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¤�µÔðÇ��

� � Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý¢Àä Û� Û·õ ü¨À�úõ ø ô�Üä Û��Æõ ¥� ý¤��Æ� ý¢Àä Û�

.¢�ªüõ üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� �� Â¹�õ ,üû��µõ Â¬��ä �þ ��®�Ô� ý�û©ø¤ ¥� ù¢�Ôµ¨�

ÛØª �� üÜî ´ó�� ¤¢ üÎ¡ ��¢�ãõ ù�Úµ¨¢ ×þ

Ax = b; (1)

,�õ�÷ö�þ�� ßþ� Â¨�Â¨ ¤¢ .´¨� üþ�� n ¤�¢Â� ×þ b ø n � n ÅþÂ��õ ×þ A ö� ¤¢ �î Àª��üõ

x À�÷�õ ý¤�¢Â� ßµê�þ ,ù�Úµ¨¢ Û� ¥� ¤�Ñ�õ �Áó .ÝþÂ�ðüõ ÂÑ÷ ¤¢ ¢ÂÔ�õ�÷ üÆþÂ��õ �¤ AÅþÂ��õ

ý�û©ø¤ :À÷��µ¨¢ ø¢ (1) ù�Úµ¨¢ Û� ý�û©ø¤ ,üÜî ¤�Ï �� .À�î ëÀ¬ (1) ¤¢ �î ´¨�

.ý¤�ÂØ� ý�û©ø¤ ø Ý�ÖµÆõ

ü��Æ� ÛÞä üû��µõ ¢�Àã� ¥� Å� �ûö� ¤¢ �î À�µÆû üþ�û©ø¤ :Ý�ÖµÆõ ý�û©ø¤ -Óó�

ý�þÃ¹� ,(1) ù�Úµ¨¢ °þ�Â® ÅþÂ��õ §�Øãõ ¥� ù¢�Ôµ¨� .Ý�¨¤üõ ù�Úµ¨¢ üãì�ø ���� ��

ý�û©ø¤ ßþÂµÞúõ ý�ÜÞ� ¥� ,2ö¢Â� - §�ð ©ø¤ ø 1§�ð üêÁ� ©ø¤ ,QR ý�þÃ¹� ,LU

.À�ª��üõ (1) ù�Úµ¨¢ Û� ý�Â� Ý�ÖµÆõ

���� ý�Â� ��óø� §À� ×þ ¥� ù¢�Ôµ¨� �� ý¤�ÂØ� ý�û©ø¤ ¤¢ :ý¤�ÂØ� ý�û©ø¤ - �

ý¤�ÂØ� ý�û©ø¤ .¢�ª �ÂÚÞû ù�Úµ¨¢ ���� �� �î ¢�ªüõ À�ó�� �û¤�¢Â� ¥� ý��ó�±÷¢ ,ù�Úµ¨¢

©ø¤ ¤¢ .À÷�ªüõ Ý�ÆÖ� 4�µÆþ� Â�è ø 3�µÆþ� ý¤�ÂØ� ý�û©ø¤ á�÷ ø¢ �� ¢�¡ ý���÷ �� Ã�÷

üÜî ¤�Ï�� .À�îüÞ÷ Â��ç� ø Àª��üõ ´��� ¤�ÂØ� ý�ûô�ð ý�Þû ¤¢ ¤�ÂØ� ÅþÂ��õ ,�µÆþ� ý¤�ÂØ�

Ý�Æþ�÷üõ Âþ¥ �¤�¬�� �¤ (1) ù�Úµ¨¢ �µÆþ� ©ø¤ ¤¢

x = Gx+ f: (2)

À�÷�õ ý��ó�±÷¢ ßþ�Â����

x(k+1) = Gx(k) + f;

Gaussian elimination1

Gauss-Jordan elimination2

Stationary iterative methods3

Nonstationary iterative methods4



ù�Úµ¨¢ ���� �� ,x(0) áøÂª �ÎÖ÷ Âû �� �ó�±÷¢ ßþ� �î Ý��îüõ Ýû�Âê �¤ üÎþ�Âª .¢�ªüõ �µ¡�¨

¢ÂÔ�õ�÷ ÅþÂ��õ ×þ A Âð� �î ¢Âî ´��� ö���üõ üð¢�¨ �� .Àª�� �ÂÚÞû x� = A�1b ü�ãþ (1)

§À� Âû ý�¥� �� x(k+1) = Gx(k) + f ý¤�ÂØ� ©ø¤ �Ø�þ� ý�Â� üê�î ø ô¥� ¯Âª ù�Ú÷� ,Àª��

.�(G) < 1 �î ´¨� ßþ� Àª�� �ÂÚÞû (1) ù�Úµ¨¢ ���� �� x(0) ý��óø�

´�Þû� ý�¤�¢ ,ö� �� ¯��Âõ ý�û©ø¤ ø 5SOR ©ø¤ ,�µÆþ� ý¤�ÂØ� ý�û©ø¤ ö��õ ¤¢

���¤� ö� �� ¯��Âõ ¸þ�µ÷ ø SOR ©ø¤ ¥� ýÂµõ�¤�� ø¢ üÞ�Þã� 2 ÛÊê ¤¢ .À�ª��üõ ýÂµÈ��

¤�úÈõ ý�û ©ø¤ Àþ¢ Ý�û��¡ �î ¤�Ï ö�Þû .À�õ�÷üõ 6AOR ©ø¤ �¤ ©ø¤ ßþ� �î ¢¢Âðüõ

ý�û©ø¤ ¥� .À�µÆû AOR ©ø¤ ¥� ü¬�¡ ý�û´ó�� SOR ø 8 ñÀþ�¨ - §ø�ð ,7ü��î�¦

ù¤�ª� ]18[11FOM ø ]19[10 GMRES ,]12[9CG ý�û©ø¤ �� ö���üõ Ã�÷ �µÆþ� Â�è ý¤�ÂØ�

.¢Âî

á�ãª Â���b� ´½� ,(1) üÎ¡ ��¢�ãõ ù�Úµ¨¢ Û� ý�Â� ý¤�ÂØ� ý�û©ø¤ ü��ÂÚÞû ´äÂ¨

ý�û©ø¤ ü��ÂÚÞû ´äÂ¨ �� öÀ�È¿� ¢�±ú � ý�ûù�¤ ¥� üØþ .¢¤�¢ ¤�Â ì A ÅþÂ��õ üÔ�Ï

�� �¤ Ax = b ù�Úµ¨¢ ,�û¥�¨¯Âª Ç�� .´¨� 12¥�¨¯Âª Ç�� ý�ûÅþÂ��õ ¥� ù¢�Ôµ¨� ,ý¤�ÂØ�

,ù�Úµ¨¢ ßþ� �f ø� �î ý¤�Ï �� À��îüõ ÛþÀ±� (13ùÀª ý¥�¨¯Âª Ç�� ù�Úµ¨¢) ñ¢�ãõ üû�Úµ¨¢

�¤�¢ ù�Úµ¨¢ ö� �� ´±Æ÷ �¤ ýÂµÞî üÔ�Ï á�ãª ,�f�÷�� ø ¢¤�¢ (1) ù�Úµ¨¢ ���� �� ö�ÆØþ ü����

ýùÀª ý¥�¨¯Âª Ç�� ù�Úµ¨¢ �� ��óø� ù�Úµ¨¢ ÛþÀ±� ,�û©ø¤ ßþ� üÜ¬� éÀû .Àª��üõ

PAx = Pb; (3)

Ç�� Ù÷�¨ ø Ù÷�ø ,]11[ ý�ó�Öõ ¤¢ .À�þ�ðüõ ¥�¨¯Âª Ç�� ÅþÂ��õ �¤ P ö� ¤¢ �î Àª��üõ

ý�û� þ�¤¢ ø ×þ � � Â ��Â � P ýÂÎì ý�û� þ�¤¢ ,ö� ¤¢ �î À� � îüõ üêÂãõ �¤ P üÜî ¥�¨¯Âª

ß þ� ¤¢ .À � � îü õ ¶½ � P «�� ¡ «�Ê¡ ¤¢ Å ³ ¨ ø À � µ Æ û ü Ô � õ� ÷ ö� ýÂ Î ì Â � è

�î ü��û¥�¨¯Âª Ç� � .Ý � � îüõ ü¨¤Â � Ûõ� î �� � �Ã� � � �¤ ¥�¨¯Âª Ç� � ß þ� ,� õ� ÷ö� þ� �
Succeseive overrelaxation5

Accelerated overrelaxation6

Jacobi7

Gauss-Seidel8

Conjugate Gradient9

Generalized Minimal Residual10

Full Ortogonalization Method11

Preconditioners12

Preconditioning13



,]10[ ¤¢ ö�¤�ØÞû ø17��û�î ,]6[ ¤¢ ö�¤�ØÞû ø 16Ã÷��þ� ,]20[ ¤¢ 15Ù÷��û ø 14Ù÷�ø Í¨��
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.¢�ªüõ ü¨¤Â� �õ�÷ö�þ�� ßþ� ¤¢ �î À�ª��üõ ý¥�¨¯Âª Ç�� ÅþÂ��õ ¥� ü¬�¡

