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,/��� LM�	 ,�N��O	 :�� � ���#'�� �N��O	 ��#P��F Q��� ��*� 2��#J�� �� 2�<M 2����=*��
�=R�F ���4 �N��O	 ���	 � ����#P��F :��=R��N	 .� �G� E:�! :�� �� ���� 6���#'�� 2��� ! S��=� �
���M#�!�M 2#�TC- A� �C P��F E�	��#;���& :�� �� 6$�� #�TC- A� �3H ��CD#)� T	 P��F E$��
�H��D ��� ER �C P��F 2��#B�� 6���F#�	 ���4 U�! ���	 ���#�	 '��� ;�>� T (Γ(R)) �! � R

�N��O	 �! �	 6���! �3H ��CD#)� T	 x + y �F� QTR � �F� �����I	 y � x 7���=	 B�� �� � '��! R
��#B�� 2#�D��I	 ��#;1 �� � 
�.���&#�	 T (Γ(R)) P��F .� Z�(Γ(R)) � T�(Γ(R)) P��F��. ��
6��= � �3H 7M �! R �3H 2��#��CD#)� T	 2#�D��I	 � R �3H ��0 �H��D 2#�D��I	 EL���� �!
:�� 2��<�� ����! E$*���& 
����* ;1 �N��O	 �! �	��#;���& :�� �� � ����#V%! :��=��	 ;���D �!

6$�� '��0 � �� #E�O4 ����	 �R��F 2��#$�� .� �*�! 2#�<���	 � ��#P��F
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� 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ��=3F#V�&

0 �1��
�� !+2��� 	 3��41 5
W 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ��#�TC- 2#���X� .� �����3	 �6�
�W 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ��#P��F 2#���X� .� �����3	 �6�
�Y 6 6 6 6 6 6 6 6 6 ��#P��F��. � ���M#�!�M 2��#�TC- �C P��F �R�N	 �6�6�

67 Z�(Γ(R))���� 6
�� 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 Z�(Γ(R))P��F �O4 �6�
Z� 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 Z�(Γ(R))P��F �� �6�

89 �)�: �/���;�< ����� 	 ��� ���� �	
� �������� &����� = ��� ���� 7
[� 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 T�(Γ(R))P��F �O4 ����! �6�
\� 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 T�(Γ(R))P��F �� ����! �6�

>8 T�(Γ(R))���� �% !?�� &�2��+'� 	 ��� &�2��+���(<'�� &�2��+'� 0
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\[ 6 6 6 6 6 6 6 6 6 6 6 6 T�(Γ(R))P��F �� �3H 2��#��CD#)� T	 2��#�� 	 �6W
Y[ 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 T�(Γ(R))P��F �� 
X�	 2��#�� 	 �6W
�� 6 6 6 6 6 ]�* 2�#�TC- 2��! T�(Γ(R))P��F �� 
X�	 �� 	 ����! �6�6W

@@ :
��W 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ^M��	
��W 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ^M��	
��\ 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 ����R �! � �C8�� �	��#'_��
��` 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 � �C8�� �! ����R �	��#'_��
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��$���A+�
.� �G� ;��	 :�� �� ���� � $�� '�� ��#P��F � 2�<M 2��#��=*�� 2#�O!�� �! 2�#'(�� �M�� a���*�
��CD#)� T	 P��F 2#'��� 6$�� R ���M#�!�M 2#�TC- A� �3H ��CD#)� T	 P��F E���1 :��=!�<�	
����� ��	
 ;���D �! 2�#���T	 �� ��� � Q��� ��YY J�� �� ��! :���� E���M#�!�M 2#�TC- A� �3H
6��! P��F :�� 27�	1 #b�� �� �=>�! �� 2#�45D ^4�� �� � �	1 ��M�! cd�`e f 
��������� ��������
P��Fg��N� �K �F� Ecd[e f �� '��� ^���� � �	��� ����� � � ����	���   Q��� '��� :�� ���N!
�H��D )��� ���1 g��N� �� 6��! ,��3=	 A! g��N� �! �� ���1 Q��� '�� �h��� �3H ��CD#)� T	
�F� QTR � �F� ���� ��M� ���� y � x 7���=	 B�� �� :�! � ���#�	 �=R�F �X� �� ��#Bi� ;���D �! �TC-
!���" � W���	��� #���� ;1 .� �N! 6����#�	 V���� Γ(R) ���� �! j/��N	 �� P��F :�� 6xy = �
�3H ��CD#)� T	 �H��D E��#Bi� ;1 �� � ���� �R�N	 �� 2�3H ��CD#)� T	 P��F Z��$%&'���( )

