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ÂØÈ� ø ÂþÀÖ�
ý¤�ÁÚ¨�³¨ �÷�Þ�Þ¬ .´¨ø� ¥� �¤�¢ �� Âû �î �¤ ¤�ðÀþÂê� ´þ�ú÷ü� Çþ�µ¨ ø §�³¨ ø ÂØª: ¥� Ý�îüõ¤¢ �î �ÂÆÞû ø À�µÆû ë�Èõ ø ¥�Æó¢ �È�Þû �î ù¢��÷�¡ ý�Ìä� �Þû ø �¤��ð¤�� ¤¢�õ ø ¤À�ÂÆ�õ ùÀ�� ýÂµî¢ ù¤ø¢ .À�÷��Âúõ ø ë¢�¬ ø ¤�±¬ ùÀ�� ��Â�ÊÖ� ø ��¤�Êì ø ��ØÈõ ÛÞ½�.�¤�î�Àê ÂÆÞû �Àä�Æõ ø ´þ�Þ� ø �À¡ ÓÎó �� ÂÚõ ÀÈ÷ø üþ�Þ�û�¤ ¥� ù¤��Þû �î ü÷�ª�î Âì�� ÀÞ½õ À�¨ Âµî¢ ý�ì� ���� �¤Àìö�Âð ý�Þ�û�¤ ¢�µ¨�.�À�õùÂú� ö�Èþ� ý�Ü¬���� ø æþ¤¢ ü� ü÷�±�µÈ�üµã�¬ ù�ÚÈ÷�¢ ¥� ö�þ¢Â�øÂ� Â¬�÷ Âµî¢ ý�ì� ���� ,�ó�¨¤ ö�¤ø�¢ �Âµ½õ ���û ý�Ìä��µªÂê Âµî¢ Ý÷�¡ ¤�îÂ¨ ,ÓþÂª üµã�¬ ù�ÚÈ÷�¢ ¥� üþ��ê �®¤À�Þ� Âµî¢ ý�ì� ���� ,Â�±îÂ�õ��¤ �ó�¨¤ ý¤ø�¢ ´Þ�¥ �î §¤Àõ ´�þÂ� ù�ÚÈ÷�¢ ¥� ý¤À�� §�±ä Âµî¢ ý�ì� ���� ø ýÀã¨.À÷¢�Þ÷ À�õùÂú� ¢�¡ ý�ÈÚû�¤ ø ùÀ÷¥�¨ ý�û¢�ú�È�� ¥� �¤ ùÀ�� ø ù¢�õÂê Û±Ö�¥� ýÂ µ î¢ ù¤ø¢ ñ�Ï ¤¢ � î ý¤À �� §� ±ä Â µ î¢ ý� ì� Ë½õ ü®� þ¤ ùøÂ ð �Â µ½õ Â þÀ õ.�¢�� À�õùÂú� ö�Èþ� æþ¤¢ ü� ý�ûüþ�Þ�û�¤ ø �Àä�Æõø�þ�ä ö�µ¨ø¢ ø �Âµ½õ ö��î¤�î ,üõ�Âð À� ��¨� ,ü®�þ¤ ��Üä ýùÀØÈ÷�¢ �Âµ½õ ß�ó�ÿÆõ.Ý�î üõ ÂØÈ� ø ü÷�¢¤Àì �¹È÷�¢ßþ� ��Þ�¥ ø ù¢�Þ÷ �¢� ßÆ�� �½÷ �� ¤�Èî �� �¤ ¢�¡ üÞÜä ø üì�¡� ßþ¢ Ý÷��µ� �î �¤�¢ À�õ�.Ý÷�¨Â� ÂÞ� �� �¤ ö�¤��ð¤��
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ùÀ�Ø�ý�µ ÷¤� ó ø ü ÷� Þ þ¤ ý�û�Â ê�Ìê ¤¢ Â þÁ �´ú� ø À � ± Þ û ý�û� þø ¤Â �� ü þ� ¨� � ª ,� ó� ¨¤ éÀûLkx = Ax + b ¯Âª ¤¢ ë¢�¬ (  = �1;0;1 ,0 � p � q � 1 ) x : Mnp ! ~Mn+1q ()A ,�þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ-(k + 1) ñø� ©¢¤ø ýùÀª üÎ¡ ÂÚÜÞä Lk ö� ¤¢ �î ´¨�.´¨� n ¥� ÂµØ��î üÔ�õ�÷ ¼�½¬ ¢Àä ×þ k ø ¤�¢Â� ×þ b ,üÖ�Ö� ý�û�þ�¤¢ �� ÅþÂ��õ ×þö�ð�Ìê ý�û�þø ¤Â�� ø H n+1 ø Sn+1 , Rn+1 ü÷�Þþ¤ ý�û�Âê�Ìê ý�û�þø ¤Â�� ,�ó�¨¤ ßþ� ¤¢üõ ýÀ��ù¢¤ Lkx = Ax+ b ¯Âª �� ,H n+11 ø Sn+11 , Rn+11 ý�µ÷¤�ó ý�û�Âê�Ìê ¤¢ ö�ðö�õ¥ ø¯Âª ¤¢ x : Mn ! Rn+11 ö�ð�Ìê ý�þø¤Â�� �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª ¢�ª üõ ´��� .¢�ª, ñ�Þ���õ-k ý�þø¤Â�� ×þ ¥� ý¥�� ý�ä�Þ¹õÂþ¥Mn �î ´¨� ö� À�î ëÀ¬ Lkx = Ax+ býÀ� � ù¢¤ .Àª� � üê� ÷ �f õ�Þ � ý�þø ¤Â �� ø¢ ü÷�Þ þ¤ �ÂÌÜ¬�� � þ üê� ÷ �f õ�Þ � ý�þø ¤Â �� ×þù¢�¢ Lkx = Ax + b ¯Âª ¤¢ ë¢�¬ x : Mn1 ! Rn+11 ö�ðö� õ¥ ý�û� þø ¤Â �� ý�Â � üú ��Èõ¯Âª �� H n+11 ø Sn+11 ´¿��÷ ý�µ÷¤�ó ý�û�Âê�Ìê ¤¢ ö�ðö�õ¥ ø ö�ð�Ìê ý�û�þø ¤Â�� .¢�ªüõ�î üµó�� ¤¢ ��÷ ø ´¨� ´��� �þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ-k �î üµó�� ¤¢ , Lkx = Ax+ b.¢�ª üõ üþ�¨��ª Ûõ�î ¤�Î� , ´¨� ÂÔ¬ b ¤�¢Â�,ñ�Þ���õ-k ,ß�Ú÷��õ üðÀ�Þ¡ ß�õ-k ,( ö�ð�Ìê ,ý�µ÷¤�ó ) ý�þø ¤Â�� : ýÀ�Üî ý�ûù��ø.Âµõ�¤��Ýû ,ùÀªüÎ¡ ÂÚÜÞä ,ß���÷ ý�ûÛþÀ±�



 



 



¤�µÔð Ç��
ø ���®�þ¤ ¤¢ ö�ð�÷�ð ý�û¢Â�¤�î ßµª�¢ Û�óÀ� , ý�µ÷¤�ó ùÄþ�� ,ü÷�Þþ¤�±ª ý�û���Þ¡ý�û�þø ¤Â�� ¥� Ýúõ ýù¢��÷�¡ ×þ üþ�¨��ª ,�ó�¨¤ ßþ� üÜ¬� éÀû . ´¨� ���� ¢¤�õ ×þ��ê¤��µ¨� �þø ¤Â�� ß�Ú÷��õ ý�ûüðÀ�Þ¡�k Â� ¤�î ý���Âþ¥ .´¨� ý�µ÷¤�ó ø ü÷�Þþ¤ ý�û�Âê�Ìêý�û�Âê�Ìê ¤¢ x : Mnp ! ~Mn+1q () ö�ðö�õ¥ ø ö�ð�Ìê ý�û�þø ¤Â �� � ó�¨¤ á�®�õ .´¨�ßþ� ¤¢ .0 � p � q � 1 ø Lkx = Ax + b �î ´¨� H n+1q ø Sn+1q , Rn+1q ý�µ÷¤�ó ø ü÷�Þþ¤ý�û©¢¤ø ¥� üª�÷ ,�þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ-(k + 1) ñø� ©¢¤ø üÎ¡Ç¿� Lk ñ�õÂê¤¢ �È þ¤ á�®�õ ß þ� .´¨� Rn+2 � þ Rn+1 ¤¢ ¤�¢Â � ×þ b ø ´�� � ÅþÂ �� õ ×þ A ,ö� Ý �� ì¯Â ª � � �¤ x : Mn ! Rn+m ý� û� � � Þ ¡Â þ¥ � î ¢¤�¢ (1966) üª� û� î� � éøÂ ã õ ý� �Ì ì´¨� ¢Àä ×þ � ø §��� ÂÚÜÞä � ö� ¤¢ �î ´¨� ù¢Âî �ãó�Îõ ü¨À�Üì� ý�Ìê ¤¢ �x = �xý�³ó�Ï ýÂ�øÂê ý�Ü�¨�� ùÀª ÓþÂã�Mn ýÀã�-n ý�û���Þ¡Âþ¥ �ú�� ,��Ìì ßþ� Â���� .(℄20[)) Rn+m ñ�Þ���õ ý�û���Þ¡Âþ¥ ¥� ´Æ�¤�±ä �x = �x ý�ó¢�ãõ ¤¢ ë¢�¬ x : Mn ! Rn+m´ó�� .( � > 0×þ ý�¥� �� ) qn� á�ãª �� ùÂîÂ�� ×þ ñ�Þ���õ ý�û���Þ¡Âþ¥ ø ( � = 0 ��.´¨� ùÀª ù¢�¢ ö� ý�Â� ü÷�ð�÷�ð ý�û©ÂµÆð ø ù¢�� ���� ¢¤�õ ÂÚþ¢ ý�û´ó�� ¥� ÂµÈ�� m = 1¤¢ ùÀª ù¢Â�øÂê �³ó�Ï ý�þø¤Â�� ×þ x : Mn ! Rn+1 ù�ðÂû ¢�ªüõ �¹�µ÷ üª�û�î�� ý��Ìì ¥�ý�þø ¤Â�� ×þ M Âð� �ú�� ø Âð� À�îüõ ëÀ¬ �x = �x ¯Âª ¤¢ x ,Àª�� Rn+1 ü¨À�Üì� ý�Ìê�� ) qn� á�ãª ø �À±õ �îÂõ �� ùÂîÂ�� ×þ ¥� ý¥�� ý�ä�Þ¹õÂþ¥ �þ ( � = 0 �� ) Rn+1 ¤¢ ñ�Þ���õ1



á�÷-üû��µõ ý�û�þø ¤ ü¨¤Â� �� (℄11[) ý Âð .ü� .�e ,1988 ñ�¨ ¤¢ .Àª�� Rn+1 ¤¢ ( � > 0�¤ á�÷-üû��µõ ý�û ���Þ¡Âþ¥ ýÂð ¥� ÛÖµÆõ ý�ù��ª �� ( ℄13[) ö�ÂÚþ¢ ø ���Æ�d .ü� .´¡�¢Â�(℄14[) ö�ÂÚþ¢ ø ���Æ� ø (℄12[) ýÂð ýÀã� ý�û�ó�Öõ ý�Â� ý��õÀÖõ �û¤�î ßþ� .À÷¢Âî �ãó�ÎõA ö� ¤¢ �î ) �x = Ax ¯Âª ¤¢ x : Mn ! Rn+1 ý�þø¤Â�� ¢Âî ´��� ýÂð .Àª ���õ¥ ßþ� ¤¢�þ Rn+1 ¤¢ ñ�Þ���õ ý�þø ¤Â�� ×þ MnÂð� �ú�� ø Âð� À�îüõ ëÀ¬ ( ´¨� ýÂÎì ÅþÂ��õ ×þ¤¢ ý Â ð ¤�î ´�Þû� .Àª�� Rn+1 ¤¢ ýøÂî ý�÷��µ¨� ×þ �þ ùÂîÂ�� ×þ ¥� ý¥�� ý�ä�Þ¹õÂþ¥ö� ¤¢ �î À�î ù¢�Ôµ¨� ù��¿ó¢ ýÂÎì ÅþÂ��õ ×þ ¥� � ´��� °þÂ® ý�¹� ´Æ÷��� �î ¢�� ßþ�üþ�û�þø ¤ (℄10[) ö�ÂÚþ¢ ø ßÜþ¢ .