¤�¢Â� ýø¤ ÝÞþ�î�õ �î.ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ xj = yj Àª�� üµ�õÂû T Âð� ��Ìì ßþ� ¤¢Âð� B;A 2Mn ý�ûÅþÂ��õ ý�Â� :([6℄)(ßê üî üÎÜÆ� Û¬�)6.3.1 ��ÌìkAk(k) � kBk(k) k = 1;2; :::; n;�þ�� ü÷�Øþ ý�û�Â÷ ��Þ� ý�Â� ù�Ú÷�jjjAjjj � jjjBjjj:,M2n ýø¤ �þ�� ü÷�Øþ �Â÷ Âû ý�Â� ù�Ú÷� .A;B 2Mn À��î Âê :7.3.1 ��Ìì12 ���������������������0B� A+B 00 A+B 1CA��������������������� � ���������������������0B� A 00 B 1CA��������������������� � ���������������������0B� jAj+ jBj 00 0 1CA��������������������� : (4� 1)16



��¿µ÷� �� ,29.2.1 ��Ìì �� ���� �� :ö�ûÂ�Q = 0B� 0 II 0 1CA ; ý�ûÅþÂ��õ0B� A 00 B 1CA ; 0B� B 00 A 1CA ü�ãþ ,À�µÆû ���Èõ ü÷�Øþ ¤�Î�0B� A 00 B 1CA = 0B� 0 II 0 1CA0B� B 00 A 1CA0B� 0 II 0 1CA : �¹�µ÷ ¤¢���������������������0B� A 00 B 1CA��������������������� = ���������������������0B� B 00 A 1CA��������������������� : (5� 1) ß��»Þû0B� A+B 00 B +A 1CA = 0B� A 00 B 1CA+0B� B 00 A 1CA ;
Ýþ¤�¢ (5-1) �Î��¤ ø �û�Â÷ ý�Â� ü·Ü·õ ýø�Æõ�÷ ¥� �Áó���������������������0B� A+B 00 B +A 1CA��������������������� � ���������������������0B� A 00 B 1CA���������������������+ ���������������������0B� B 00 A 1CA���������������������= 2 ���������������������0B� A 00 B 1CA��������������������� : (6� 1).Àþ�üõ ´¨À� 2 Â� (6� 1) ß�êÂÏ ö¢Âî Ý�ÆÖ� ¥� (4� 1) ²� ´Þ¨ ýø�Æõ�÷ ßþ�Â����üÜî ´ó�� .Ý��îüõ ´��� �¤ À�µÆû ´±·õ B ø A �î ü¬�¡ ´ó�� ,(4� 1) ´¨�¤ ´Þ¨ ýø�Æõ�÷ ý�Â�.¢�ªüõ �¹�µ÷ ü÷�¨���17


