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�� ÝþÀÖ�
Ý÷��Âúõ ¤¢�õ ø ¤À� í�� ö�ø¤
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ÂØÈ� ø ÂþÀÖ�
¤¢ ßõ ù��� ø ´È� ù¤��Þû ø ù¢�Þ÷ ý¤�þ �Âõ �î ô¤�Áðüõ ÂØª ùÀ¹¨ ö��Âúõ À÷ø�À¡ ù�ð¤¢ �� �Àµ��

.´¨� ù¢�� üðÀ÷¥
� � ÝÜ�Ê½� �Àõ ßþ� ¤¢ø ù¢�� ßõ ë�Èõ �È�Þû ¢�¡ æþ¤¢ü� ý�û´þ�Þ� �� �î ôÃþÃä ÂÆÞû ¥�

.Ý÷��Þõ ,À÷��µêÂþÁ� üðÀ÷¥ ¤¢ �¤ ô¤�Ì� üÚ÷¤Ýî ô�Þ� ¤À¬�ã¨
.ô¤�ÃÚ¨�³¨ ´þ�ú÷ü� ù¢�� ôÂ¨ Â� ö�ÈµÞ�Âõ �þ�¨ üðÀ÷¥ Û��Âõ ô�Þ� ¤¢ ù¤��Þû �î ô¤��ð¤Ã� ¤¢�Â� ¥�

¥� �� À÷¢Âî Ýþ¤�þ �Àõ ßþ� ¤¢ �÷�¤�±¬ �î ,¢�ÂÞúª ´ì�À¬ Âµî¢ ý�ì� ���� ,ÝÞó�ä ý�Þ�û�¤ ¢�µ¨� ¥�
.ô¤�¢ �¤ ÂØÈ� ñ�Þî ,Ý÷�Þ÷ �� ýÂ�ð¢�þ

,À÷¢�õÂê ´Þ�¥ ñ�±ì �î ù��¡ ´½¬ ýÀúõ Âµî¢ ý�ì� ���� ,ôÀ�Þ�¤� ¤ø�Èõ ¢�µ¨� ¥� ß��»Þû
.ô¤�ÃÚ¨�³¨

.Ý÷��Þõ ü»þ�� ÀÞ½õ Âµî¢ ý�ì� ���� ,ùøÂð ôÂµ½õ ´þÂþÀõ ¥�
.ô¤�¢üõ ô�ä� ,üÜ�ÞØ� ���Ê½� ôÂµ½õ ùÀ�þ�Þ÷ ø �õ�÷ ö�þ�� ßþ� ôÂµ½õ ¤ø�¢ ¥� �¤ ¢�¡ ü÷�¢¤Àì °��Âõ
.Ýþ�Þ÷ ÂØÈ� ,ù¢�� Ýû�ÂÞû �÷�Êó�¡ �î ü÷�¡Âû�Ï ýÂ±î Ý÷�¡ ¤�îÂ¨ Ý��¡ ´¨ø¢ ¥� ¢¤�¢ �� ö�þ�� ¤¢

�



ü¨¤�ê ùÀ�Ø�
ñ�ÂÚµ÷� �ó¢�ãõ Û� ý�Â� ü±þÂÖ� ©ø¤ ×þ ,´¨� ùÀª ßþøÀ� [4] â�Âõ §�¨� Â� �î �õ�÷ö�þ�� ßþ� ¤¢
ý�û���� .´¨� ùÀª �µêÂð ¤�î�� üû��µõ ù¥�� ×þ ýø¤ ,üª�î á�÷ ¥� ¢ÂÔ�õ �µÆû �� ñø� á�÷ ¢ÂÔ�õ
�� ñ�ÂÚµ÷� ��¢�ãõ Û� ý�Â� ùÀª ���¤� ©ø¤ .À�÷�ÆØþ üÜ�Ü½� ý�û���� �� ©ø¤ ßþ� �� ùÀõ� ´¨¢��

.¢�ªüõ �µêÂð ¤�î�� ñ�·õ À�� ���¤� �� ¢ÂÔ�õ ë�ê ý�û�µÆû

ýÀ�Üî ö�ð¦�ø
. ü±þÂÖ� ���� ,¢ÂÔ�õ ë�ê ñ�ÂÚµ÷� ��¢�ãõ ,¢ÂÔ�õ á�÷ üª�î ý�û�µÆû �� ñ�ÂÚµ÷� ��¢�ãõ
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�õÀÖõ
¢ÂÔ�õ ë�ê �� ö� Ý�Þã� ø üª�î á�÷ ¥� ¢ÂÔ�õ �µÆû �� ñ�ÂÚµ÷� ��¢�ãõ ý¢Àä Û� �õ�÷ö�þ�� ßþ� ¤¢
á��÷� ÓþÂã� �� ñø� ÛÊê ¤¢ �î Àª��üõ ÛÊê �¨ Ûõ�ª �õ�÷ö�þ�� ßþ� .´¨� �µêÂð ¤�Âì ü¨¤Â� ¢¤�õ
�¤ üª�î �µÆû �� ¢ÂÔ�õ ñ�ÂÚµ÷� ��¢�ãõ ý¢Àä Û� ôø¢ ÛÊê ¤¢ ø Ýþ�ªüõ ��ª� ñ�ÂÚµ÷� ��¢�ãõ

.Ý��îüõ ö��� ñ�·õ À�� ���¤� �±¨ �¤ ¢ÂÔ�õ ë�ê ñ�ÂÚµ÷� ��¢�ãõ Û� ô�¨ ÛÊê ¤¢ ø Ý�û¢üõ ¼�®��

�



1 ÛÊê

ý¤ø�¢�þ
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�õÀÖõ 1.1

�¤ Û�� �ó¢�ãõ ���� ��±�� ����Ã� ø Ý��îüõ ýÀ���µ¨¢ ø ÓþÂã� �¤ ñ�ÂÚµ÷� ��¢�ãõ á��÷� ÛÊê ßþ� ¤¢
Û� ý�û©ø¤ ø ñ�ÂÚµ÷� ��¢�ãõ á��÷� ¢¤�õ ¤¢ ÂµÈ�� �ãó�Îõ ý�Â� .Ý��îüõ ö��� ö� ´�Þû� Û�ó¢ ��

.¢Âî �ã��Âõ [1,4,5,6,7,9,10] â��Âõ �� ö��� üõ �ûö�

ñ�ÂÚµ÷� ��¢�ãõ �� üþ��ª� 2.1
¢�ª Âû�Ò ñ�ÂÚµ÷� ´õ�ä Âþ¥ ñ�ú¹õ â��� ö� ¤¢ �î ý��ó¢�ãõ Âû :ñ�ÂÚµ÷� �ó¢�ãõ 1.2.1ÓþÂã�

�¤�¬ �� ñ�ÂÚµ÷� ��¢�ãõ üÜî ÛØª .´¨� ñ�ÂÚµ÷� �ó¢�ãõ ×þ

F
(
x, y(x),

∫ β(x)

α(x)
G(x, t, y(t))dt

)
= 0,

.´¨� ñ�ú¹õ â��� y �î ý¤�Ï�� ´¨�

À÷�ªüõ Ý�ÆÖ� üÎ¡ Â�è ø üÎ¡ ý�µ¨¢ ø¢ �� ñ�ÂÚµ÷� ��¢�ãõ •
ÛØª ý�¤�¢ üÎ¡ ñ�ÂÚµ÷� ��¢�ãõ (1

y(x) + λ

∫ β(x)

α(x)
k(x, t)y(t)dt = f(x),

ñ�ú¹õ â��� y(x) ø ô�Üãõ â���� β(x) ø α(x) ,f(x) ,k(x, t) ,´��� ¤�ÀÖõ ×þ λ �î À�ª��üõ
.À�õ�÷üõ ñ�ÂÚµ÷� �ó¢�ãõ �µÆû �¤ k(x, t) .¢¢Âð ß��ã� Àþ�� ø ´¨� �ó¢�ãõ

À÷�ªüõ Âû�Ò Âþ¥ ý�û�¤�¬ �� Ã�÷ üÎ¡ Â�è ñ�ÂÚµ÷� ��¢�ãõ (2

y(x) + λ

∫ β(x)

α(x)
k(x, t, y(t))dt = f(x),

y(x) + λ

∫ β(x)

α(x)
k(x, t)F (y(t))dt = f(x).
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üÎ¡ ñ�ÂÚµ÷� ��¢�ãõ ýÀ���Ö±Ï 2.2.1

:ôø¢ á�÷ ÝÜû¢Âê ñ�ÂÚµ÷� �ó¢�ãõ •

y(x) = g(x) + λ

∫ b

a
k(x, t)y(t)dt, a ≤ t ≤ b.

:ñø� á�÷ ÝÜû¢Âê ñ�ÂÚµ÷� �ó¢�ãõ •

g(x) = λ

∫ b

a
k(x, t)y(t)dt, a ≤ t ≤ b.

:ôø¢ á�÷ �Âµóø ñ�ÂÚµ÷� �ó¢�ãõ •

y(x) = g(x) + λ

∫ x

a
k(x, t)y(t)dt, a ≤ x,

:ñø� á�÷ �Âµóø ñ�ÂÚµ÷� �ó¢�ãõ •

g(x) = λ

∫ x

a
k(x, t)y(t)dt, a ≤ x,

ñ�ÂÚµ÷� ¢øÀ� ¥� üØþ Ûì�À� ö� ¤¢ �î ´¨� üó�ÂÚµ÷� �ó¢�ãõ :¢ÂÔ�õ ñ�ÂÚµ÷� �ó¢�ãõ 3.2.1ÓþÂã�
.¢¢Âðüõ üû��µõ�÷ ýÂ�ðñ�ÂÚµ÷� ýù¥�� ¥� üÏ�Ö÷ �þ �ÎÖ÷ ¤¢ ñ�ÂÚµ÷� �ó¢�ãõ ý�µÆû �þ ø ´¨� üû��µõ�÷

: À�µÆû ñ�ÂÚµ÷� ��¢�ãõ á��÷� ¥� üþ�ûñ�·õ Âþ¥ ��¢�ãõ

1) y(x) = x +
∫ ∞

0
e−(x+t)y(t) dt,

2)
∫ x

0

1√
x− t

y(t) dt = x2,

3) y(x) = x + λ

∫ 1

−1
xty(t) dt, −1 ≤ x ≤ 1,

4) y(x) = λ

∫ 1

−1
xty(t) dt, −1 ≤ x ≤ 1,

5) y(x) = 1+ λ

∫ x

0
xty(t) dt,

6) y(x) = αx + λx

∫ x

0
y(t) dt.
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Û�� �ó�Æõ 3.1

×þ ¤¢ ,ô�Üãõ�÷ ¤��Þû ü�½�õ ×þ ñ�Ï ¤¢ ß�þ�� ´Þ¨ �� �î �¤ ù¤£ ×þ ´îÂ� 1823 ñ�¨ ¤¢ Û��
´ó�� ¥� ù¤£ ×þ ¢�ªüõ Âê .¢Âî �ãó�Îõ �¤ ,Àªüõ ùÀþÃçó ��£�� ýøÂ�÷ Â���� ´½� ,Ý��ì �½Ô¬
ü�½�õ ýø¤ �ÎÖ÷ ßþÂ�ß�þ�� ´Þ¨ �� ñ�ú¹õ ü�½�õ ñ�Ï ¤¢ ,x á�Ô�¤� �� p Â�Ñ÷ �ÎÖ÷ ×þ ¤¢ ö�Ø¨
¥� ñøÃ÷ ö�õ¥ ,T ö�õ¥ Ûî .¢�ªüõ ùÀþÃçó ,¢�ªüõ Âê ÂÔ¬ ö� ý¢�Þä �Ü¬�ê �î o �ÎÖ÷ Â�Ñ÷
ö� �Áó ø ¢¤�¢ üÚµÆ� x á�Ô�¤� �� ø ´¨� ô�Üãõ Û±ì ¥� ü�½�õ ýø¤ �ÎÖ÷ ßþÂ�ß�þ�� �� �ÎÖ÷ ßþÂ�âÔ�Âõ

Ý�û¢üõ ö�È÷ Âþ¥ �¤�¬�� �¤

T = h(x) (1.1)

Â�Ñ÷ �ÎÖ÷ ×þ ¤¢ ´äÂ¨ �Áó Àª�� �µª�¢ s Â��Â� üó�Ï o ø p ¯�Ö÷ ß�� ´îÂ� ü�½�õ �î Ý��îüõ Âê
¢�ªüõÉ¿Èõ Âþ¥ �Î��¤ �Ü�¨�� o ø p ß�� ü�½�õ ýø¤ q

ds

dT
= −

√
2g(x− t), (2.1)

É¿Èõ �¤ ��£�� ��µª g ø À�îüõ ÓþÂã� �¤ q �ÎÖ÷ ý¢�Þä �Ü¬�ê �î ´¨� Â�çµõ ×þ t ö� ¤¢ �î
´ª�¢ Ý�û��¡ ( ??) �Î��¤ éÂÏ ø¢ ¥� ýÂ�ðñ�ÂÚµ÷� �� .À�îüõ

T = −
∫ p

0

ds√
2g(x− t)

.

ùÀ ÷Ãç ó ù¤£ ´îÂ� �ó¢�ãõ � � Ý þÂ �üõ ¤�î� � �¤ ( ??) �Î��¤ ß��»Þû .ds = φ(t)dt Ý�û¢üõ ¤�Â ì
Àþ� ´¨¢�� Âþ¥ �¤�¬��

f(x) =
∫ x

0

1√
x− t

φ(t) dt. (3.1)

É¿Èõ Âþ¥ �¤�¬ �� ø ¢¤�¢ x á�Ô�¤� �� üÚµÆ� ö� ¤�ÀÖõ ø ´¨� ô�Üãõ â��� ×þ f(x) Ý��îüõ ù¤�ª�
¢�ªüõ

f(x) = −
√
2gh(x)

4



�ÎÖ÷ ßþÂ�ß�þ�� ´Þ¨ �� ö� ýø¤ �ÎÖ÷ ßþÂ���� ¥� ñøÃ÷ ö�õ¥ h(x) ø ´¨� ��£�� ´��� g ö� ¤¢ �î
�î ´¨� ñ�ÂÚµ÷� ´õ�ä Âþ¥ φ(x) ñ�ú¹õ â��� ß��ã� Û�� �ó�Æõ üÜ¬� éÀû .´¨� ü�½�õ ýø¤

.À�îüõÉ¿Èõ �¤ ë�ê ü�½�õ �ó¢�ãõ
¤¢ k(x, t) �µÆû ùø�ä�� .´¨� ñø� á�÷ ý�Âµóø ñ�ÂÚµ÷� �ó¢�ãõ ×þ Û�� ñ�ÂÚµ÷� �ó¢�ãõ �î Ý��î ����

´¨� Âþ¥ �¤�¬ �� ( ??) �ó¢�ãõ

k(x, t) =
1√
x− t

.

Û�� �µê�þÝ�Þã� ñ�ÂÚµ÷� �ó¢�ãõ 4.1

üêÂãõ ,¢¤�¢ �Âúª Û�� �µê�þÝ�Þã� ñ�ÂÚµ÷� �ó¢�ãõ �� �î �¤ Âþ¥ Ó�ã® ¤�Ï�� ¢ÂÔ�õ ñ�ÂÚµ÷� �ó¢�ãõ Û��
¢Âî

f(x) =
∫ x

0

1
(x− t)α

φ(t) dt, 0 < α < 1 (4.1)

α = 1
2 �î üµó�� ü�ãþ ´¨� Û�� �µê�þÝ�Þã� �ó¢�ãõ «�¡ ´ó�� ×þ ,Àª ¶½� �±ì �î Û�� �ó�Æõ

Û� ý�Â� �Áó ø ( ??) ñ�ÂÚµ÷� �ó¢�ãõ ¥� φ(x) ���� ý�Â� üÜÞä ñ�õÂê ×þ ß��ã� ý�Â� .¢�ª ��¿µ÷�
( ??) �ó¢�ãõ ß�êÂÏ ¥� §��� ÛþÀ±� ßµêÂð �� .ÝþÂ�üõ ¤�î�� �¤ §��� ÛþÀ±� üð¢�¨ �� ,Û�� �ó�Æõ

´ª�¢ Ý�û��¡

L[f(x)] = L[φ(x)]L[x−α] (5.1)

= L[φ(x)]
Γ(1− α)

z1−α

.´¨� §��� ÛþÀ±� �� ¯��Âõ Âµõ�¤�� z ø Àû¢üõ ö�È÷ �¤ �õ�ð â��� Γ ¢�Þ÷ �î Ý��î ����
´ª�÷ Âþ¥ �¤�¬�� ö���üõ �¤ ( ??) �ó¢�ãõ

L[φ(x)] =
z

Γ(α)Γ(1− α)
Γ(α)z−αL[f(x)]

5



�� ´¨� Â��Â� Ýû ßþ� ø

L[φ(x)] =
z

Γ(α)Γ(1− α)
L[g(x)] (6.1)

ö� ¤¢ �î

g(x) =
∫ x

0
(x− t)α−1f(t) dt.

´ª�÷ Âþ¥ �¤�¬�� ö���üõ �¤ ( ??) �ó¢�ãõ �Áó

L[φ(x)] =
sin(απ)

π
L[g′(x)] (7.1)

ü�ãþ §��� ��þÀ±� �� ¯��Âõ Âþ¥ �Î��¤ ¥� ¤�î ßþ� ý�Â� ø

L[g′(x)] = zL[g(x)]− g(0)

�Î��¤ ß��»Þû ø (g(0) = 0Âê ��)

Γ(α)Γ(1− α) =
π

sin(απ)

.Ýþ¢Âî ù¢�Ôµ¨� �¤
���� ß��ã� ´ú� �±¨�½õ Û��ì üð¢�¨ �� �î Âþ¥ ñ�õÂê ( ??) �Î��¤ éÂÏ ø¢ ýø¤ L−1 ñ�Þä� ��

Àþ�üõ ´¨¢�� ,´¨�

φ(x) =
sin(απ)

π

d

dx

∫ x

0

f(t)
(x− t)1−α

dt, 0 < α < 1 (8.1)

�î Â���ÜÎõ ñ�õÂê ×þ Ý�÷���üõ ( ??) �Î��¤ ¥� ù¢�Ôµ¨� �� �Áó ø ´¨� ÂþÁ�ÕµÈõ f(x) �î Ý�÷�¢ üõ
ý�Â� �Àµ�� ,ñ�õÂê ßþ� ß��ã� ý�Â� .Ýþ¤ø� ´¨¢�� ,Àª�� À�Ôõ ö�õÂÑ÷ ¢¤�õ ü��±¨�½õ é�Àû� ý�Â�

ÝþÂ�üõ ¤�î�� �¤ �Ã� �� �Ã� ýÂ�ðñ�ÂÚµ÷� ,( ??) �Î��¤ ´¨�¤ éÂÏ ñ�ÂÚµ÷� �±¨�½õ
∫ x

0

f(t)
(x− t)1−α

dt = −1
α

[f(x)(x− t)α] |x0 +
1
α

∫ x

0
(x− t)αf ′(t) dt

=
1
α

f(0)xα +
1
α

∫ x

0
(x− t)αf ′(t) dt. (9.1)
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éÂÏ ñ�ÂÚµ÷� ¥� ßµêÂð ÕµÈõ ý�Â� Ãµ�÷°�ó ùÀä�ì ¥� ù¢�Ôµ¨� ø ( ??) �Î��¤ ß�êÂÏ ¥� ßµêÂð ÕµÈõ ��
Àª Àû��¡ Û¬�� Âþ¥ �¹�µ÷ ,´¨�¤

d

dx

∫ x

0

f(t)
(x− t)1−α

dt =
f(0)
x1−α

+
∫ x

0

f ′(t)
(x− t)1−α

dt. (10.1)

Ýþ¤ø�üõ ´¨¢�� �¤ Âþ¥ ÂÑ÷ ¢¤�õ ñ�õÂê ( ??) �ó¢�ãõ ¤¢ ( ??) �Î��¤ ý¤�ÁÚþ�� ��

φ(x) =
sin(απ)

π

( f(0)
x1−α

+
∫ x

0

f ′(t)
(x− t)1−α

dt
)
, 0 < α < 1. (11.1)

Û�� ¢¤�À÷�µ¨� �ó�Æõ ���� ö¢�Þ÷ �À�� �¹�µ÷ ¤¢ ø Û�� �µê�þÝ�Þã� �ó¢�ãõ ���� ß��ã� ý�Â� ñ�õÂê ßþ�
.¢ø¤üõ ¤�î��

À��î Û� �¤ Âþ¥ Û�� �ó¢�ãõ 1.4.1 ñ�·õ
πx =

∫ x

0

1√
x− t

φ(t) dt.

.sin(απ) = 1 �Áó α = 1
2 ß��»Þû .f ′(x) = π ø f(0) = 0 �Áó f(x) = πx ñ�·õ ßþ� ¤¢ : Û�

Ýþ¤�¢ ( ??) �Î��¤ ö¢Â� ¤�î�� ��

φ(x) =
1
π

∫ x

0

π√
x− t

dt = 2
√

x.

À�îüõ ëÀ¬ ¤Àó�û ¯Âª ¤¢ D ýø¤ φ â��� ,D ⊂ R À��î Âê :¤Àó�û ¯Âª 2.4.1ÓþÂã�
ù�ðÂû

|φ(x2)− φ(x1)| < A|x2 − x1|λ, ∀x1, x2 ∈ D

ö�Þû ë�ê �¤�±ä Àª�� λ = 1 Âð� .0 < λ ≤ 1 �î À÷¤�¢ ô�÷ ¤Àó�û �±�Âõ λ ø ¤Àó�û ´��� A ö� ¤¢ �î
.´¨� Ãµ�ª°�ó
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üª�î üÜ¬� ¤�ÀÖõ 5.1

ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ñ�ÂÚµ÷� 1.5.1ÓþÂã�
∫ b

a

dx

x− c
, a < c < b

Ýþ¤�¢ ý¥�¹õ ñ�ÂÚµ÷� ßþ� �±¨�½õ ý�Â�
∫ b

a

dx

x− c
= lim

ε1,ε2→0

[
−

∫ c−ε1

a

dx

c− x
+

∫ b

c+ε2

dx

x− c

]

= ln
b− c

c− a
+ lim

ε1,ε2→0
ln

ε1
ε2

ß��� )¢�� Àû��¿÷ �ÂÚÞû ��� ý¥�¹õ ñ�ÂÚµ÷� ù�Ú÷� À��î Û�õ ÂÔ¬ �� ÂÚþÀØþ ¥� ÛÖµÆõ ε2 ø ε1 Âð�
.¢�ªüõ �ÂÚÞû ñ�ÂÚµ÷� ù�ðö� ,¢�ª Âê ε1 = ε2 = ε Âð� �õ� (¢�ªüõ ùÀ�õ�÷ ¢ÂÔ�õ ñ�ÂÚµ÷� üó�ÂÚµ÷�

¢ÂÔ�õ ñ�ÂÚµ÷� üª�î üÜ¬� ¤�ÀÖõ
∫ b

a

dx

x− c
, a < c < b

�¤�±ä Â��Â�

lim
ε→0

[ ∫ c−ε

a

dx

x− c
+

∫ b

c+ε

dx

x− c

]

¢�ªüõ �µª�÷ Âþ¥ �¤�¬ �� ��� ��±¨�½õ Õ±Ï �î ´¨�

p.v

∫ b

a

dx

x− c
= ln

b− c

c− a
. (12.1)

ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ñ�ÂÚµ÷� üÜî ´ó�� ¤¢ .Àª��üõ üª�î ñ�ÂÚµ÷� üÜ¬� ¤�ÀÖõ ¢�Þ÷ p.v ö� ¤¢ �î
∫ b

a

φ(x)dx

x− c
,

´ª�÷ ö���üõ �¤�¬ßþ� ¤¢ ,À�îüõ ëÀ¬ ¤Àó�û ¯Âª ¤¢ (a, b) ¤¢ �î ´¨� üã��� φ(x)

∫ b

a

φ(x)dx

x− c
=

∫ b

a

φ(x)− φ(c)
x− c

dx + φ(c)
∫ b

a

dx

x− c
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Ýþ¤�¢ ¤Àó�û ¯Âª �� ���� ��

|φ(x)− φ(c)
x− c

| < A

|x− c|1−α
, 0 < α ≤ 1,

�±¨�½õ Û��ì (??) �� ���� �� üõø¢ ñ�ÂÚµ÷� ø ´¨� ¢���õ ý¥�¹õ ñ�ÂÚµ÷� ö���ä�� üóø� ñ�ÂÚµ÷� Å�
Ýþ¤�¢ ø ´¨� ¢���õ üª�î üÜ¬� ¤�ÀÖõ °Æ� Â� ∫ b

a
φ(x)dx
x−c ¢ÂÔ�õ ñ�ÂÚµ÷� Å� .´¨�

p.v

∫ b

a

φ(x)dx

x− c
=

∫ b

a

φ(x)− φ(c)
x− c

dx + φ(c) ln
b− c

c− a
.

¤¢ (Àª� � �ÂÚÞû) Àª� � ¢���õ ý¥�¹õ � þ ù��¿ ó¢ ñ�ÂÚ µ ÷� ×þ ö�� �ä� � ∫ b
a

φ(x)dx
x−c Âð� Ý � � î ��� �

.´Æ�÷ ´¨¤¢ °ÜÎõ ÅØä üóø ´¨� ¢���õ Ã�÷ ö� üÜ¬� ¤�ÀÖõ �¤�¬ßþ�
Ý¡ ýø¤ Â� À�îüõ ëÀ¬ ¤Àó�û ¯Âª ¤¢ �î φ(x) ÍÜµ¿õ â��� ý�Â� üª�î üÜ¬� ¤�ÀÖõ ���Èõ ©ø¤ ��

´¨� Âþ¥ �¤�¬�� b ý�úµ÷� ø a ý�Àµ�� �� Í¿ó� ü�½�õ

p.v

∫

L

φ(τ)dτ

τ − t
=

∫

L

φ(τ)− φ(t)
τ − t

dτ + φ(t)
[
ln

b− t

a− t
+ πi

]
.

Àª�� a = b �î üµó�� ¤¢ ø

p.v

∫

L

φ(τ)dτ

τ − t
=

∫

L

φ(τ)− φ(t)
τ − t

dτ + iπφ(t).
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�ûùÀ÷�õ ý�þ�Ìì 6.1

.À��î �ã��Âõ [2] �� ÂµÈ�� �ãó�Îõ ý�Â�

Õ±Î�õ Ýû Â� ö� ý�úµ÷�ø �Àµ�� ø À�Ø÷ âÎì �¤ ©¢�¡ �î ýÂ�Æõ :�µÆ� ù¢�¨ Â�Æõ 1.6.1ÓþÂã�
. üÌ��ø ùÂþ�¢ À�÷�õ.Àª��

C ýø¤ ø öø¤¢ ¤¢ f â��� Âð� .Àª�� ´±·õ ´ú� ¤¢ ý��µÆ� ù¢�¨ Â�Æõ C À��î Âê 2.6.1 ��Ìì
ù�Ú÷� Àª�� üÜ�Ü½� ,À�µÆû C Û¡�¢ ¤¢ �î k = 1,2, . . . , n ,zk ß�Ø� �ÎÖ÷ üû��µõ ¢�Àã� ¤¢ Ã¹�

∫

C
f(z)dz = 2πi

n∑

k=1

Resz=zk
f(z)

�� ö��µ� �¤ f(z) Âð� �ú��øÂð� ´¨� m �±�Âõ ¥� °Îì ×þ ,f â��� ý�ú�� ß�Ø� �ÎÖ÷ z0 3.6.1 ��Ìì
´ª�÷ Âþ¥ �¤�¬

f(z) =
φ(z)

(z − z0)m

.´¨� ÂÔ¬�÷ ø üÜ�Ü½� z0 ¤¢ φ(z) ö� ¤¢ �î

ù�Ú÷� m = 1 Âð�

Resz=z0f(z) = φ(z0)

ù�Ú÷� m ≥ 2 Âð� ø

Resz=z0f(z) =
φ(m−1)(z0)
(m− 1)!
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.Àª��üõ ùÀ÷�õ ùÀ�û¢ ö�È÷ Res :�µØ÷

üã��� Âð� ÍÖêøÂð� ¢¤�¢ m �±�Âõ ÂÔ¬ �ÎÖ÷ ßþ� ¤¢ ,´¨� üÜ�Ü½� z0 �ÎÖ÷ ¤¢ �î f â��� 4.6.1 Ýó
�î üÞÆì�� ù¢�� ÂÔ¬�÷ ø üÜ�Ü½� z0 ¤¢ �î Àª�� ¢���õ g À�÷�õ

f(z) = (z − z0)mg(z).
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2 ÛÊê

�� ñø� á�÷ ¢ÂÔ�õ ñ�ÂÚµ÷� ��¢�ãõ ü±þÂÖ� Û�
üª�î �µÆû
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�õÀÖõ 1.2

ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ üû��µõ ù¥�� ×þ ýø¤ üª�î �µÆû �� ñø� á�÷ ¢ÂÔ�õ ñ�ÂÚµ÷� �ó¢�ãõ
∫ 1

−1
f(t)

[
k0(t, x) + k(t, x)

]
dt = g(x), −1 < x < 1 (1.2)

�îý¤�Ï��

k0(t, x) =
k̂(t, x)
t− x

, k̂(t, x) 6= 0 (2.2)

ø üª�î á�÷ ¥� k0 �µÆû ø À�µÆû x ø t Â�çµõ ø¢ °Æ� Â� ÂþÁ�ñ�ÂÚµ÷� â�Âõ â���� k̂(t, x) ø k(t, x) ø
´¨� Âþ¥ �¤�¬ �� ( ??) �ó¢�ãõ ¥� ýÂ�ù¢�¨ ÛØª .´¨� ¢ÂÔ�õ

∫ 1

−1
f(t)
t− x

dt = g(x). (3.2)

¤�ú� �ó¢�ãõ ßþ� ���� ý�Â� üÜî ´ó�� ¤¢ .Àþ�üõ ´¨¢�� k̂(t, x) = 1 ø k(t, x) = 0 ö¢�¢ ¤�Âì ¥� �î
([6] í.¤)Àû¢üõ  ¤ Âþ¥ ´ó��

�¤�¬ßþ�¤¢ ,´¨� ö�Âîü� x = −1 ø x = 1 ¯�Ö÷ ¤¢ f(x) (1

f(x) =
A0

(1− x2)
1
2

− 1

π2(1− x2)
1
2

∫ 1

−1
(1− t2)

1
2 g(t)

(t− x)
dt (4.2)

.´¨� ù��¿ó¢ ´��� ×þ A0 �î
�¤�¬ßþ�¤¢ ,´¨� ö�Âîü� x = −1 �ÎÖ÷¤¢ ø ¤�¢ö�Âî x = 1 �ÎÖ÷ ¤¢ f(x) (2

f(x) =
−1
π2

(1− x

1+ x

)1
2

∫ 1

−1

(1+ t

1− t

)1
2 g(t)
t− x

dt (5.2)

ù�Ú÷� ,´¨� ¤�¢ö�Âî x = −1 �ÎÖ÷ ¤¢ ø ö�Âîü� x = 1 �ÎÖ÷ ¤¢ f(x) (3

f(x) =
−1
π2

(1+ x

1− x

)1
2

∫ 1

−1

(1− t

1+ t

)1
2 g(t)
t− x

dt (6.2)
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�Áó ,´¨� ¤�¢ö�Âî x = −1 ø x = 1 ¯�Ö÷ ¤¢ f(x) (4

f(x) =
−(1− x2)

1
2

π2

∫ 1

−1
g(t)

(1− t2)
1
2 (t− x)

dt (7.2)

Âð� ÍÖê ø Âð� Àµê�üõ ë�Ô�� ´ó�� ßþ�
∫ 1

−1
g(t)

(1− t2)
1
2

dt = 0 (8.2)

∫ 1
0

f(t)dt
t−x = g(x)�Î��¤ ß�êÂÏ �Â® �� �Àµ�� .Ý��îüõ ü¨¤Â� �¤ ñø� ´ó�� �÷�Þ÷ ý�Â� ��ßþ� ¤¢ .Àª��

Ýþ¤�¢ x ¤¢

x

∫ 1

0

f(t)dt

t− x
= xg(x)

p.v

∫ 1

0

xf(t)dt

t− x
= xg(x) + c, c =

∫ 1

0
f(t) dt

ßþ�Â���� .ÝþÂ�ðüõ ñ�ÂÚµ÷� x �� ´±Æ÷ u �� 0 ¥�ø Ý��îüõ �Â® 1√
x(u−x)

¤¢ �¤ �Î��¤ éÂÏ ø¢ Å³¨
∫ u

0

dx√
x(u− x)

p.v

∫ 1

0

tf(t)dt

t− x
=

∫ u

0

√
xg(x)√
u− x

dx + c

∫ u

0

dx√
x(u− x)

Ý��îüõ ù¢�Ôµ¨� β â��� ¥� ∫ u
0

dx√
x(u−x)

ñ�ÂÚµ÷� �±¨�½õ ý�Â�

β(m,n) =
∫ 1

0
tm−1(1− t)n−1dt =

Γ(m)Γ(n)
Γ(m + n)

ø m = 1
2 Ýþ¤�¢ ë�ê ñ�õÂê �� ¤�îÁõ ñ�ÂÚµ÷� �Æþ�Öõ ¥� (¢�ª �ã��Âõ [3] �� �Î��¤ ßþ� ��±�� ý�Â�)

Å� n = 1
2

∫ u

0

dx√
x(u− x)

= β(
1
2

,
1
2

) = π

−
∫ 1

0
tf(t)

[
p.v

∫ u

0

dx

(x− t)
√

x(u− x)

]
dt =

∫ u

0

√
xg(x)dx√
u− x

+ cπ
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