é� ,1990 ñ�¨ ¤¢ .´Æ�÷ ö�ÆØþ �fõø�ó üÜ¬� ÂÎì ý�û�þ�¤¢ëÀ¬ �x = Ax+ b ý�ó¢�ãõ ¤¢ ö� ý�³ó�Ï ýÂ�øÂê �î À÷¢Âî ü¨¤Â� R3 ü¨À�Üì� ý�Ìê ¥� �¤�ú÷� .´¨� ¤�¢Â� ×þ b 2 R3 ø ( ýÂÎì �fõø�ó �÷ ) ÅþÂ��õ ×þ A 2 R3�3 ö� ¤¢ �î À�îüõ�÷��µ¨� � þ ùÂî ×þ ¥� ý¥�� Ç¿� �þ R3 ¤¢ ñ�Þ���õ ý�þø ¤ ×þ ý��þø ¤ ß��� �î À÷¢Âî ´����� �ø�Ôµõ ý�ûù��ª �� (℄14[) ö�ÂÚþ¢ ø ���Æ� ø (℄8[) ö�ÂÚþ¢ ø ß� ßþ .ü� �¤ ù¤��ð ßþ� .´¨�.À÷¢�¢ ©ÂµÆð Rn+1 ü¨À�Üì� ý�Ìê ý�û�þø ¤Â��.´¨� ù¢�� ���� ¢¤�õ �x = Ax+ b ¯Âª �� �û�Âê�Ìê ý�û�þø ¤Â�� ,Àã� �� 1990 ñ�¨ ¥�¯Âª �¹�µ÷¤¢ ,ùÀª ���� � °þÂ® �� �Àµ�� , üª�û�î�� ý��Ìì ý�û©ÂµÆð ¤¢ , üÜî ¤�Î�ö¢�¢ ©ÂµÆð ,� µ¨�¤ ß þ� ¤¢ ýÀã � �� ð .´¨� ùÀª ÛþÀ ± � �x = Ax + b ¯Âª � � �x = �xLk ÂÚÜÞä ö¢Âî �ÂÎõ � � 2006 ñ�¨ ¤¢ ¥��Âð ø §�� ó� .´¨� Lk ÂÚÜÞä �� §��� ÂÚÜÞä�� �¤ x : Mn ! Rn+1 ü÷�Þþ¤ ý�û�þø ¤Â�� ,( L0 = � ) ´¨� §��� ÂÚÜÞä ¥� üªÂµÆð �î�¤ �û�þø ¤Â�� ßþ� ,Hk+1 ö¢�� ´��� ��±�� �� ö�÷� .(℄4[) À÷¢Âî ýÀ�� ù¢¤ Lkx = Ax+ b ¯Âªø Sn+1 ´¿��÷ ü÷�Þþ¤ ý�û�Âê�Ìê ý�û�þø ¤Â�� üþ�¨��ª ýù¤�� ¤¢ ýÀã� ��ð .À÷¢�Þ÷ üþ�¨��ªø §��ó� Í¨�� ( AÅþÂ��õ ö¢�� ë�½ó� ¢�¡ Âê �� ) Lkx = Ax+ b ¯Âª ¤¢ ë¢�¬ H n+12



Âê �� ,x : Mn ! H n+1 ø x : Mn ! Sn+1 ý�û´ó�� ¤¢ ö�÷� . (℄5[) Àª �µª�¢Â� ü÷�ª�î,�û�þø ¤Â�� ßþ� ý�Â� À÷¢�¢ ö�È÷ ý¢���� Ýó ×þ ¤¢ ,AÅþÂ��õ ö¢�� ë�½ó�¢�¡ ø Lkx = Ax+ b¤¢ ��÷ ø b = 0 �î üµó�� ¤¢ ,ö� ¥� ù¢�Ôµ¨� �� ø Àª�� ´��� Hk+1 Âð� �ú�� ø Âð� ´¨� ´��� Hk��úó� �� , �ó�¨¤ ßþ� ¤¢ .À�µ¡�¢Â� �û�þø ¤Â�� ßþ� ýÀ��ù¢¤ �� ,´¨� ÂÔ¬�÷ b ø ´��� Hk �î üµó���Âê�Ìê ¤¢ ö�ð�Ìê ý�û�þø ¤Â�� ý�Â� ℄5[ ø ℄4[ ý�û�¹�µ÷ ©ÂµÆð �� ,�µÔð Ç�� ý�û¤�î ¥�ý�û ¯Âª ,ùÄþ�� .Ýþ¥�¢Â� üõ üÜî ´ó�� ¤¢ ,Lkx = Ax+ b ¯Âª �� ,ý�µ÷¤�ó ø ü÷�Þþ¤ ý�ûø �¥� ¯Âª ¢�ª üõ ´��� .Ý��îüõ éÁ� �¤ b ¤�¢Â� ö¢�� ÂÔ¬�÷ ø AÅþÂ��õ ö¢�� ë�½ó�¢�¡ö� À�î ëÀ¬ Lkx = Ax + b ¯Âª ¤¢ x : Mn ! Rn+11 ö�ð�Ìê ý�þø¤Â�� �Ø�þ� ý�Â� üê�îüê� ÷ �f õ�Þ � ý�þø ¤Â �� ×þ , ñ�Þ� � �õ-k ý�þø¤Â �� ×þ ¥� ý¥� � ý�ä�Þ¹õÂ þ¥ Mn �î ´¨�ý�û�þø ¤Â �� ýù¤� �¤¢ ,ýÀã� ©ÂµÆð .Àª� � üê� ÷ �f õ�Þ � ý�þø ¤Â �� ø¢ ü÷�Þ þ¤ �ÂÌÜ¬�� � þ×þ ,�û�þø ¤Â�� ßþ� Â� .´¨� Lkx = Ax+ b ¯Âª �� Rn+11 üØÆê�Ø��õ ý�Ìê ¤¢ Mn1 ý�µ÷¤�óS �� �î ,N �� �µÆ��ø ÛØª ÂÚÜÞä .ÝþÂ�ðüõ N Ý��ì ý�Øþ ö�ð�Ìê (üã®�õ) ý¤�¢Â� ö�À�õß�� ý¢���� �ø�Ô� ,Ýúõ ý�µØ÷ ßþ� ø ´Æ�÷ ü÷Àª ýÂÎì üÜî ´ó�� ¤¢ ,¢�ª üõ ù¢�¢ Çþ�Þ÷.´¨� ý�µ÷¤�ó ý�û�þø ¤Â�� ø ö�ð�Ìê ý�û�þø ¤Â���� H n+11 ø Sn+11 ´¿��÷ ý�µ÷¤�ó ý�û�Âê�Ìê ¤¢ ö�ðö�õ¥ ø ö�ð�Ìê ý�û�þø ¤Â�� ,��¹÷�Â¨üµó�� ¤¢ ��÷ ø ´¨� ´��� �þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ�k �î üµó�� ¤¢ , Lkx = Ax+ b ¯Âª.¢�ª üõ üþ�¨��ª Ûõ�î ¤�Î� , ´¨� ÂÔ¬ b ¤�¢Â� �îý� û� þø ¤Â �� 2 ÛÊ ê ¤¢ .´ ¨� ùÀ õ� � û¥� � ÷Ç � � 1 ÛÊ ê ¤¢ .¢¤�¢ ÛÊ ê ¤� ú � � ó� ¨¤¤¢ ë¢�¬ (q = 0;1 �î) x : Mn ! ~Mn+1q () ý�µ ÷¤� ó ø ü÷�Þ þ¤ ý�û�Â ê�Ìê ¤¢ ö�ð�ÌêüðÀ�Þ¡ ß�õ�(k + 1) ¢�ªüõ ´��� , = 0´ó�� ¤¢ .¢�ªüõ üþ�¨��ª Lkx = Ax+ b ¯Âªßþ� ¥� ø ´¨� Âµõ�¤� �Ýû ý�þø¤Â�� ×þ M ø ´¨� ´�� � x : Mn ! Rn+1q ý�þø¤Â�� ß�Ú÷� �õ3



ö�ð�Ìê ý�û�þø ¤Â�� Â� , = �1;1 ´ó�� ¤¢ .Àþ�üõ ´¨À� �û�þø ¤Â�� ßþ� ýÀ��ù¢¤ °ÜÎõ´��� Âê �� ,��� ¯Âª ¤¢ ë¢�¬ x : Mn ! H n+1q ø x : Mn ! Sn+1q ´¿��÷ ý�û�Âê�Ìê ¤¢ß � �� ýÀ� �ù¢¤ ,�¹ � µ ÷¤¢ .´¨� ´�� � Hk+1 ¢�ª üõ ´�� � ,b ¤�¢Â � ö¢� � Â Ô¬ � þ Hk ö¢� �.Àþ�üõ ´¨À� üþ�û�þø ¤Â��¯Âª �� x : Mn ! Rn+11 ,üØÆê�Ø��õ ý�Ìê ¤¢ ö�ðö�õ¥ ý�û�þø ¤Â�� ü¨¤Â� �� 3 ÛÊêü÷Àª ýÂÎì �fõø�ó üþ�û�þø ¤Â�� ß��� ÛØª ÂÚÜÞä �Ø�þ� �� ���� �� .¢¥�¢Â�üõ Lkx = Ax+ büðÀ�Þ¡ ß�õ-(k + 1) ¢�ªüõ ´��� ,ÛØª ÂÚÜÞä ÅþÂ��õ ý�Â� ßØÞõ ´ó�� ¤�ú� ¤¢ ,´Æ�÷ýÀ��ù¢¤ ý��Ìì ø ùÀª ü¨¤Â� �û�þø ¤Â�� ßþ� ¥� ö�ð�÷�ð ý�ûñ�·õ .´¨� ´��� �þø ¤Â�� ß�Ú÷��õ.¢�ªüõ ´��� �ú÷��î) x : Mn1 ! ~Mn+11 () ´¿��÷ ý�µ÷¤�ó ý�û�Âê�Ìê ¤¢ ö�ðö�õ¥ ý�û�þø ¤Â�� ,��¹÷�Â¨2 ø 1 ý�ûÇ¿� ¤¢ .¢�ªüõ üþ�¨��ª 4 ÛÊê ¤¢ Lkx = Ax+ b ¯Âª ¤¢ ë¢�¬ ( = �1;1ö�È÷ ¥� Å� .Ýþ¥�¢Â�üõ ´¨� ´��� �þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ�k �î üµó�� �� ,ÛÊê ßþ� ¥�ü¨¤Â� �¤ ö�ð�÷�ð ý�ûñ�·õ ,�û�þø ¤Â�� ßþ� Â� ß�Ú÷��õ üðÀ�Þ¡ ß�õ�(k + 1) ö¢�� ´��� ö¢�¢öøÀ� ) b = 0Âê �� 4 ø 3 ý�ûÇ¿� ¤¢ .Ý��îüõ ´��� ø ö��� �¤ ýÀ��ù¢¤ ý�û��Ìì ø ù¢Âî�û�þø ¤Â�� ßþ� ý�Â� üú��Èõ ý�û�¹�µ÷ (�þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ�k ö¢�� ´��� Âê.¢�ªüõ ´��� ø ö��� �ú÷� ýÀ��ù¢¤ ý�û��Ìì ø ùÀõ� ´¨À�.´¨� ùÀª Û¬�� Ûþ£ �Âª �� �ó�Öõ �¨ �ó�¨¤ ßþ� ¥�1- F. Pashaie and S.M.B. Kashani, Spaelike hypersurfaes in Riemannian or Lorentzianspae forms satisfying Lkx = Ax+ b, To appear in Bull. Irannian Math. So.2- F. Pashaie, S.M.B. Kashani and M. Naja� Ivaki, Lorentzian hypersurfaes in theMinkowski spae satisfying Lkx = Ax+ b, Submitted.4



3- F. Pashaie and S.M.B. Kashani, Timelike hypersurfaes in Lorentzian spae formssatisfying Lkx = Ax+ b, Under preparation.
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1�û ¥��÷ Ç��¢¤�õ ý�û��úÔõ ,1 Ç¿� ¤¢ .¢¤�¢ Ç¿� ¤�ú� ÛÊê .¢�ªüõ ���¤� �û¥��÷Ç�� ,ÛÊê ßþ� ¤¢' ø " ß���÷ ÛþÀ±� ' ��úÔõ ø¢ ,2 Ç¿� ¤¢ .¢�ªüõ ý¤ø�¢�þ ý�µ÷¤�ó ø ü÷�Þþ¤ ý�¨À�û ¥� ¥��÷Ýúõ ý�ûüðÄþø ¥� ü¡Â� ø üêÂãõ "�þø ¤Â�� ß�Ú÷��õ üðÀ�Þ¡ ß�õ-(j + 1) ýùÀªüÎ¡ ÂÚÜÞä¥��÷ ¢¤�õ ý¢���� ý�ûñ�õÂê �ú÷� ¤¢ �î ´¨� üþ�ûù¤��ð Ûõ�ª 3 Ç¿� .¢�ªüõ ´��� ø ö��� �ú÷�ßþ� ý�ûâ�Âõ .¢�ª üõ ö��� ¥��÷ ¢¤�õ ý�ûù¤��ð ü¡Â� �¤�¬ ,4 Ç¿� ¤¢ .¢�ªüõ ´��� ø ö���. ℄2, 4, 5, 15, 18, 19[ ¥� ´Æ�¤�±ä ÛÊê�þø¤Â�� ø �Âê�Ìê 1.1M ¤��Þû ýÀã�-n ý���Þ¡×þ ¥� ´¨� �¤�±äMnp ü÷�Þþ¤ (-�±ª) ý���Þ¡ 1.1 ÓþÂã�Âû ¤¢ ß�È�� ö�ðö�õ¥ ý�ÌêÂþ¥ Âû Àã�e ) p´��� ÅþÀ÷� �� ö�Úú±��÷ ×þÂµõ ¤�Æ÷�� ×þ �� �ú¹õý�µ÷¤�ó ý���Þ¡ �¤ Mn1 ø ü÷�Þþ¤ ý���Þ¡ �¤ Mn =Mn0 ,ùÄþø ý�û ´ó�� ¤¢ .( §�Þõ ý�Ìê.À�õ�÷�Âê�Ìê �¤  ´��� üªÂ� üðÀ�Þ¡ �� Mnp À�±Þû ø ��Þ� ü÷�Þþ¤ (-�±ª) ý���Þ¡ 2.1 ÓþÂã�.À�þ�ð ý�µ÷¤�ó �Âê�Ìê �¤ Mn1 () ø ü÷�Þþ¤ �Âê�Ìê �¤ Mn(). À�û¢üõ Çþ�Þ÷ Mnp () �� ø À�õ�÷6



(× þÂ µ õ � þ) ý¢À ä �Â ® � � Rm (ý� � � Þ ¡ � þ) ý¤�¢Â � ý� Ì ê 3.1 ÓþÂã�À�û¢ üõ Çþ�Þ÷ Rmp �� ø ùÀ�õ�÷ ü¨À�Üì� (-�±ª) ý�Ìê �¤ < x; y >:= ��pi=1xiyi+�i>pxiyi.¢�ªüõ ùÀ�õ�÷ üØÆê�Ø��õ ý�Ìê Rm1 .0 � p < m ö� ¤¢ �îý�Â � .´¨� (ÂÔ¬ üðÀ�Þ¡ � �) ´¿� �Â ê�Ìê ×þ Rmp ü¨À�Ü ì� (-�±ª) ý�Ìê .ñ� · õø r á�ãª �� Sn+1p (r) = fy 2 Rn+2p j < y; y >= r2g ýùÂî (-�±ª) , r ´±·õ üÖ�Ö� ¢Àäá�ãª �� H n+1p (�r) = fy 2 Rn+2p+1 j < y; y >= �r2g ý�ó�óÁû (-�±ª) ý�Ìê ø 1r2 üðÀ�Þ¡H n+10 (�r) ,p = 0 Âð� .´¨� (ÂÔ¬� ÷ üðÀ�Þ¡ � �) ´¿�� ÷ ý�û �Âê�Ìê ,�1r2 üðÀ�Þ¡ ø rø Sn+11 = Sn+11 (1) .À ÷Â � ð üõ ÂÑ ÷ ¤¢ �Â ê�Ìê ö�� � ã � �¤ ö� ý�Ô ó� õ ×þ ø ´Æ� ÷ À � ± Þ û.À�õ�÷ Âµ�¨¢-¢�� ø Âµ�¨¢ ý�û�Ìê ,°��Â� �� �¤ H n+11 = H n+11 (�1)ù¢�¢ Çþ�Þ÷ ~Mn+1q () �� Rn+1q ø H n+1q , Sn+1q ¢¤�À÷�µ¨� ý�û�Âê�Ìê �ó�¨¤ ßþ� ¤¢ .1 ¢�¢¤�Âì.´¨� üªÂ� üðÀ�Þ¡  �î ¢�ª üõý� � � Þ ¡Â þ¥ × þ Mnp ø ü ÷� Þ þ¤ (-� ± ª) ý� � � Þ ¡ × þ ~Mn+1q ù� ðÂ û 4.1 ÓþÂã�.À�õ� ÷ ~Mn+1q ¥� ü÷�Þ þ¤ (-�±ª) ý�þø¤Â �� ×þ �¤ Mnp ,( p � q ) Àª� � ö� ü÷�Þ þ¤(-�±ª)�Âê�Ìê ¤¢ Mnp ý�þø¤Â�� ¥� ýÂÚþ¢ Çþ�Þ÷ x : Mnp ! ~Mn+1q () � Rn+2t ý�³ó�Ï ýÂ�øÂêý�µ÷¤� ó �Â ÷� ,p = 1 Âð� ø (ü÷�Þþ¤) ö�ð�Ìê �¤ Mnp ý�þø¤Â�� ,p = 0 Âð� .´¨� ~Mn+1q ().À�þ�ðø ~M ,M Â� �µþ���-ý�ó ¤�µ¨�Þû ,x : Mnp ! ~Mn+1q () � Rn+2t ý�þø¤Â�� ý�Â� .2 ¢�¢¤�Âì.Ý�û¢ üõ Çþ�Þ÷ r0 ø �r ,r �� ,°��Â� �� ,�¤ Rn+2tW ø V ¤�� Þ û ý¤�¢Â � ö�À � õ ø¢ Â û ý�Â � ,x : Mnp ! ~Mn+1q () ý� þø¤Â �� Â � 5.1 ÓþÂã�ý¢���� �Âê II ö� ¤¢ �î , �rVW = rVW + II(V;W ) ´¨� ß��� §ø�ð ñ�õÂê ,M Â� §�Þõ7



ÂÚÜÞä Àª�� �þø ¤Â�� Â� Ý��ì ý�Øþ ý¤�¢Â� ö�À�õ ×þ N Âð� ,ö� Â� öø�ê� .´¨� �þø ¤Â�� �ø¢.¢�ª üõ ÓþÂã� < SV;W >=< II(V;W ); N > ý�ó¢�ãõ �� ,N �� �µÆ��ø ,S ÛØªý¢���� �Âê Âð� ¢�ª üõ ùÀ�õ�÷ ×þ¥¢��� �fõ�Þ� ,x : Mnp ! ~Mn+1q () ý�þø¤Â�� 6.1 ÓþÂã����� ) Z Ý��ì ¤��Þû ý¤�¢Â� ö�À�õ ×þ Âð� ¢�ª üõ ùÀ�õ�÷ üê�÷ �fõ�Þ� ø Àª�� ÂÔ¬ �� À½µõ ö� �ø¢§�Þõ ¤��Þû ý¤�¢Â� ö�À�õ ø¢ Âû ý�Â� �î Àª�� �µª�¢ ¢��øM Â� ( ñ�õÂ÷ üðÀ�Þ¡ ý¤�¢Â� ö�À�õ.II(V;W ) =< V;W > Z Ý�ª�� �µª�¢ ,W ø Vý� µ ÷¤� ó � þ ü ÷� Þ þ¤ �Â ê�Ì ê ¤¢ x : Mn ! ~Mn+1q () ö� ð�Ì ê ý� þø¤Â �� Â � 7.1 ÓþÂã�¤�¢Â � ×þ M ¥� �ÎÖ ÷ Âû ¤¢ �î �¤ §�Þõ ý�Øþ ý¤�¢Â � ö�À�õ Âû ,( q = 0;1 � � ) ~Mn+1q ()(¢�Àµõ�) ´ú�×þ ,Àª�� N Ý��ì ý�Øþ ý¤�¢Â� ö�À�õ ×þ �� �µÆ��ø S ÛØª ÂÚÜÞä ýùÄþø�þ) M Â� S ù�ðÂû .À�õ�÷ M üÜ¬� üðÀ�Þ¡×þ �¤ ÂÒ��µõ (ýùÄþø ¤�ÀÖõ) ´ª�Ú÷ ø üÜ¬�ý�Â � ,Àª� � M üÜ¬� ý�ûüðÀ �Þ¡ �n,... ,�1 ø ü ÷Àª ýÂÎ ì (ö� ¥� ý¥� � ý�ä�Þ¹õÂ þ¥üõ ù¢�¢ Çþ�Þ ÷ Hj � � � î M ß�Ú ÷� � õ üðÀ �Þ¡ ß�õ-j ,(1 � j � n) j ¼�½¬ ¢Àä Âûø sj := P1�i1<:::<ij�n �i1 :::�ij ö� ¤¢ �î ¢�ª üõ ÓþÂã� (nj )Hj = (��)jsj ñ�õÂê � � ¢�ª.� = � < N;N >�� À½µõM Â� Hj+1 Âð� À�þ�ð ñ�Þ���õ-j �¤ x :Mn ! Rn+1q ö�ð�Ìê ý�þø¤Â�� 8.1 ÓþÂã�.Àª�� ÂÔ¬�¤�Ê � ,S ü ÷À ª ýÂÎ ì ÛØª Â Ú Ü Þ ä �Ê¿È õ ý�� Ü Þ � À � � ,� î Ý þ� ª ü õ ¤ø�¢� þ.´¨� QS(t) = det(tI � S) =Pnl=0(�1)n�lsn�ltl;.Ýþ¥�¢Â�üõ ý�µ÷¤�ó �Âê�Ìê ¤¢ ö�ð ö�õ¥ �þø ¤Â�� ´ó�� �� ,ö��î�ý�Â� Âð� À�õ�÷ Àõ�ãµõ�Øþ �¤ Vn1 ý�µ÷¤�ó ý¤�¢Â� ý�Ìê ×þ ý�Â� feigni=1 ý�þ�� 9.1 ÓþÂã�,i � 2 Âû ý�Â� ø �1 = �1 ö� ¤¢ �î < ei; ej >= �iÆji ,n ¥� ÂµÈ� �� ÷ i; j üã�±Ï ¢Àä ø¢ Âûý�Â� ø < e1; e2 >= �1 ,< e1; e1 >=< e2; e2 >= 0 Âð� À�õ�÷ Àõ�ãµõ�Øþ-�±ª �Â÷� .�i = 1.< ei; ej >= Æji ,j � 1 ø i � 3 Âû8



Â û ý�Â � Â ð� À � õ� ÷ ë�½ ó�¢�¡ ÂÚ Ü Þä ×þ �¤ T : Vn1 ! Vn1 üÎ¡ ´ª�Ú ÷ 10.1 ÓþÂã�.< Tv;w >=< v; Tw > ,v; w 2 Vn1T : Vn1 ! Vn1 ë� ½ ó�¢� ¡ Â Ú Ü Þ ä × þ ü Æ þÂ �� õ Ç þ� Þ ÷ ,° ¨� � õ ý� þ� � �� ¿ µ ÷� � �(� 6= 0) ,B2 =  � ��� � Dn�2 ! ,B1 = Dn Å þÂ �� õ ¤� ú � ¥� ü Ø þ �¤� ¬ � �,(℄15[)Àª� � ü õ B4 = 0BB� � 0 p220 � �p22�p22 �p22 � Dn�3 1CCA ø B3 = 0� �+ 12 12�12 �� 12 Dn�2 1A;.Àû¢üõ Çþ�Þ÷ �¤ diag[�1; :::; �j ℄ ýÂÎì ÅþÂ��õ ,j ´±·õ ¼�½¬ ¢Àä Âû ý�Â� Dj �î.Ý��îüõ ÓþÂã� �¤ �û �i , Â�¡� ´ó�� ¤�ú� ¥� ×þ Âû ¤¢ ,Hj ÓþÂã� ý�Â��Øþ ö�ð�Ìê ý¤�¢Â� ö�À�õ ×þ ,x : Mn1 ! ~Mn+11 () ý�µ÷¤�ó ý�þø ¤Â�� Â� 11.1 ÓþÂã�´±Æ÷ , N �� �µÆ��ø S ÛØª ÂÚÜÞä üÆþÂ��õ Çþ�Þ÷ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ (üã®�õ ��Þµ��) N Ý��ì.´¨� (i = 1; :::;4) Bi ý�û ÅþÂ��õ ¥� üØþ �¤�¬ ��, °¨��õ Àõ�ãµõ�Øþ �±ª ¸�î ×þ ��,p 2M �ÎÖ÷ Âû ¤¢ :Ý��îüõ ÓþÂã� ß��� �¤ �þø ¤Â�� Â� �n , ... ,�2 ,�1 üÜ¬� ý�ûüðÀ�Þ¡,�i(p) = �i(p) ÝþÂ�ðüõ ,i Âû ý�Â� ,[Sp℄ = B1 Âð�Â û ý�Â � �i(p) = �i�2(p) ø �2(p) = �(p) � i�(p) ,�1(p) = �(p) + i�(p) ,[Sp℄ = B2 Â ð�,i � 3,i � 3 Âû ý�Â� �i(p) = �i�2(p) ø �1(p) = �2(p) = �(p) ,[Sp℄ = B3 Âð�.i � 4 Âû ý�Â� �i(p) = �i�3(p) ø i � 3 ý�Â� �i(p) = �(p) ,[Sp℄ = B4 Âð� øñ� õÂ ê � � M ß�Ú ÷� � õ ü ðÀ � Þ¡ ß � õ-j ,x : Mn1 ! ~Mn+11 () ý� µ ÷¤� ó ý� þø ¤Â �� Â �ý� � Ü Þ � À � � .sj := P1�i1<:::<ij�n �i1 :::�ij ö� ¤¢ � î ¢� ª ü õ Ó þÂ ã � (nj )Hj = sj,ÛØª ÂÚÜÞä ý�Ê¿ÈõQp(t) = Qni=1(t��i(p)) =Pnl=0(�1)n�lsn�l(p)tl; .´¨� ö�ð�Ìê ý�þø¤Â�� ´ó�� À�÷�õ9



ý� µ ÷¤� ó � þ ü ÷� Þ þ¤ �Â ê� Ì ê ¤¢ ö� ðö� õ¥ � þ ö� ð� Ì ê ý� þø¤Â �� 12.1 ÓþÂã�S ÛØª ÂÚÜÞä ø N Ý��ì ý�Øþ ý¤�¢Â� ö�À�õ ×þ �� (0 � p � q � 1) x : Mnp ! ~Mn+1q ()Â� ÛØª ÂÚÜÞä ñ�Þ���õ ý��ÜÞ�À�� ý�û°þÂ® ý�Þû Âð� ¢�ªüõ ùÀ�õ�÷ Âµõ�¤��Ýû ,ö� �� �µÆ��ø.Àª�� ´��� M
Lj ø Pj ý�û ÂÚÜÞä 2.1ý¤�¢Â� ö�À�õ �� (0 � p � q � 1) ~Mn+1q () �Âê�Ìê ¤¢ Mnp ý�þø¤Â�� ý�Â� 13.1 ÓþÂã��� �µÆ��ø Pj : �(M)! �(M) ß���÷ ý�ûÛþÀ±� ,ö� �� �µÆ��ø S ÛØª ÂÚÜÞä ø N Ý��ì ý�Øþü��ÂÖµ¨� ýù��ª �� ,S ÛØª ÂÚÜÞäP0 = I; Pj = (��)jsjI + �S Æ Pj�1 ; (j = 1; :::; n)Â� §�Þõ ¤��Þû ý¤�¢Â� ý�û ö�À�õ ý�ä�Þ¹õ Â� ü÷�Þû ´ª�Ú÷ I ö� ¤¢ �î ¢�ª üõ ÓþÂã�¼þÂ¬ ñ�õÂê ý�¤�¢ Pj .� = � < N;N > ø ´¨� �þø ¤Â��Pj = (��)jPjl=0(�1)lsj�lSl =Pjl=0(nj�l)(�)lHj�lSl .S0 = I ø H0 = 1 ö� ¤¢ �î ´¨�,p 2M ý�ÎÖ÷ Âû ¤¢ ö�ð�Ìê ý�þø¤Â�� Â� .¢�ª üõ �¹��� S �� ø ´¨� ë�½ó�¢�¡ Pj ÂÚÜÞä.´Æ�÷ ß��� üÜî ´ó�� ¤¢ ö�ðö�õ¥ ý�þø ¤Â�� Â� üóø ´¨� ü÷Àª ýÂÎì ö�õ�Þû Pj(p) ø S(p)Ýþ¤�¢ ,(℄16[) üÎ¡ Â±� ¥� ö�µÜ�Þû-üÜ�î ý��Ìì ø S ý�Ê¿Èõ ý��ÜÞ�À�� ¥� ù¢�Ôµ¨� ��Q(t) ý�Ê¿Èõ ý��ÜÞ�À�� �� üã�Âõ ÅþÂ��õ ×þ �A Âð� :ö�µÜ�Þû-üÜ�î ý��Ìì) .Pn = 0(.Q( �A) = 0 Ýþ¤�¢ ,Àª��ÛØÈµõ feigni=1 Àõ�ãµõ�Øþ ý�þ�� �� ´±Æ÷ Pj ÂÚÜÞä üÆþÂ��õ Çþ�Þ÷ ,ö�ð�Ìê ý�þø¤Â�� Â�¤¢ �î Pjei = �i;jei Ýþ¤�¢ (1 � i � n) i Âû ý�Â� ø ´¨� ýÂÎì ,�þø ¤Â�� üÜ¬� ý�û ´ú� ¥�10



ö��i;j := (��)jPi1<:::<ij;il 6=i �i1 :::�ij ; (i = 1; :::; n; j = 0;1; :::; n� 1)¢Âî ü¨¤Â� �¤ ß�þ�� ¢�½�� üµ¨¤¢ ö��� üõ ü÷�¨� �� �i;j ø Hj ÓþÂã� ¥� ù¢�Ôµ¨� �� ø��i�i;j = �i;j+1 � (��)j+1sj+1 = �i;j+1 � (nj+1)Hj+1: (1)ø ö��� ß���÷ ÛþÀ±� Ýúõ ý�ú�ðÄþø ¥� ü¡Â� ℄5[ ø ℄4[ ý�ûâ�Âõ ¥� ��úó� �� ,Àã� ýù¤��ð ¤¢.¢�ªüõ ´���ö� ð� Ì ê ý� þø¤Â �� × þ x : Mn ! ~Mn+1q () � Rn+1+jjt À � � î Â ê 14.1 ù¤��ðø q 2 f0;1g , 2 f�1;0;1g ö� ¤¢ � î À ª� � ~Mn+1q () �Â ê� Ì ê ¤¢ À � ± Þ û Â þÁ �´ ú ��� �µÆ��ø ÛØª ÂÚÜÞä S , �þø ¤Â�� Â� Ý��ì ý�Øþ ý¤�¢Â� ö�À�õ ×þ N ,t := q + (1=2)(jj � ),j = (n� j)(nj ) = (j + 1)(nj+1) ø Àª��M üÜ¬� ý�û ´ú� Àõ�ãµõ�Øþ ý�þ�� feigni=1 ø NÝþ¤�¢; tr(Pj) = (��)j(n� j)sj = jHj (�); tr(Pj Æ S) = (��)j(j + 1)sj+1 = ��jHj+1 (�); tr(Pj Æ S2) = (nj+1)[nH1Hj+1 � (n� j � 1)Hj+2℄ (�);X 2 �(M) Âû ý�Â� tr(Pj Æ rXS) = ��(nj+1) < grad(Hj+1);X >(�).Pni=1(reiS)(Pj�1ei) = ��(nj )grad(Hj) (�)Ýþ¤�¢ ,Hj ø �i;j ÓþÂã� Â���� (�) .ö�ûÂ�tr(Pj) =Pni=1 �i;j =Pni=1(��)jPi1<:::<ij;il 6=i �i1 :::�ij= (��)j(n�j)Pi1<:::<ij �i1 :::�ij = (��)j(n�j)sj = jHj:Ýþ¤�¢ ,j ñ�õÂê ø (1)¢�½�� , Hj ø �i;j ÓþÂã� Â���� (�)11



tr(Pj Æ S) =Pni=1 �i�i;j = �Pni=1[�i;j+1 � (nj+1)Hj+1℄= �[tr(Pj+1)�n(nj+1)Hj+1℄ = �[j+1�n(nj+1)℄Hj+1 = ��jHj+1:Ýþ¤�¢ ,j ñ�õÂê ø (1)¢�½�� , Hj ø �i;j ÓþÂã� Â���� (�)tr(Pj Æ S2) =Pni=1 �2i �i;j =Pni=1 �i(�i�i;j) =Pni=1 �i�[�i;j+1 � (nj+1)Hj+1℄= �tr(Pj+1 Æ S)� �(nj+1)Hj+1(��nH1) = �j+1Hj+2 + n(nj+1)Hj+1H1= (nj+1)[nH1Hj+1� (n� j �1)Hj+2℄:Ýþ¤�¢ ,Pj , S ö¢�� ë�½ó�¢�¡ ø Hj ø �i;j ÓþÂã� Â���� (�)tr(Pj Æ rXS) =Pni=1 < (Pj Æ rXS)ei; ei >=Pni=1 < (rXS)ei; Pjei >=Pni=1 �i;j < (rXS)ei; ei >=Pni=1 �i;j < rX(Sei)� S(rXei); ei >=Pni=1 �i;j[< r0X(�iei); ei > � < r0Xei; �iei >℄ =Pni=1 �i;j < grad(�i);X >=Pni=1 < grad(�i);X > (��)j�i1<:::<ij;il 6=i�i1 :::�ij = (��)j < grad(sj+1);X >= ��(nj+1) < grad(Hj+1);X > :,�þø ¤Â�� Â� §�Þõ X;Y ý¤�¢Â� ö�À�õ ø¢ Âû ý�Â� (115« ,℄18[) ý¥�¢�î �ó¢�ãõ Â���� (�)ö�À�õ Âû ý�Â� ,Pj ø reiS ö¢�� ë�½ó�¢�¡ ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� .(rXS)Y = (rY S)X Ýþ¤�¢Ýþ¤�¢ ,�þø ¤Â�� Â� §�Þõ X ý¤�¢Â�Pni=1 < (reiS)(Pj�1ei);X >=Pni=1 < Pj�1ei; (reiS)X >=Pni=1 < Pj�1ei; (rXS)ei >= tr(Pj�1ÆrXS) = ��(nj ) < grad(Hj);X > : �¤¢ �î ,�1; :::; �n ý�û¤�ÀÖõ ¥� ù¢�Ô µ¨� � � ,x : Mn1 ! ~Mn+11 () ö�ð ö�õ¥ ý�þø ¤Â �� ý�Â ��¤ �j1;:::;jt;k ¢�Þ÷ ,´¨� ùÀª ÓþÂã� �þø ¤Â�� ÛØª ÂÚÜÞä ÅþÂ��õ ý�Â� ßØÞõ ÓÜµ¿õ ´ó�� ¤�ú��¤�Ê�12