Ý�û�Ôõ ø Óþ¤�ã� ¥� ü¡Â� ,ñø� ÛÊê ¤¢ .´¨� ùÀª Û�ØÈ� Âþ¥ ý�û ÛÊê ¥� �õ�÷ ö�þ�� ßþ�

ý¤�ÂØ� ©ø¤ ,AOR ý�µÆþ� ý¤�ÂØ� ©ø¤ üêÂãõ ßÞ® ,ôø¢ ÛÊê ¤¢ .Ý��îüõ ö��� �¤ ��óø�

©ø¤ �� ø ù¢�Þ÷ �ãó�Îõ Ã�÷ �¤ Àª��üõ ÓÜþ�Âî ý�û�Ìê Âþ¥ ý��±õ Â� �î GMRES ý�µÆþ� Â�è

�¤ üÔ�õ� ÷ ý�ûÅþÂ��õ ô�¨ ÛÊê ¤¢ .Àª Ý�û��¡ ��ª� Ã� ÷ ùÀª ý¥�¨¯Âª Ç�� GMRES

,ô¤�ú� ÛÊê ¤¢ .Ý��îüõ ´��� ø ö��� �ûÅþÂ��õ ßþ� �� �Î��¤ ¤¢ �¤ üÞúõ ý�þ�Ìì ø ù¢Âî ÓþÂã�

ÅþÂ��õ ßþ� �� �Î��¤ ¤¢ �¤ üÞúõ ý�þ�Ìì ,(1) ù�Úµ¨¢ ý�Â� üÜî ¥�¨¯Âª Ç�� ×þ ý���¤� ��

ô�¹÷�Â¨ ø Ý��îüõ ´��� ø ö��� ,(3) ýùÀª ý¥�¨¯Âª Ç�� ù�Úµ¨¢ �¹�µ÷ ¤¢ ø ¥�¨¯Âª Ç��

ý���¤� �� ø ¢Âî Ý�û��¡ ¢�ú�È�� �ûÅþÂ��õ -M ý�Â� �¤ �êÂÏø¢ ¥�¨¯Âª Ç�� ×þ ,Â¡� ÛÊê ¤¢

ÛÊê ¤¢ ùÀª ¶½� üÜî ¥�¨¯Âª Ç�� ü��¤�î Ã�÷ ø �êÂÏø¢ ¥�¨¯Âª Ç�� ßþ� ü��¤�î ,üþ�ûñ�·õ

�¤ À÷�ùÀª üêÂãõ ÓÜµ¿õ ö�÷�¢ü®�þ¤ Í¨�� ¥øÂõ� �� �� �î ü��û¥�¨¯ÂªÇ�� �� ´±Æ÷ ô¤�ú�
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1 ÛÊê

��óø� Ý�û�Ôõ ø ��õÀÖõ
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2 ��óø� Ý�û�Ôõ ø ��õÀÖõ :1ÛÊê

Óþ¤�ã� 1.1

¤¢ �î k:k Û·õ ¤�ÀÖõ üÖ�Ö� ´¨� ý�â��� ,X ý¤�¢Â� ý�Ìê ýø¤ ý¤�¢Â� ôÂ÷ ×þ .1 ÓþÂã�

:À�îüõ ëÀ¬ Âþ¥ ¯Âª �¨

a) kxk � 0; 8x 2 X; ø kxk = 0() x = 0;

b) k�xk = j�j:kxk; 8� 2 C ; 8x 2 X;

c) kx + yk � kxk+ kyk; 8x; y 2 X:

x = (x1; � � � ; xn)
T 2 X ¤�¢Â� ôÂ÷ -p ,p � 1 Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .X = C ÝþÂ�ð :1 ñ�·õ

�¤�¬ ��

kxkp =

0
@ nX

i=1

jxij
p

1
A
1=p

;

�¤ ë�ê ôÂ÷ p = 2 ý�¥� �� .À�îüõ ëÀ¬ ôÂ÷ «��¡ ¤¢ k:kp �î Àþ¢ ö���üõ .¢�ªüõ ÓþÂã�

Ýþ¤�¢ p =1 ý�¥� �� .À�õ�÷üõ 1- ôÂ÷ �¤ ö� ,p = 1 ý�¥� �� ø ü¨À�Üì� ôÂ÷

kxk1 = lim
p!1

kxkp = lim
p!1

0
@ nX

i=1

jxij
p

1
A
1=p

= max
i
jxij;