6cd�e f ����! �TC- �3H��
P��F )��3	 2#�h��� �! ��#P��F � ��#�TC- ���	 �� ���	�T	 2��1��� .� k& E�	��#;���& :�� J�� ?@R ��
;������ ����� Q��� �``Y J�� �� ��! :�= %� � 
�.���&#�	 R ���G� � ���M#�!�M 2#�TC- A� �C
R �H��D 2#��� � ���#�	 '��� V���� T (Γ(R)) ���� �! P��F :�� 6�� �R�N	 [�*��� +,�� �
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� �F� �����I	 y � x 7���=	 B�� �� ;1 �� � ����#�	 �=R�F �X� �� P��F :�� 2��#Bi� ;���D �!
:�� c���T��f 2��#P��F��. EV%! :�� �� :��l�� 6cdZe f ���! �3H#��CD#)� T	 A� x+ y �F� QTR
�3H�� 2��#��CD#)� T	 2#�D��I	 L���� �! ���1 2��#Bi� � T�(Γ(R)) � Z�(Γ(R)) �C�M .� EP��F
�R��F Z�(Γ(R)) P��F � 
���� �M�� 6�� �����* �R�N	 E��= � R �TC- �3H�� �H��D 2#��� �
Q��� '�� �R�N	 2��#P��F 6$ �� ;���	 � ���! ����=	 2�#�TC- R '�F�� E$�� ����=	 � �����
^4�� �� 6��= � �TC- �3H 2��#��CD#)� T	 2#�D��I	 ]��* .� �*�! 2#'���� ;�>� E]�%�� :��
�! 2�<M]��* ;��! � �N��O	 "�� A� E���M#�!�M 2#�TC- A� �C P��F � �3H ��CD#)� T	 P��F
]��* .� �*�! 
�����#�	 �	 E��#P��F :�� .� '��3=�� �! $T�T- �� 6$�� �R��F 2��#��7!� .� '��3=��
� '�� ��M�� �R��F ;�!. �! �� �3H 2��#��CD#)� T	 2#�D��I	 �C�M .� ���1 2��#�D��I	#��. � ��#�TC-
2��#��CD#)� T	 2#�D��I	 ����	 2�<M 2��#��=*�� .� �<��M S��=� EP��F �����]��* .� '��3=�� �!

6
���1 $��! �� �3H
m%>	 )�� ?@R �� 6$ ��� Γ(R)P��F .� �N�M ��=*��A� ��Z�(Γ(R))P��F ;���#�	 ^4�� ��

���#�	 ;�>� :��l�� 6$�� ��<�� Z�(Γ(R)) P��F E2�R 2��#�TC- �K 2��! � �� 
����*

���#�	 ;�>� Egr(Z�(Γ(R))) 2��! n��H 2�#�<���	 �! � diam(Z�(Γ(R))) ∈ {�, �, �,∞} �
� �� E�O4 ����! �� � $�� :�� ���	. :���� L��M 2#�=G� 6gr(Z�(Γ(R))) ∈ {�,∞} �
R 2#�TC- ;��<� �� � ;��! �=R��#V�� �! �8= ! '�	1 $��! 2��#o��M EZ�(Γ(R)) P��F 2��<��

���� |R| ≥ � � �	�8�� 
��#�	 $!�p )�� ?@R �� 6���� J�����	 J�� 2��#J1#'��� ���N� :��l�� �
�� T�(Γ(R)) P��F �� � �O4 ?@R :�� �� :��l�� 6diam(T�(Γ(R))) = diam(T (Γ(R)))

� T�(Γ(R)) P��F �� 2�#'(�� 2���� 	 E�	��#;���& :�� ?@R :��*1 �� $���� �� 6
���1#�	 $��!
:�� V%! :��*1 �� 6
��#�	 �R�N	 �� ��= � 
X�	 2��#�� 	 � �3H #��CD#)� T	 2��#�� 	 �! )���	
�� 7���=	 B�� �� �� :�! E��#�TC- q�� :�� �� � 
���#�	 ;�>� EPP 2#�TC- g��N� .� k& E?@R

�



d\e ^M�	 �	��#;���& :�� �CH� ^<�	 � $�� �r �! )./ 6���� ��M� 
X�	 �� 	 T�(Γ(R)) P��F
6$��

�



B	� C�/

�1��
�� !+2��� 	 3��41

2#���X� � ��#�TC- 2#���X� .� ���	�T	 
���3	 � ��#J�s	 E,�G� Eg���N� 2��1��� �! ?@R :�� ��
���1 2��#J1#'���� ��#�TC- 2#���X� .� �����3	 J�� V%! �� 6
���� .��� ���1 �! � 
�.���&#�	 ��#P��F
���	�T	 
���3	 � g���N� .� �*�! 2��1��� .� k& 7�� )�� V%! �� 6
��#�	 ;��! ����#J�s	 �! '����
�r �! )./ 6
�.���&#�	 ;1 ���T�� 2��#P��F��. � �TC- A� �C P��F �R�N	 �! E��#P��F 2#���X� .�

6$�� d�Ye � d�\e E d�Ze Ed�We Ed��e ��#���	. :�� �� �	 �CH� ^M��	 � $��

�2����� &���?� D� �"+2��� 5E5
�=R�F �X� �� � �= � �! ���G� � ���M#�!�M ��#�TC- �	��#;���& :�� ������ �� 6g�� E5E5E5 %�%���F

6����#�	

6A∗ = A \ {�} � R∗ = R \ {�} '�8�1 E���! ;1 .� 2�#�D��I	��. A � �TC- A� R �F� 6o

W



���-���%��A� �� a ∈ R �@�D,��H:�� �� 6���! ���M#�!�M 2�#�TC-R 
��t�R E6E5E53�41
)��� 2#�D��I	 6ab = � � 2��u �! ���! �=��� ��M� � �= b ∈ R �@�D '�F�� ��	��#�	 �./

^4�� �� 6
���#�	 V���� Z(R) �! �� R 2#�TC- �3H 2��#��CD#)� T	

Z(R) = {a ∈ R|∃� �= b ∈ R, ab = �}.

� 
�	��#�	 01'� �H��D �� ��= �� �3H ��CD#)� T	 � R 2#�TC- .� 2�H��D �	��#;���& :�� �� :��l��
6
���#�	 V���� vwx(R) �! �� �H��D :�� 2#�D��I	

6���! �=���� �3H�� �3H ��CD#)� T	 �@�D '�F�� ����F#�	 2�3/ ���'�� �� R 2#�TC-
2��u �! ���! ��M�	 ;��K b ∈ R '�F�� ����F 45�6�7 ��89 )�6:� �� a ∈ R �@�D E7E5E53�41
?�D $�� y�z� �! � 
���#�	 V���� U(R) �! �� R J�G� �H��D 2#��� 2#�D��I	 6ab = � �

6$�� )���	 R 2��#J�G� '��F �! � ���#�	 '��F A� ?�G>� o�z
J�� ��D 2�.� �! Zp � C,R,Q 2��#�TC- � $�� n��H 2#��	�� A� Z 2#�TC- 6g�� E0E5E5 B�G�

:���!��! 6��= � n��H 2#��	�� �I�=� �� � ;���	 p

Z(Z) = Z(C) = Z(R) = Z(Q) = Z(Zp) = {�}.

� ��= �� J�� n �! $< � � ��= � �TC- .� 2�H��D ;��� Zn 2#�TC- �3H 2��#��CD#)� T	 6o

���� ^4�� �� 6����� n �! $< � � ��= � 2�H��D ;��� J�G� �H��D

U(Zn) = {a ∈ Zn|(a, n) = �} , Z(Zn) = {a ∈ Zn|(a, n) �= �}.

Z



J�s	 2��!
Z(Z�) = {�̄, �̄, �̄, �̄} , U(Z�) = R \ Z(Z�) = {�̄, �̄}.

����� '�F�� ����F# ���;�<�9 �� x ∈ R �@�D 6���! ���M#�!�M 2#�#�TC- R 
�� t�R EHE5E5 3�41
)��� �D��I	 6xn = � � 2��u# �! ���! �=��� ��M� n ����	 �N�<u 2��D ��N� ��� �3H ;1 .�
'�F�� ����F ���; �= �� x ∈ R :��l�� 6����#�	 V���� Nil(R) �! �� R 2#�TC- ;���#{�& �H��D

6����#�	 V���� |}w~(R) �! �� R ;�����* �H��D )��� �D��I	 6x� = x

�� :��l�� 6(�̄)� = �̄ ;�K $�� �3H�� ;���#{�& �@�D A� �̄ �@�D Z	 2#�TC- �� E8E5E5 B�G�
6(�̄)� = �̄ ;�K $�� �3H�� ;�����* �@�D A� �̄ �@�D Z� 2#�TC-

'�8�1 Ex� = � �F� x ∈ R �� 2��! '�F�� ����F#�	 �$"���>��? 2�#�TC- �� R 2#�TC- E>E5E5 3�41
6x = �

√
I �! �� I J�G���� '�8�1 E���! ;1 .� 2�#'�� J1#'��� I � ���M#�!�M 2�#�TC- R �F� EIE5E5 3�41

���#�	 g��N� ��. ,��H �! � 
���#�	 V����

√
I = {r ∈ R|rn ∈ I , n ����	 �N�<u 2��D 2�.� �! }.


���� ^4�� �� � $�� Nil(R) ER 2#�TC- {�& J�G���� ;��� √� � ��� �M��

Nil(R) = {r ∈ R|rn = � , n ����	 �N�<u 2��D 2�.� �! }.

Nil(R) = {�} �@� A�" * �@� B�� �$"�� >��? ������� R E@E5E5 *��J�

� 
��#�	 $!�p n �N�<u ��D 2�� 2�4 ��T=�� �! 6���! �=R��#V�� 2�#�TC- R 
��# t�R C�DE�

[



�� 6���! ���4�! k ≤ n �� 2��! 
G- � 
�� t�R 6a = � '�8�1 Ean = � � a ∈ Nil(R) �F�
�=R��#V�� t�R �! ��! � � = rn = rl.rl 
���� '�8�1 En = �l ��N� ���! ��. n �F� ,��H :��
'�8�1 E���! ��R n �F� �	� 6r = � 2�4 2��T=�� t�R �! ��! J�- 6rl = � � ��#�	 o�I�� R ;��!

6r = � � ��#�	 o�I�� $�� ��. n+ � ;�K /�! �!�>	 � rn+� = �
:���!��! � r ∈ Nil(R) '�8�1 Er� = � �F� ,��H :�� �� 6Nil(R) = {�} � 
�� t�R EkGD�!

6$�� �=R��#V�� R 2#�TC- ���#�	 ;�>� :�� � r = �
���* 2#�TC- '�8�1 Ec√I = I ��N�f ���! R 2#�TC- J�G���� J1#'��� I �F� 6g�� E59E5E5 B�G�

6$�� �=R��#V�� R/I $� 4
$�� �R� c�6�6� f 2#'��7F .� '��3=�� �! E$�� �=R��#V��R/I 
��� ;�>� �G��� 2��! KC�


���� 6Nil(R/I) = {�} � 
��# $!�p

Nil(R/I) = {r + I ∈ R/I|rn + I = I , n ����	 �N�<u 2��D 2�.� �!}.

n ∈ N ;�K �N�<u 2��D :���!��! 6���! ����%�� ��D r + I ∈ Nil(R/I) � 
�� t�R
2#�TC- .� ���G���� J1#'��� I � ���I�1 .� �	� 6rn ∈ I ��� � rn+I = I � 2��u �! ���� ��M�
6Nil(R/I) = I = �R/I �I�=� �� � r + I = I :���!��! 6r ∈ I � ���#�	 �I�=� $�� R

�=R��#V�� 2�#�TC- En��H 2#��	�� �� � ���#�	 '���>	 '��� ����! A� �! �C ��u �! 6o
6$��

� $�� �=R��#V�� 2#�TC- A� .� ���s	 Z� 2#�TC- � ��� ;�>� ;���#�	 '��� 2�#�<���	 �! 6�
6$ �� n��H 2#��	��

6(�̄)� = �̄ � $�� Nil(R) �� $�� �3H�� 2��D �̄ ���. 6$ �� �=R��#V�� Z� 2#�TC- 6�
\



B�� �$"���>��? ������� F�$"���>��? ������ �� ������ ��G �� H(� E55E5E5 *��J�

B�� �$"���>��? ������� F�$"���>��? ������ * �� I�J�K/�� I

��! :���!��! 6Nil(S) ⊆ Nil(R) '�8�1 E���! R 2#�TC- .� ����%�� 2#�TC- ��. S �F� 6g�� C�DE�
6$�� nz�� 
G- c�6�6� f 2#'��7F �!

R� × R� 2#�TC- 2�� o�z � 
����#�	 6����! �=R��#V�� 2��#�TC- R� � R� 
�� t�R 6o
'�8�1 E(x�, x�)� = � �F� � 
���#�	 ;�>� E
G- ,�<p� 2��! 6$�� 2�#�3��	 ,��H �!


���� 6(x�, x�) = �

(x�, x�)� = (x�, x�)(x�, x�) = (x��, x��).

R� ;�K �!�>	 ��u �! 6x� = � '�8�1 Ex�� = � �F� k& $�� �=R��#V�� R� ;�K J�-
6(x�, x�) = (�, �) � ���#�	 �I�=� :���!��! 6x� = � '�8�1 Ex�� = � �F� ��� $�� �=R��#V��

?	�� � �� P ����	R .� ���� J1#'��� 6���!R 2#�TC- .� 2�#'�� J1#'��� I 
��t�R E56E5E53�41
6I ⊆ Q � P � ���<� ��M�	Q ����	 R .� ���� J1#'��� '�F�� 
�	��#�	 I 5�,�'�� 5*� 5��L��� E$�� I
2��#J1#'��� )��� 2#�D��I	 � $�� P��N	 R 5�,�'�� 5*� 5��L��� �! (�) J1#'��� J�����	 J�� J1#'��� ��

6
���#�	 V����Min(R) �! �� R J�����	 J��
�@� A�" * �@� B�� 2�3/ ���'�� R L�&�� F�M�� �$"���>��? ������� R �@� E57E5E5 *��J�

|Min(R)| = �

t�R ER 2#�TC- ;��! ���M#�!�M t�R �! ��!f $�� J�� ��1#'��� (�) En��H 2#��	�� �� �� C�DE�
Y



J�� J1#'��� P � 
�� t�R J�- 6c$�� J�� (�) ��� � b = � �� a = � � ���#�	 �I�=� ab = �
6P ⊆ {�} � ���#�	 �I�=� P ;��! J�����	 .� � $�� (�) ?	�� P 6���! R .� ����%�� J�����	

6|Min(R)| = � :���!��! EP = (�) ���
n��H 2#��	�� A� R � 
���#�	 ;�>� 6���! R J�����	 J�� J1#'��� ���� P 
�� t�R EkGD �!
�F� 6b = � �� a = � 
��� ;�>� $�� �R� 6ab = � � a, b ∈ R 
�� t�R ��X�	 :�� 2��! 6$��
Ed�\e �� �6W� 2#�I�=� �! �M�� �! :���!��! $�� �=R��#V�� R �R�u .� 6ab ∈ (�) '�8�1 Eab = �

$��� 
����*
{�} = Nil(R) =

⋂
P∈��w�(R)

P = P.

� b = � �� a = � �I�=� �� 6b ∈ (�) �� a ∈ (�) ��� EP = {�} � $�� J�� ��1#'��� P � ���I�1 .�
6$�� )��� ,�<p�

�M��R G� 5��L��� ���'$� � ��:; In, . . . , I� * �M�� ��������� �������R 0�'? N�" E50E5E5 *��J�
C	�/ +�� 	 �M�� I� ∪ · · · ∪ In O�,$�� 	 5�,P� �? �M�� R G� ����-�,Q���G S 0�'? N�"
B�� Ik 	 5�,P� S * � ≤ k ≤ n �?  	�  ��* ��k L�&�� F�M�� 5*� ��I G� �; n− � KR��� �@�

6��� �NM��	 d��e �� Y� 2#���4 ,�<p� �! C�DE�
5�6� �	 ����5��L��� ���� � �:/ ��Q�G S�M �? �M�� ����������������R 0�'?N�" E5HE5E5 *��J�
I 5�� 5�,�'�� 5*� 5��L��� ���'$�  ��:; A�" C	�/ +�� 	 �M�� R G� �(��L��� I * �M�� 	��R�� ��

 	�  ��*

6��� �NM��	 d��e �� YY 2#���4 ,�<p� �! C�DE�
����F R 2#�TC- .� ���J ���$%� ���-�,Q���G �� R 2#�TC- .� S 2#�D��I	��. E58E5E5 3�41

�



6ab ∈ S 
���! �=��� a, b ∈ S �� 2�.� �! � � ∈ S '�F��

6�� �����* A� �	 �! c �6�6� f 
� ,�<p� �� ��. 2��##���4
���-�,Q� 	 P 5��L��� * �M�� R ������ 	 ���J ���$%� ����-�,Q� ��G S �@� E5>E5E5 �+LF

B�� 5*� P L�&�� F�M�� 5�,�%?�� ��	��� T��$M� S �� �? R G� �����5��L���

6��� �NM��	 d��e �� � 2#���4 ,�<p� �! C�DE�
+�'U,� �M�� R ������ G� ���L�� 5��L��� I 0�'? N�" Ecd�Ze �� �6� 2#���4f 5IE5E5 �+LF
C	�/ +�� 	 I ∩ S = ∅ �? �	�V �� �M�� R G� ���J ���$%� ����-�,Q���G S �? 0�'? N�"

I ⊆ P * P ∩ S = ∅ �? �	�V �� B��  ���� R ������ G� P 5*� 5��L���
6���! J��� �	 J1#'��� A� QTR 2���� '�F�� ����F �:J����DM �� R 2#�TC- E5@E5E5 3�41

2#�TC- �� �M = {�̄, �̄} J1#'��� Z� = {�̄, �̄, �̄, �̄} 2#�TC- �� E69E5E5 B�G�

Z�[x]
(x�) = {(x�), �+ (x�), x+ (x�), �+ x+ (x�)}

��� 6��= � '�� �r 2��#�TC- J��� �	 2��#J1#'��� ����M = xZ�[x]
(x�) = {(x�), x + (x�)} J1#'���
6��= � �Nz�	#�<� ��#�TC- :��

;���#�	 '��� 2�#�<���	 �! ,��H :�� �� ���!R 2#�TC- .� �!�z 2#�= ! 2�#�D��I	��. S 
��t�R
$�� R× S 2�� 2.��#
� 2#�O!�� A� ��. 2#�O!�� � ��� ;�>�

(a, s) ∼ (b, t) ⇐⇒ (at− bs)u = �, u ∈ S A� 2�.� �! .

6S−�R = {a/s|a ∈ R, s ∈ S} 
���#�	 ���4 � '���V���� a/s �! �� (a, s) ∈ R×S 2.��#
�B5

�`




���#�	 ���4 S−�R 2�� 2�#�TC- 2��=*�� ��#B5 :�� 2�� ��. o�z � ^�M 2#�C��� �! J�-

(a/s) + (b/t) = (at+ bs)/st, (a/s)(b/t) = ab/st.

d�Ze Ed�We �! ������#�	 /�! J��D� �3��N� "�* ,�<p� ,��h7M :��l�� ��=>�! ,�D5u� 2��!f
�� 2�.� �! � $�� ���G� � ���M#�!�M 2�#�TC- S−�R � ��� ;���#�	 :���!��! c6��� �NM��	 d�\e �
6$�� S−�Ro�z ?�D ����� �@�D �/� = s/s � S−�R �N�M ����� �@�D �/s �@�D s ∈ S

6��! ����* n��H 2#��	�� 7�� S−�R '�8�1 E� /∈ S � ���! n��H 2#��	�� R 2#�TC- �F� :��l��
2�� R ����%? ������ �� S−�R 2#�TC- E���! R .� �!�z 2#�= ! 2�#�D��I	��. S � ����H ��
2#�TC- ����%? ����� �� S−�R '�8�1 ES = R−{�} � ���! n��H 2#��	�� A�R �F� 6����F#�	 S

6��	��#�	 R
�M�� R G� ���J ���$%� ����-�,Q���G S 0�'? N�" Ecd�\e �� ��6Z 2#���4f 65E5E5 �+LF

+�'U,� B�� ������� �$W��,� �� ϕ(a) = a/� ���X��J �� ϕ : R −→ S−�R BM�&� H(�
B�� �� �� �� ϕ L�&�� FS ∩ Z(R) = ∅ �@�

B��  �= ����%? ����� 	 ����P� K��R 2�3/ ��LG�� �� I

B�� S−�R G� �(��L��� S−�I = {a/s|a ∈ I, s ∈ S} L�&�� F�M�� R G� �(��L��� I �@� Y

Z[\](S−�R) = {S−�P |P ∈ Z[\](R), P ∩ S = ∅}  

B�� 2�3/ ���'�� �� 0� S−�R L�&�� F� /∈ S * �M�� 2�3/ ���'�� �� R �@� *

R 2#�TC- �G�� �:J�� �� ?�D :�� � 
�� ?��<� �Nz�	 2�#�TC- �! �� S−�R 2#�TC- 
����*#�	
6����F##�	 S 2#�D��I	 �! $< �

��



2##�= ! 2#�D��I	��. A� S = R \ P ,��H :�� �� 6���! R 2#�TC- .� J�� ��1#'��� P 
�� t�R
2#�TC- ���	 :�� �� 6c���! J�� P �F� QTR � �F� $�� �!�z 2#�= ! R \ P ^4�� ��f$�� �!�z
J1#'��� ���� S−�P = {a/s|a ∈ P, s ∈ S} � 
��#�	 �D�� 6
���#�	 ;�>� RP �! �� S−�R

�� 6���! ����%�� ��D b/t ∈ RP \ S−�P 
�� t�R �D�� :�� ,�<p� 2��! 6$�� RP J��� �	
S−�P .� ���* �@�D �� ��N� :�� 6(b/t)(t/b) = � � b ∈ S = R \ P ��� � b /∈ P ,��H :��

6$�� RP J��� �	 J1#'��� ���� S−�P ��� � $�� ���&#B�GN	
A� S = vwx(R) '�8�1 E���! R 2#�TC- .� ��1#'��� Z(R) �F� � 
��#�	 $!�p )�� ?@R ��
6�� �Nz�	 vwx(R) �! $< � �� R 2#�TC- ;���#�	 :���!��! 6$�� �!�z 2#�= ! 2#�D��I	��.

������ �� S = vwx(R) 2#�D��I	 �! $< � R 2#�TC- $� 4 ���* 2#�TC- E66E5E5 3�41
6���#�	 '��� V���� T (R) �! �	��#;���& :�� �� � 
���F#�	 R 2#�TC- .� ��? B,%R Y	�=

+�� 	 �M�� �� ��? B,%R Y	�= ������ T (R) * ��������� ������� R 0�'? N�" E67E5E5 �+LF
C	�/

|Min(R)| = |Min(T (R))| H(�

�M�D� 2�3/ ���'�� T (R) �@� A�" * �@� B%�� 2�3/ ���'�� R I

�M�� �$"���>��? T (R) �@� A�" * �@� B�� �$"���>��? R Y

z�, z� ∈ Z(R) �? T (R) = ( z�� ,
z�� )  


���� �M�� ,��H :�� �� 6S =vwx(R) :��l�� � P�, P� ∈ Min(R) 
��t�R 6g�� C�DE�
f 2#���4 �! �M�� �! :���!��! 6P ∩S = ∅ ��� � P ⊆ Z(R) 
���� P ∈ Min(R) �� 2��! �
S−�P�, S−�P� ∈ Min(T (R)) �I�=� �� 6$�� T (R) .� ���� J1#'���Q = S−�P c��6�6�

6S−�P� �= S−�P� �

��



P ∈ Min(R) c��6�6� f 2#���4 �<u ,��H :�� �� 6Q ∈ Min(T (R)) 
�� t�R J�-

���� :���!��! Q = S−�P � 2��u �! ���� ��M�

6P ∈ Min(R) ⇒ S−�P ∈ Min(T (R)) 6�

6Q = S−�P ∈ Min(T (R)) ⇒ P ∈ Min(R) 6��

6|Min(R)| = |Min(T (R))| � ���#�	 �I�=� ��R 2#'��7F �� .� J�-

6ab = � � 2��u �! ����� ��M� � �= a, b ∈ R ��� 6$ �� n��H 2#��	��R 
��t�R ��=!� 6o
'�8�1 Ea� = � J�s	 ;���D �! �F� ;�K 6� �= a� , b� ∈ T (R) ��� � a, b ∈ Z(R) :���!��!
�	� 6$�� �4��� � a = � ���#�	 �I�=� � ra = � � 2��u �! ���� ��M� r ∈ vwx(R)

6$ �� n��H 2#��	�� T (R) :���!��! 6a� . b� = ab� = �
n��H2#��	��R 
��t�RgC* ;���! �! 6���<� n��H2#��	�� T (R) 
��t�R EkGD�!
n��H 2#��	�� T (R) � ���#�	 �I�=� c��6�6� f 2#���4 .� �8�� ��! ,��H :�� �� 6���!

6$�� t�R �! �4��� :�� � $��

��M�	 n ∈ N ��� 6���! ;���#{�& 2�@�D a
t
∈ T (R) � ���! �=R��#V�� R 
�� t�R ��=!� 6�

6ran = � � $�� ��M�	 r ∈ vwx(R) ��� 6an
tn

= � :���!��! 6(a
t
)n = � � 2��u �! $��

6$�� �=R��#V�� T (R) :���!��! 6a
t
= � ���#�	 �I�=� � a = � �I�=� �� � an = �k&

�! � 2��u �! a ∈ R 
�� t�R ,��H :�� �� 6���! �=R��#V�� T (R) 
�� t�R J�-
�=R��#V�� T (R) � ���I�1 .� 6(a�)n = an� = � :���!��! 6an = � 
���! �=��� n ∈ N 2�.�
���#�	 �I�=� � ra = � � 2��u �! $�� ��M�	 r ∈ vwx(R) ��� � a� = � 
���� $��

6$�� �=R��#V�� R :���!��! 6a = �

2��u �! ����� ��M� z�, z� ∈ Z(R) :���!��! $ �� R 2#�TC- J1#'��� Z(R) � ���I�1 .� 6�

��


