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&Z(G1 � : : :�Gn) = Z(G1)� : : :� Z(Gn) (i)

"(G1 � : : :�Gn)0 = G01 � : : :�G0n (ii)

Qy |=R=x@ s}vm ZQi u}vJty "OW=@ |r=NQ}e |=xawtHt X w xwQo l} G s}vm ZQi "h} QaD 28�1�1
xm |Qw] x@ OW=@ xDW=O OwHw s}yO|t u=Wv x:g Ctqa =@ =Q u; xm X R= |}=Dm} w[a 'X R= x Qy w G R= g

w 'x � 1 = x 'X R= x Qy |=R=x@ (i)

"x:(g1g2) = (x:g1):g2 'X R= x Qy w G R= g2 w g1 Qy |=R=x@ (ii)

x:g |=H x@ 'uDWwv QO CrwyU |=Q@ "Ov} wo X Q@ G pta =Q : w Ovm|t pta X Q@ G s}} wo CQwY u}= QO
"xg CWwv s}y=wN ,qwtat

%s}vm|t h} QaD u}vJ X QO =Q � |x]@=Q "Ovm pta X |xawtHt Q@ G xwQo s}vm ZQi "h} QaD 29�1�1
X QO |RQ=sy |x]@=Q l} � |x]@=Q "x1g = x2 'g Ovv=t G R= |w[a |=R= x@ xm |DQwY QO x1 � x2 s}} wo
|RQ=sy |xOQ x=ov; x 2 X Qo = "s}t=v|t Q=Ot�Gl} C=kw= R= |y=o =} 'pta Q=Ot l} =Q |RQ=sy |xOQ Qy "CU=
xm CU= K[=w jwi h} QaD x@ xHwD =@ "s}yO|t u=Wv OrbG(x) Ctqa =@ =Q u; w s}t=v|t G QO x Q=Ot =Q x pt=W
x Q=Ot pw] =Q u; |=[a= |xOa 'OW=@ |y=vDt |=xawtHt OrbG(x) xm |DQwY QO "OrbG(x) = fxgjg 2 Gg

"s}t=v|t G QO

CQwY u}= QO "x 2 X w Ovm pta X |r=NQ}e |xawtHt Q@ G xwQo s}vm ZQi "h} QaD 30�1�1
"s}yO|t u=Wv StG(x) Ctqa =@ =Q u; w s}t=v|t G QO x R=UQ=O}=B =Q fg 2 Gjxg = xg |xawtHt

"x 2 X w Ovm pta X |xawtHt Q@ G xwQo s}vm ZQi "�R=U Q=O}=B � Q=Ot |x}[k� x}[k 31�1�1
"OQ=O OwHw G QO StG(x) CU=Q |=yCUOty |xty |xawtHt w OrbG(x) u}@ 1�1 |Q_=vD 'CQwY u}= QO

x=ov; 'OW=@ |y=vDt OrbG(x) Qo = 'XNq=@
jG : StG(x)j = jOrbG(x)j:
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�"34 |xLiY �1� "u=yQ@

|xawtHt 'X R= x Qy |=R=x@ x=ov; 'Ovm pta X |xawtHt Q@ G *|y=vDt xwQo Qo = "xH}Dv 32�1�1
"jOrbG(x)j��jGj w CU= |y=vDt OrbG(x)

u=wDJwB |=yxwQo w =yxwQo�p 2�1
x@ "H < NG(H) CQwY u}= QO "H < G w OW=@ |y=vDt xwQo�p l} G s}vm ZQi "x}[k 1�2�1

"OvW=@ Qor=tQv OwN Ovv=wD|tv |ak=w |=yxwQoQ} R '|y=vDt |=yxwQo�p QO Qo}O CQ=@a

�"71 |xLiY �1� "u=yQ@

xwQoQ} R H CQwY u}= QO "H � G w OW=@ |y}O@=v |y=vDt xwQo�p l} G s}vm ZQi "x}[k 2�2�1
"jG
H
j = p w H CG Qo = =yvD w Qo = CU= G p=t}Um =t

N 6= 1 Qo = CQwY u}= QO "N C G w OW=@ |y}O@=v |y=vDt xwQo�p l} G s}vm ZQi "x}[k 3�2�1
"N \ Z(G) 6= 1 x=ov;

�"70 |xLiY �1� "u=yQ@

x=ov; jN j = p Qo = CQwY u}= QO "N C G w OW=@ |y=vDt xwQo�p l} G s}vm ZQi "xH}Dv 4�2�1
"N � Z(G)

�|D=tOkt ,=QYDNt =}� |D=tOkt |r@; =Q G xwQo "OW=@ |y=vDt |r@; xwQo�pl} G s}vm ZQi "h} QaD 5�2�1
"OW=@ p pw= OOa 'G |y}O@=v w[a Qy |x@DQt xm |DQwY QO s}} wo
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|}=[a= G CQwY u}= QO "OW=@ pn |x@DQt R= |D=tOkt |r@; xwQo�p l} G s}vm ZQi "x}[k 6�2�1
xH}Dv QO "G = ha1i � : : :� hani xm |Qw] x@ OQ=O an ': : : 'a1 Ovv=t |y}O@=v

G �= Zp � : : :� Zp| {z }
Q=@ n

�"103 |xLiY �1� "u=yQ@

|Q=OQ@ |=[i l} CQwY u}= QO "OW=@ pn |x@DQt R= |D=tOkt |r@; xwQo�p l} G s}vm ZQi "sr 7�2�1
x@ "CU= V |Q=OQ@ |=[i |atH xwQo V + u; QO xm 'G �= V + xm |Qw] x@ OQ=O OwHw n Oa@ R= Zp |wQ V Ovv=t

"Aut(G) �= GL(V ) xwqa
�"106 |xLiY �1� "u=yQ@

"OQ=O OwHw |[wQit |x@DQt R= |D=tOkt |r@; xwQo�p l} =yvD |DN} Qm} ?} QkD =@ "sr 8�2�1
H w G '7"2"1 sr Q@=v@ CQwY u}= QO "OvW=@ pn |x@DQt R= |D=tOkt |r@; xwQo�p wO H w G s}vm ZQi "u=yQ@
l} |wQ Q@ Oa@ty |Q=OQ@ |=[i wO Qy xm s}v=O|t |]N Q@H R= w OvDUy Zp u=O}t |wQ Oa@ty |Q=OQ@ |=[i wO

�"G �= H u}=Q@=v@ "Ov=CN} Qm} 'u=O}t

G |v}D=Qi xwQoQ} R =Q G p=t}Um =t |=yxwQoQ} R |xty `]kt "OW=@ xwQo l} G s}vm ZQi "h} QaD 9�2�1
"�(G) = G 'O=OQ=Qk j@] Q@ 'OW=@ p=t}Um =t xwQoQ} R Ok=i G xm x=oQy "OvyO|t u=Wv �(G) Ctqa =@ =Q u; w Ov} wo
|v=U; x@ "� s}U} wv|t ,=QYDNt �(G) |=H x@ OQ=wt |NQ@ QO 'O}=}v V}B xv}tR xwQo OQwt QO |t=y@= xm |DQwY QO

"�(G) chG xm OwW|t xO}O

G = hC;Di Qo = CQwYu}= QO "D � �(G) 'C � G w OW=@|y=vDt xwQol}G s}vm ZQi "sr 10�2�1
"G = hCi x=ov;
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�"233 |xLiY �1� "u=yQ@
R= u=wD|t 'OvQ=O Q=Qk |v}D=Qi xwQoQ} R QO xm =Q |y=vDt xwQo l} R= |}=yOrwt xm OwW|t swrat jwi sr R= "xQY@D

"Ovt=v|t xwQo Orwt=v =Q |}=[a= u}vJ 'CyH u}= x@ "OQm hPL =yOrwt |xawtHt

Qo = w �(
G
N

) � �(G)N
N

CQwY u}= QO "N CG w OW=@ |y=vDt xwQo l} G s}vm ZQi "sr 11�2�1
"�(

G
N

) =
�(G)
N

x=ov; N � �(G)

�"135 |xLiY �11� "u=yQ@

R= Gn xwQoQ} R CQwY u}= QO "OW=@ |a}@] |OOa n w x=wNrO xwQo l} G s}vm ZQi "h} QaD 12�2�1
%s}vm|t h} QaD Q} R CQwY x@ =Q G

Gn = hgnjg 2 Gi:

x=ov; OW=@ |r@; G Qo = "Gn chG xm OwW|t xH}Dv jwi h} QaD R=

Gn = fgnjg 2 Gg:

"�(G) = G0Gp CQwY u}= QO "OW=@ |y=vDt xwQo�p l} G s}vm ZQi "x}[k 13�2�1
�"234 |xLiY �1� "u=yQ@

x@ "CU= |D=tOkt |r@; G
�

|DtUk GQ=N xwQo�p x=ov; 'OW=@ |y=vDt xwQo�p l} G Qo = "xH}Dv 14�2�1
"�(G) � N x=ov; 'OW=@ |D=tOkt |r@; G

N
xm |Qw] x@ OW=@ G R= |r=tQv xwQoQ} R N Qo = xwqa

�"235 |xLiY �1� "u=yQ@

CQwY u}= QO "jG
�
j = pr w |y=vDt xwQo�pl} G s}vm ZQi "�O}=UvQ@ |x}=B |x}[k� x}[k 15�2�1

"d(G) = r w Ovm|t O}rwD =Q G xm OQ=O w[a r =@ |=xawtHtQ} R 'w[a t =@ G Orwt xawtHt Qy
�"235 |xLiY �1� "u=yQ@
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'G x=oQy 'Ovt=v|t X=NxwQo�p =Q G CQwY u}= QO "OW=@ xwQo�p l} G s}vm ZQi "h} QaD 16�2�1
"OW=@ |D=tOkt |r@; G0 w �(G) = Z(G) = G0 s}W=@ xDW=O =} OW=@ |D=tOkt |r@;

X=N |r}N =Q G xwQo�p CQwY u}= QO "OW=@ |r@;=v X=N xwQo�p l} G s}vm ZQi "h} QaD 17�2�1
"�(G) = Z(G) = �2(G) �= Zp Cr=L u}= QO CU= |y}O@ "jZ(G)j = pQo = s}} wo|t

l} =Q G `k=w QO "OvW=@ u; R= |}=yxwQoQ} R Gn ': : : 'G1 w OW=@ xwQo l} G s}vm ZQi "h} QaD 18�2�1
xm |DQwY QO s}t=v|t Gn ': : : 'G1 |RmQt ?Q[pY=L

&G = G1 : : : Gn (i)

"[Gi; Gj] = 1 '1 � i < j � n xm j w i Qy |=R= x@ (ii)

n |RmQt ?Q[pY=L 'G CQwY u}= QO "OW=@ X=N |r}N xwQo�p l} G s}vm ZQi "x}[k 19�2�1
R= |r@;=v |=yxwQo R= |y=vDt |RmQt ?Q[pY=L Qy 'TmaQ@ "jGj = p2n+1 w CU= p3 |x@DQt R= |r@;=v xwQoQ} R

"CU= X=N |r}N xwQo�p l} 'p3 |x@DQt
�"146 |xLiY �11� "u=yQ@

"CU= X=N |r}N 'p3 |x@DQt R= |r@;=v xwQo�p Qy "p=Ft 20�2�1

|=yxwQoQ} R R= |y=vDt CU= |Q}HvR 'G p=tQv |QU l} "OW=@ xwQo l} G s}vm ZQi "h} QaD 21�2�1
l} =Q 1 = G0 � G1 � : : : � Gr = G p=tQv |QU "1 = G0 � G1 � : : : � Gr = G Ovv=t G p=tQv

'1 � i � r xm i Qy |=R=x@ xm |DQwY QO s}} wo G |RmQt |QU
Gi

Gi�1
� Z(

G
Gi�1

):

u} QDx=Dwm pw] "OW=@ xDW=O |RmQt |QU l} xm |DQwY QO s}} wo|t u=wDJwB =Q G xwQo "h} QaD 22�2�1
"OvyO|t u=Wv c(G) =@ =Q u; w Ov} wo G |v=wDJwB |xOQ =Q G |RmQt |QU
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"p=Ft OvJ 23�2�1
"CU= 1 |v=wDJwB |xOQ R= u=wDJwB xwQo l} |y}O@=v |r@; xwQo Qy xm CU= K[=w �;�

"CU= u=wDJwB |y=vDt xwQo�p Qy �?�

"Z(G) 6= 1 CQwY u}= QO "OW=@ |y}O@=v u=wDJwB xwQo l} G s}vm ZQi "sr 24�2�1
�"219 |xLiY �1� "u=yQ@

1 = G0 � G1 � : : : � Gr = G Ovv=t |r=tQv |QU Qo = =yvD w Qo = CU= u=wDJwB G xwQo "sr 25�2�1
"[G;Gi] � Gi�1 '1 � i � r xm i Qy |=R=x@ xm |Qw] x@ OW=@ xDW=O

�"220 |xLiY �1� "u=yQ@

R= u=wDJwB G xwQoQ} R Qy CQwY u}= QO "OW=@ r |xOQ R= u=wDJwB xwQo l} G s}vm ZQi "x}[k 26�2�1
"CU= r QFm =OL |xOQ

�"220 |xLiY �1� "u=yQ@

%OvrO=at Q} R |=yxQ=Ro CQwY u}= QO "OW=@ |y=vDt |y}O@=v xwQo l} G s}vm ZQi "x}[k 27�2�1
&CU= u=wDJwB G (i)

"CU= p=tQv G p=t}Um =t xwQoQ} R Qy (ii)

�"223 |xLiY �1� "u=yQ@

u}vJ =QkDU= x@ =Q G |=yxwQoQ} R R= f�n(G)gn=1 |xr=@vO "OW=@ xwQo l} G s}vm ZQi "h} QaD 28�2�1
%s}vm|t h} QaD

�1(G) = G; �n(G) = [G;�n�1(G)] (n > 1):

"�2(G) = [G;G] = G0 'n = 2 |=R=x@ xm s} Q=O xHwD
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x@ "�n s}U} wv|t ,=QYDNt '�n(G) |=H x@ 'O}=}v V}B �G |va}� xv}tR xwQo OQwt QO |t=y@= xm |DQwY QO
Q@=v@ "�nCG '|a}@] n Qy |=R=x@ xH}Dv QO "CU= GXNWt xwQoQ} R l} �n Qy xm OwW|t C@=F =QkDU= x@ |v=U;

"�n = [G;�n�1] � �n�1 'n > 1 xm |a}@] n Qy |=R=x@ '15"1"1 sr R= (iii) Ov@

|rwRv |QU "OW=@ xwQo l} G s}vm ZQi "h} QaD 29�2�1

G = �1(G) � �2(G) � : : : � �n(G) � : : :

"Ovt=v|t G |v}}=B |RmQt |QU =Q

u}vJ =QkDU= x@ =Q G |=yxwQoQ} R R= fZn(G)gn=0 |xr=@vO "OW=@ xwQo l} G s}vm ZQi "h} QaD 30�2�1
%s}vm|t h} QaD

Z0(G) = 1; Zn+1(G)
Zn(G)

= Z(
G

Zn(G)
) (n � 0):

"Z1(G) = Z(G) 'n = 0 |=R=x@ xm s} Q=O xHwD
CU= K[=w "Zn s}U} wv|t ,=QYDNt 'Zn(G) |=H x@ 'O}=}v V}B xv}tR xwQo OQwt QO |t=y@= xm |DQwY QO
Qy |=R=x@ u}=Q@=v@ "CU= G XNWt xwQoQ} R l} Zn Qy xm OwW|t C@=F =QkDU= x@ |v=U; x@ "Z1(G) = Z(G) xm

"Zn � Zn+1 xm CU= swrat u}vJty & Zn CG '|ivt=v K}LY n

|OwaY |QU "OW=@ xwQo l} G s}vm ZQi "h} QaD 31�2�1

1 = Z0(G) � Z1(G) � : : : � Zn(G) � : : :

"Ovt=v|t G |}q=@ |RmQt |QU =Q

CQwY u}= QO "OW=@ xwQo l} G s}vm ZQi "x}[k 32�2�1
&�r+1(G) = 1 xm |Qw] x@ OW=@ OwHwt r Ovv=t |ivt=v K}LY OOa Qo = =yvD w Qo = CU= u=wDJwB G (i)

"Zs(G) = G xm |Qw] x@ OW=@ OwHwt s Ovv=t |ivt=v K}LY OOa Qo = =yvD w Qo = CU= u=wDJwB G (ii)