.À�þ�ð ÝÞþÃî�õ ôÂ÷ �þ ´þ�ú÷ü� ôÂ÷ �¤ ôÂ÷ ßþ� �î

Âû ý�Â� ù�Ú÷� ,ÝþÂ�Ú� <n�n üÖ�Ö� ý�ûÅþÂ��õ ý�Ìê �¤ X Âð� °��Â� ß�Þû ��

:À��îüõ ÓþÂã� Âþ¥ ÛØª �� �¤ üÆþÂ��õ ´þ�ú÷ü� ôÂ÷ ø 1{ ôÂ÷ ,A 2 <n�n ÅþÂ��õ

kAk1 = max
1�i�n

nX
j=1

j aij j;

kAk1 = max
1�j�n

nX
i=1

j aij j:

ß�õ� (i; j) �î Ý�û¢üõ ö�È÷ AT � � �¤ A = (aij) 2 <m�n ÅþÂ��õ ý1ù¢�ú÷�Â � .2 ÓþÂã�
2ö¤�Öµõ �¤ AÅþÂ��õ .(AT )ij = aji ü�ãþ ,´¨� AÅþÂ��õ ô� (j; i) ý�þ�¤¢ �� Â��Â� ö� ý�þ�¤¢

ù�ðÂû ,À�þ�ð

AT = A:

Transpose1

symmmetric2
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¥� ´¨� �¤� ± ä A ÅþÂ �� õ 3�ø¢Ã õ �¤�¬ ß þ� ¤¢ .A = (aij) 2 C
n�n À � � î ­Â ê ñ� �

.À�û¢üõ ö�È÷ A� �þ AH �� �¤ ö� �î AT
= AT �� ´¨� Â��Â� A 4�ø¢Ãõ ýù¢�ú÷�Â� ø A = (aij)

,A ÅþÂ��õ ý�þ�¤¢ ß�õ� (j; i) �ø¢Ãõ �� ´¨� Â��Â� AH ÅþÂ��õ ý�þ�¤¢ ß�õ� (i; j) ´Ö�Ö� ¤¢

ù�ðÂû ,À�þ�ð 5üµ�õÂû �¤ AÅþÂ��õ .(AH)ij = aji ü�ãþ

AH = A:

�� ø ù¢�¢ ö�È÷ (u; v) �� �¤ ¤�¢Â� ø¢ ßþ� üÜ¡�¢ �Â® ,u; v 2 C
n ¤�¢Â� ø¢ Âû ý�Â� .3 ÓþÂã�

À��îüõ ÓþÂã� Âþ¥ �¤�¬

(u; v) =
nX

i=1

�viui = vHu:

ù�ðÂû ,À�þ�ð Àõ�ãµõ ø¢ �� ø¢ �¤ v1; : : : ; vk 2 C
n ý�û¤�¢Â� .4 ÓþÂã�

(vi; vj) = vHj vi = 0; i 6= j;

ù�Ú÷� ,V = (v1; : : : ; vk) Ý�û¢ ¤�Âì Âð� �¤�¬ ßþ� ¤¢

V HV = D;

�¤ V ù�Ú÷� ,V HV = I �î ü�¤�¬ ¤¢ .ÅØä Â� ø ´¨� k � k ýÂÎì ÅþÂ��õ ×þ D ö� ¤¢ �î

Àõ�ãµõ �¤ V ù�Ú÷� ,V TV = I Ý�ª�� �µª�¢ ø ù¢�� üÖ�Ö� V ý�ûö�µ¨ Âð� ø À�þ�ðüõ ü÷�Øþ

:´ª�¢ Ý�û��¡ ù�Ú÷� ,Àª�� ü÷�Øþ ÅþÂ��õ ×þ V �î ü�¤�¬ ¤¢ .À�þ�ðüõ

kV xk2 = kxk2; 8x 2 C :

A ÅþÂ��õ �f ø� ù�ðÂû ,À�þ�ð (6HPD) üµ�õÂû ´±·õ ß�ãõ �¤ A 2 C
n�n ÅþÂ��õ .5 ÓþÂã�

Ý�ª�� �µª�¢ ,x 2 C
n ÂÔ¬ Â�è ¤�¢Â� Âû ý�¥� �� �f�÷�� ø Àª�� üµ�õÂû

xHAx > 0:

conjugate3

conjugate transpose4

Hermitian 5

Hermitian Positive De�nite6
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Àª�� ¢���õ x 2 <n À�÷�õ ý¤�¢Â� ø ù¢�� üÖ�Ö�ÅþÂ��õ ×þ A üã�Âõ ÅþÂ��õ �î ü�¤�¬ ¤¢

Ý�ª�� �µª�¢ �î ý¤�Ï ��

xTAx > 0;

.À�þ�ðüõ (7SPD) ö¤�Öµõ ´±·õ ß�ãõ ÅþÂ��õ ×þ �¤ A ù�Ú÷�

ßþ� ¤¢ .Àª�� V ý¤�¢Â� ý�Ìê ¤¢ ¤�¢Â� m ¥� üú��÷ ý�ä�Þ¹õ ×þ X �î À��î ­Âê .6 ÓþÂã�

,v1 Ãþ�Þµõ �Ìä k(� m) Âð� ,´¨� �û¤�¢Â� ¥� üÎ¡ ý�µÆ��ø ý�ä�Þ¹õ ×þ X Ý�þ�ð �¤�¬

�� À�ª�� �µª�¢ ¢��ø ,À�µÆ�÷ ÂÔ¬ üÚÞû �î �k ,: : : ,�2 ,�1 À�÷�õ Âó�Ø¨� k ø X ¤¢ vk ,: : : ,v2
�î ý¤�Ï

�1v1 + �2v2 + � � �+ �kvk = 0:

üþ�� k(� m) ý�µ¨¢ Âû ý�Â� Âð� ,´¨� �û¤�¢Â� ¥� üÎ¡ ÛÖµÆõ ý�ä�Þ¹õ ×þ X ß��»Þû

�¤�±ä ¥� ,�k ,: : : ,�2 ,�1 ý�ûÂó�Ø¨� ø X ¤¢ vk ,: : : ,v2 ,v1 Ãþ�Þµõ ý�û¤�¢Â� ¥�

�1v1 + �2v2 + � � �+ �kvk = 0

�î ÝþÂ�Ú� �¹�µ÷

�1 = �2 = � � � = �k = 0:

k ý�ä�Þ¹õ ×þ X = fv1; v2; � � � ; vkg ø ý¤�¢Â� ý�Ìê ×þ (V; F ) À��î ­Âê .7 ÓþÂã�

ø ù¢�¢ ö�È÷ span(X) �� �¤ X ýùÀ÷ÂµÆð ý�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .Àª�� V ý�û¤�¢Â� ¥� üþ��

:À��îüõ ÓþÂã� Âþ¥ �¤�¬ ��

span(X) = spanfv1; v2; � � � ; vkg = fv : v = �1v1 + : : :+ �kvk;�i 2 F; vi 2 Xg:

×þ X Ý�þ�ð �¤�¬ ßþ� ¤¢ .Àª�� X � V ø ý¤�¢Â� ý�Ìê ×þ (V; F ) À��î­Âê .8 ÓþÂã�

:À�ª�� ¤�ÂìÂ� X ý�ä�Þ¹õ ¢¤�õ ¤¢ Âþ¥ ¯Âª ø¢ Âû ù�ðÂû ,´¨� V ý¤�¢Â� ý�Ìê ý�Â� �þ��

;Àª�� üÎ¡ ÛÖµÆõ ý�û¤�¢Â� ¥� �ä�Þ¹õ ×þ X (Óó�
Symmetric Positive De�nite7
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.span(X) = V (�

�¤�¬ßþ� ¤¢ .A = (aij) 2 <n�n À��î ­Âê .9 ÓþÂã�

.aij = 0 ,Ý�ª�� �µª�¢ ( i � j) i � j Âû ý�Â� ù�ðÂû ,À�þ�ð 8ü·Ü·õ (ß�þ��) ��� �¤ AÅþÂ��õ �

(i < j) i > j Âû ý�Â� ù�ðÂû ,À�þ�ð 9À�î� ü·Ü·õ (ß�þ��) ��� �¤ A ÅþÂ��õ ���Èõ ÕþÂÏ ��

. aij = 0 ,Ý�ª�� �µª�¢

ýÂÎì ÅþÂ��õ .aij = 0 ,Ý�ª�� �µª�¢ i 6= j Âû ý�Â� ù�ðÂû ,À�þ�ð 10ýÂÎì ÅþÂ��õ ×þ �¤ A �

À�û¢üõ ö�È÷ Âþ¥ �¤�¬ �� �¤ A

A = diag(a11; a22; : : : ; ann):

12 ÂØ ÷øÂ î ý� µ ó¢ �¤ Æij �î A = I = fÆijgi;j=1;:::;n ù� ðÂû ,À � þ� ð 11ü÷�Þû �¤ A ÅþÂ �� õ �

.À�þ�ðüõ

ý�ûö�µ¨ ¥� üµÈÚþ�� ,ö� ý�ûö�µ¨ ù�ðÂû ,À�þ�ð 13´ÈÚþ�� ÅþÂ��õ ×þ �¤ A ÅþÂ��õ �

.À�ª�� ü÷�Þû ÅþÂ��õ

×þ Í¨�� ö� ýÂÎì ý�û�þ�¤¢ ¥� ×þ Âû ù�ðÂû ,À�þ�ð 14ýÂÎì üî�Ü� ¤�Î� �¤ A ÅþÂ��õ �

Âþ¥ �¤�¬�� ø ù¢�� ýÂÎì ÅþÂ��õ ¥� üÞ�Þã� ÅþÂ��õ ßþ� .À�ª�� ùÀª ßþÃÚþ�� ýÂÎì ÅþÂ��õ

¢�ªüõ ù¢�¢ Çþ�Þ÷

A = diag(A11; A22; : : : ; Ann):

Ý�ª�� �µª�¢ ù�ðÂû ,À�þ�ð 16¢ÂÔ�õ �¤ ö� ø det(A) 6= 0 ù�ðÂû ,À�þ�ð 15¢ÂÔ�õ�÷ �¤ AÅþÂ��õ �

det(A) = 0:

Upper (Lower) triangular8

Strictly upper (Lower) triangular9

Diagonal10

Identity11

Kronecker delta12

Permutation13

Block diagonal14

Nonsingular15

Singular16
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ý��ÜÞ�À�� �¤�¬ ßþ� ¤¢ .Àª�� n ý�±�Âõ ¥� üã�Âõ ÅþÂ��õ ×þ A À��î ­Âê .10 ÓþÂã�

�¤�¬ �� �¤ A ý�Ê¿Èõ

p (�) = det(�I � A);

À�� ßþ� ý�û�Èþ¤ .´¨� n ��¤¢ ¥� ý��ÜÞ� À�� ×þ p �î Àþ¢ ö���üõ .À��îüõ ÓþÂã�

ø ùÀ�õ�÷ A Ó�Ï �¤ A ýùÄþø Âþ¢�Öõ ô�Þ� ý�ä�Þ¹õ .À÷�ªüõ ùÀ�õ�÷ A ýùÄþø Âþ¢�Öõ ý��ÜÞ�

üÔ�Ï á�ãª �¤ ÕÜÎõ ¤Àì ¶�� ¥� A ÅþÂ��õ ýùÄþø ¤�ÀÖõ ßþÂµð¤Ã� .À�û¢üõ ö�È÷ �(A) ��

ÂÚþ¢ �¤�±ä �� .À�û¢üõ ö�È÷ �(A) �� ø ùÀ�õ�÷ AÅþÂ��õ

�(A) = max
�2�(A)

j�j:

Ýþ¤�¢ ,üÆþÂ��õ ôÂ÷ Âû ý�Â� ß��»Þû

�(A) � kAk:

×þ A �¤�¬ ßþ� ¤¢ .Àª�� ö¤�Öµõ ÅþÂ��õ ×þ A 2 <n�n ÅþÂ��õ À��î ­Âê .1 ��Ìì

.À�ª�� ´±·õ A ýùÄþø Âþ¢�Öõ ý�Þû Âð� �ú�� ø Âð� ,´¨� ´±·õ ß�ãõ ÅþÂ��õ

2 .À��î �ã��Âõ ]5[ �� :��±��

Ã þ� Þ µ õ ùÄ þø Â þ¢� Ö õ � � A 2 <n�n ÅþÂ �� õ Â û ý�Â � (17ö¢Â � ü ÷� ÷� î Û Ø ª) .2 � �Ì ì

�î ö��� ´¨� ¢���õ P ö�� ý¢ÂÔ�õ�÷ ÅþÂ��õ ,�s,...,�2,�1

P�1AP = J =

0
BBBBBB@

J(�1) 0 � � � 0

0 J(�2) � � � 0

... ... . . . ...
0 0 � � � J(�s)

1
CCCCCCA
;

ø

J(�j) =

0
BBBBBB@

J1(�j) 0 � � � 0

0 J2(�j) � � � 0

... ... . . . ...
0 0 � � � Jtj (�j)

1
CCCCCCA
; Ji(�j) =

0
BBBBBBB@

�j 1

�j
. . .
. . . 1

�j

1
CCCCCCCA
:

Jordan canonical form17
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.À�þ�ðüõ A ÅþÂ��õ 18ö¢Â� ÛØª �¤ J ÅþÂ��õ

2 .À��î �ã��Âõ ]16[ �� :��±��

.Àª�� ÂÔ¬ Â��Â� ø ¢���õ lim
m!1

Am ù�ðÂû ,Ý���ð �ÂÚÞû �¤ AÅþÂ��õ .11 ÓþÂã�

:À�ó¢�ãõ Âþ¥ ý�ûù¤�Ãð �¤�¬ ßþ� ¤¢ .A 2 <n�n À��î ­Âê .3 ��Ìì

; lim
m!1

Am = 0 (Óó�)

;�(A) < 1 (�)

.(A0 = I �î Ýþ¤�¢ ����) ´¨�ÂÚÞû
1P

m=0
Am ýÂ¨ (�)

ø ´¨� ÂþÁ�§�Øãõ (I � A) ÅþÂ��õ ,ë�ê ý�û ´ó�� ¥� ô�Àî Âû ¤¢
1X

m=0

Am = (I � A)�1:

À��î ­Âê :(�)( (Óó�) ��±��

lim
m!1

Am = 0;

Ýþ¤�¢ ,AÅþÂ��õ ö¢Â� ôÂê �� ���� ��

T�1AmT =

0
BBBBBBBBBBB@

Jm
1

Jm
2 . . .

Jmi . . .
Jmr

1
CCCCCCCCCCCA
:

´ª�¢ Ý�û��¡ m!1 �î üµìø ýø�Æ� ßþ� ß�êÂÏ ¥� ýÂ�ðÀ� �� .T�1AmT = Jm ü�ãþ

. lim
m!1

�mi = 0 �î À�îüõ ��¹þ� ßþ� ø lim
m!1

Jmi = 0 ,1 � i � r Âû ý�Â� Å� . lim
m!1

Jm = 0

.�(A) < 1 �¹�µ÷ ¤¢ ø j�ij < 1 �Áó
Jordan form18
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A ýùÄ þø Â þ¢� Ö õ � û �i � î ,j�ij < 1 �¤�¬ ßþ� ¤¢ .�(A) < 1 À � � î ­Âê :(�) ( (�)

ÅþÂ��õ �Áó ,À�µÆû 1 � �i �¤�¬ �� I � A ùÄþø Âþ¢�Öõ �î ßþ� �� ���� �� üêÂÏ ¥� .À�µÆû

Ý�û¢üõ ¤�Âì .´¨� ¢ÂÔ�õ�÷ I � A

Sm = I + A+ A2 + � � �+ Am:

´ª�¢ Ý�û��¡ ,I � A ¤¢ ë�ê ý�Î��¤ ß�êÂÏ �Â® ��

(I � A)Sm = I � Am+1:

´ª�÷ ö���üõ I � A ö¢�� ¢ÂÔ�õ�÷ �� ���� ��

Sm = (I � A)�1(I � Am+1):

ü�ãþ ,ÝþÂ�ðüõ À� m!1 �î üµìø Â�¡� ý�Î��¤ ß�êÂÏ ¥� ñ��

lim
m!1

Sm = lim
k!1

(I � A)�1(I � Am+1):

´ª�¢ Ý�û��¡ ,(Óó�) ýù¤�Ãð �� ���� �� ö��î�

lim
m!1

Sm = (I � A)�1;

.À�îüõ Ûõ�î �¤ ��±�� �î

,A ÅþÂ��õ ö¢Â� ü÷�÷�î ÛØª �� ��� �î À��î ���� ,´ÞÆì ßþ� ��±�� ¥� Û±ì :(Óó�)( (�)

Ýþ¤�¢

Am = TJmT�1 =

0
BBBBBBBBBBB@

Jm
1

Jm
2 . . .

Jmi . . .
Jmr

1
CCCCCCCCCCCA
:

ßþ�Â����

lim
m!1

Am = 0, lim
m!1

Jmi = 0; i = 1;2; � � � ; r:
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Àã� �� ü÷�Þû ÅþÂ��õ Ini ö� ¤¢ �î Ei = Ji � �iIni Ý�û¢üõ ¤�Âì ø dim(Ji) = ni À��î ­Âê

Ýþ¤�¢ ,Ei ÅþÂ��õ ¤�µ¡�¨ �� ���� �� .´¨� ni

Ej
i = 0; j � ni:

Ýþ¤�¢ m � ni Âû ý�Â�

Jmi = (�iIni + Ei)
m=

mX
j=0

 
m

j

!
�m�ji Ej

i

=
ni�1X
j=0

 
m

j

!
�m�ji Ej

i :

Ýþ¤�¢ k:k üÆþÂ��õ ôÂ÷ Âû ý�Â� ßþ�Â����

kJmi k �
ni�1X
j=0

 
m

j

!
j�ij

m�jkEik
j: (1)

Ýþ¤�¢ ,M = max
0�j�ni�1

kEikj ÓþÂã� ��

kJmi k �M
ni�1X
j=0

 
m

j

!
j�ij

m�j:

Ýþ¤�¢ ,AÅþÂ��õ ö¢Â� ü÷�÷�î ôÂê �� ��� .Àª�� ´¨¤¢ (�) ý��þÃð �î À��î ­Âê ñ��

T�1(
1X

m=0

Am)T =
1X

m=0

Jm:

ýÂÎì ý�û�þ�¤¢ �õ� .´¨�ÂÚÞû ,i = 1;2; � � � ; r ,
1P

m=0
Jmi ýÂ¨ �¹�µ÷ ¤¢ ø

1P
m=0

Jm ßþ�Â����

i = 1;2; � � � ; r ,
1P

m=0
�mi ý�ûýÂ¨ ¥� ô�Àî Âû �¹�µ÷ ¤¢ ø À�ª��üõ

1P
m=0

�mi �¤�¬ ��
1P

m=0
Jmi

�Ø� þ� ¥� � õ� .�(A) < 1 Àû¢üõ �¹�µ ÷ �î i = 1;2; � � � ; r ,j�ij < 1 �Á ó .À�ª� �üõ �ÂÚÞû

:Ýþ¤�¢ ,i = 1;2; � � � ; r ,j�ij < 1

lim
m!1

 
m

j

!
j�ij

m�j = 0; i = 1;2; � � � ; r: (2)

Å � .i = 1;2; � � � ; r , lim
m!1

kJmi k = 0 Ý þ¤�¢ (2) ø (1) Í ��ø ¤ � � � �� � � � ß þ�Â �� � �

2 . lim
m!1

Am = 0 �¹�µ÷ ¤¢ ø i = 1;2; � � � ; r , lim
m!1

Jmi = 0
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Ýþ¤�¢ ,k:k ù��¿ó¢ ôÂ÷ Âû ý�Â� �¤�¬ ßþ� ¤¢ .A 2 <n�n À��î ­Âê .4 ��Ìì

lim
k!1

kAkk1=k = �(A):

�î Ý��îüõ ���� �Àµ�� :��±��

�(A)k = �(Ak) � kAkk;

�¹�µ÷ ¤¢

�(A) � kAkk1=k:

Ýþ¤�¢ 2 ý��Ìì �� ��� �Áó ,�( A
�(A)+�

) < 1 ,� � 0 Âû ý�¥� �� �î ßþ� ¥� üêÂÏ ¥�

lim
k!1

 
A

�(A) + �

!k

= 0;

�þ

lim
k!1

kAkk

(�(A) + �)k
= 0:

,k � K� Âû ý�¥� � � � î ý¤�Ï � � ¢¤�¢ ¢��ø K� À� ÷� õ ´± · õ ¼�½¬ ¢Àä ×þ �¹� µ ÷ ¤¢

:Ýþ¤�¢ k > K� Âû ý�Â� Å� . kAkk
(�(A)+�)k

< 1

kAkk1=k < �(A) + �;

ßþ�Â���� ø

�(A)�kAkk1=k

<�(A) + �:

�î ÝþÂ�ðüõ �¹�µ÷ ´¨� ¤�ÂìÂ� � � 0 Âû ý�¥� �� ë�ê ý�Î��¤ �î ßþ� �� ���� ��

lim
k!1

kAkk1=k = �(A): 2

�¤�¬ßþ� ¤¢ .Àª�� jaijjý�û �þ�¤¢ �� üÆþÂ��õ Çþ�Þ÷ jAj ø A;B 2 <n�n À��î­Âê .1�¹�µ÷

;�(A) � �(jAj) (Óó�


