
���Ǳ����	� 
�����
���� ���� 	
����

���� �����
�	
� ���	
�� ��
� ��� ���

��� ����� ����

�����

����� ���	����� ������� ���� ������  �

�����	 
����

��� �����	 
���� ���	

	��� 
����

��� ���� ���� ���

�����


����� ����

���� ��� ��	
��



QmWD w |v=OQOk
u=Qt=m QDmO |=k; ?=vH QOkv=Qo C=tLR R= =D sv=O|t sRq OwNQ@ '=Dty|@ |=Dm} |=vF w OtL R= TB
"s}=tv|t Q}OkD 'OvOwtv |Q=} xt=vu=}=B u}= u} wOD QO =Q Q}kL u}= 'V} wN |=y|}=tvy=Q =@ xm QP;|v=w}O
|Hvo pwD@ sv=N R}v w |OQmyO u=}O=y O}y=v QDmO sv=N 'xO=RQOvrk u=@aW QDmO |=k; R= u}vJty

"s}=tv|t QmWD u=WO}it C=QmPD w xt=vu=}=B u}= xar=]t CyH Q=iY
=@ xQ=wty xm =Q sR} Ra QUty xS} w x@ sv=@ Qyt QO=t w QOB |=y|Q=m =Oi w C=tLR R}v u=}=B QO

"syv|t GQ= 'Ov=xOw@ Q}Ut u}= QO sy=ox}mD w =tvy=Q '|}=@}mW

?



xO}mJ
ZQi "OW=@ R R= |r;xO}= I w OW=@ d Oa@ R= |QDwv w Q=Om} |}=H@=H |a[wt -xkrL l} R O}vm ZQi
i Qy |=R=x@ Q} R OQ=wt QO xm s}yO|t u=Wv =t "OW=@ n Oa@ R= xOW O}rwD ,=}y=vDt pwOt �Rl} M O}vm

%Ov=|y=vDt ExtiR(
R
I
;Hj

I (M)) xDU@=w pw= |=yp;xO}= j w
"dimM � 3 �hr=�

"dimR � 4 �?�
"OW=@ Sn�3 pwOt �R l} M w dim

M
IM
� 2 �G�

"OW=@ Sn�3 pwOt �R l} M w ?aWvtQ}e R 'AnnRM = 0 w dim
R
I

= 3 �O�
'R xkrL R= pw= p;xO}= |y=vDt O=OaD QO <RH x@ jwi \}=QW CLD xm s}vm|t C@=F u}vJty

"CU= |y=vDt sy �Ip 'H i
I(M)p

Spec
R
I
�fm

I
g w dim

R
I
� 2 'p=tQv |r=mt � uywm pt=m R Qo = xm s}yO|t u=Wv xwqa x@

`HQt G}=Dv R= |m} R= |t}taD xm 'CU}v |y=vDtsy �I 'Hd�1
I (R) CQwY u}= QO 'OW=@ Ov@tyQ}e

"CU= [9]

"CU= |QDwv w Q=Om} '|}=H@=H |=xkrL 'R xt=vu=}=B u}= QU=QU QO xm CU= QmP x@ sRq
"|a[wt |Swrwtywm pwOt 'xDU@=w pw= p;xO}= 'uOw@ |y=vDt sy %|O}rm C=trm

G
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1 xtOkt pw=pYi
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9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xtOkt 2�1

13 |Swrwty C=tOkt swOpYi
13 . . . . . . . . . . . . . . . . . . . |Swrwty |=}=[k w h} Q=aD 1�2

21 |a[wt |Swrwtywm C=tOkt swUpYi
21 . . . . . . . . . . . . |a[wt |Swrwtywm x} Q_v |=}=[k w h} Q=aD 1�3

25 |D=tOkt G}=Dv sQ=yJpYi
25 . . . . . |a[wt |Swrwtywm |=yrwOt uOw@ |y=vDt sy |D=tOkt G}=Dv 1�4

O
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92 |U}rov= xO}mJ

y



pw= pYi

xtOkt

xtOkt u=}@ C=twRrt 1�1

u} QD|vqw]P0 � P1 � : : : � Pd w OW=@|a[wt xkrLl}R O}vmZQi %h} QaD 1�1�1
V}=tv dim(R) =@ w Ovt=v|t R 1pwQm Oa@ =Q d CQwY u}= QO "OW=@ R xkrL pw= |=yp=xO}= R= Q}HvR
QO 'k =

R
m

s}vm|t ZQi "OW=@ R |a[wt xkrL p=t}Um =t p;xO}= =yvD m s}vm|t ZQi "OvyO|t
"CiQo Q_v QO K u=O}t |wQ |Q=OQ@ |=[i l} u=wvax@ u=wD|t =Q m

m2 CQwY u}=

u }=Q @= v @ s } Q } o|t Q_ v QO m
m2 |Q=OQ @ |=[ i |=yO rwt O=Oa D p= t } v }t =Q V (R) p=L

"V (R) = dimk
m
m2

Krull �1

1



2 xtOkt 1 pYi

%CQwY u}= QO OW=@ |a[wt xkrL l} (R;m) O}vm ZQi %sr 2�1�1
dim(R) � V (R):

l} Q=DN=U |=Q=O m
m2 '[20] `HQt 6"19 Q@=v@ p=L "OwW|t QiY m xr}Uwx@ m

m2 pwOt�R %C=@F=
=@ m
m2 |Q=OQ@ |=[i�R

m
Oa@ '[20] `HQt 9"3 xr}Uwx@ p=L "CU= R

m
u=O}t |wQ |Q=OQ@ |=[i

"CU= u=Um} m |=yOrwt O=OaD p=t}v}t
xDio ?r=]t x@ xHwD =@ w u}=Q@=v@ w CU= R xkrL x}rw=�m =Pr w p=t}Um =t p;xO}= 'm |iQ] R=
R x}rw=�m p;xO}= l} Orwt O=OaD p=t}v}t dimR '[20] `HQt 5"18 Q@=v@ w C=@F= |=OD@= QO xOW

"OwW|t C@=F smL =Pr w CU=

"dim(R) = V (R) x=oQy 'Ov} wo s_vt =Q R |a[wt xkrL %h} QaD 3�1�1

|q=@ u=Qm u} QDmJwm 'M pwQm Oa@ "OW=@ QiY=v pwOt�R 'M O}vm ZQi %h} QaD 4�1�1
Oa@ OW=@v OwHwt |}q=@ u=Qm u}vJ Qo = "OW=@|t SuppRM QO pw= |=yp=xO}= R= |}=yQ}HvR |=ypw]
xkrL pwQm Oa@ =@ M pwQm Oa@ 'OW=@ xOW O}rwD ,=}y=vDt pwOt R 'M Qo = "CU= C}=yv|@ 'M pwQm
Oa@ =@ R

AnnRM
xkrL pwQm Oa@ ,=twRr 'OW=@v xOW O}rwD ,=}y=vDt 'M Qo = =t= 'CU= |w=Ut R

AnnRM

"CU}v Q@=Q@ M pwQm
"CU= l} |=yvt Q@=Q@ 'QiY pwOt pwQm Oa@ xm s}vm|t O=OQ=Qk =t u}vJty

xkrL pw= p;xO}= n+ 1 R= |y=vDt xr=@vO "OW=@ QiY=v |=xkrL R O}vm ZQi %h} QaD 5�1�1
%s}t=v|t n pw] R= pw= Q}HvR =Q Q} R CQwYx@ R

P0 � P1 � : : : � Pn:
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-xawtHt |q=@ u=Qm u} QDmJwm 'OW=@ R xkrL R= pw= p;xO}= P O}vm ZQi %h} QaD 6�1�1
"s}yO|t V}=tv hgt(P ) =@ w Ovt=v|t P `=iDQ= =Q 'P0 = P =yv; QO xm pw= |=yQ}HvR pw]

st}v}t =@ Q@=Q@ I p;xO}= `=iDQ= "OW=@ R xkrL R= |=xQU p;xO}= I O}vm ZQi %h} QaD 7�1�1
%OwW|t h} QaD I pt=W pw= |=yp=xO}= |=y `=iDQ=

hgt(I) = inffhgt(P )jP � Ig:

P pw= p;xO}= Qy |=R=x@ 'OW xDio xm |OQ=wt w h} QaD xr}Uwx@ xm CU= |y}O@ %xDmv 8�1�1
%R xkrL R=

hgt(P ) = dim(RP )

%s} Q=O R xkrL R= I p;xO}= Qy |=R=x@ u}vJty w

dim(
R
I

) + hgt(I) � dim(R):

R= |=xr=@vO a1; a2; : : : ; ar w pwOt�R l} M 'xkrL l} R O}vm ZQi %h} QaD 9�1�1
IM O=tv =@ =Q M R=

rX
i=1

aiM pwOtQ} R "I =< a1; : : : ; ar > s}vm|t ZQi "OW=@ R |=[a=
"s}yO|t u=Wv

xr=@vO�M '|oO=U |=Q@ =} s_vt xr=@vO�M l} =Q a1; a2; : : : ; ar 'OW=@ Q=QkQ@ Q} R \}=QW Qo =
%s}t=v|t

" M
< a1; a2; : : : ; ai�1 > M

|wQ QiY x}raswUktQ}e ai '1 � i � r Qy |=Q@ �hr=
"M 6= (a1; : : : ; ar)M �?

a1; a2; : : : ; ar 'OW=@ xDW=O jraD J x@ =yai |t=tD xm OW=@ OwHwt R xkrL R= J Ovv=t |r=xO}= x=oQy
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a1; a2; : : : ; ar; b xm OW=@v OwHwt J QO |b I}y Qo = xwqax@ "s}�wo J QO s_vt xr=@vO�M l} =Q
"s}t=v|t p=t} Rm =t s_vt xr=@vO�M =Q a1; a2; : : : ; ar CQwY u}= QO 'OW=@ s_vt xr=@vO�M l}

pw] "OW=@ pwOt�R l} M w OW=@ R xkrL R= |r=xO}= I O}vm ZQi %h} QaD 10�1�1
"s}yO|t u=Wv depth(I;M) =@ =Q I QO p=t} Rm =t |=yxr=@vO�M

%CQwY u}= QO "OW=@ pwOt�R 'M w OW=@ R xkrL R= |r=xO}= I 'O}vm ZQi %sr 11�1�1

depth(I;M) = minfijExtiR(
R
I
;M) 6= 0g:

"[16] `HQt %C=@F=

depth(M) =@ =Q depth(m;M) 'OW=@|a[wt xkrLl} (R;m) x=oQy %O=OQ=Qk 12�1�1
"s}yO|t V}=tv

|y=vDt O}rwD =@ QiY=v pwOt�R l} M w |QDwv xkrL l} R O}vm ZQi %h} QaD 13�1�1
%CQwY u}= QO "OW=@

grade(M) := inffijExtiR(M;R) 6= 0g(= depth(AnnRM;R)):

R xkrL R= Q w P pw= p;xO}= wO Qy |=R=x@ x=oQy Ov} wo |QDv=m =Q R xkrL %h} QaD 14�1�1
|=yp;xO}= R= O}m = Q}HvR u} QDoQR@ pw] |w=Ut hgt(P=Q) w OW=@ |y=vDt hgt(P=Q) 'P � Q xm

"OW=@ Q w P u}@ pw=
�"CU= Q=QkQ@ xQ=wty hgt(P=Q) uOw@ |y=vDt \QW 'OW=@|t |QDwv R xkrL uwJ %xHwD�
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%OvrO=at sy Q} R \}=QW 'OW=@ |QDwv K}LY xvt=O R Qo = %x}[k 15�1�1
"CU= |QDv=m 'R �hr=

%s} Q=O P � Q xm R xkrL R= Q w P pw= p;xO}= wO Qy |=R=x@ �?

hgt(P ) = hgt(Q) + hgt(P=Q):

%s} Q=O hgt(P=Q) = 1 w P � Q xm |Qw] x@ Q w P pw= p;xO}= wO Qy |=R=x@ �G

hgt(P ) = hgt(Q) + 1

"[16] `HQt QO 34"1 x}[k x@ OwW ẁHQ %C=@F=

CQwY u}= QO 'OW=@ u; |@ Q[ xDU@ xawtHtQ} R l} S w |QDv=m 'R xkrL Qo = �i %sr 16�1�1
"CU= |QDv=m R}v S�1R -xkrL

"CU= |QvD=m R}v u; |DtUkGQ=N xkrL Qy x=ov; 'OW=@ |QvD=m R -xkrL Qo = (ii

R xkrL R= |rw= p;xO}= P u; QO xm CU= S�1P CQwYx@ 'S�1R xkrL pw= p;xO}= Qy �i %C=@F=
jwi sr C=@F= 'CU= |QvD=m 'R xm u}= u}vJty w jwi ?r]t x@ xHwD =@ p=L "P \ S = Q w CU=

"CU= u=U; Q=}U@
"CU= K[=w (ii

|QvD=m xOW O}rwD ,=}y=vDt Q@H�R Qy x=oQy Ov} wo |QvD=m ,=twta =Q R xkrL %h} QaD 17�1�1
"OW=@
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|=yCr=L "OW=@ |QDwv |a[wt xkrL l} (R;m; k) O}vm ZQi %h} QaD w sr 18�1�1
�"CU= R xkrL xYNWt 'ch(R) R= Qw_vt Q} R |=yCr=L x}rm QO� %OQ=O u=mt= Q} R

"�CU= pw= |OOa P xm � ch(R) = P = ch(k) �hr=
"ch(R) = 0 = ch(k) �?

"1 < n 2 N ch(R) = P n; ch(k) = P �G
"ch(R) = 0; ch(k) = P �O

'R xkrL s}�wo|t O w G Cr=L wO QO w CU= xYNWt sy 'R xkrL s}�wo|t ? w hr= Cr=L wO QO
"CU= xYNWt sy Q}e

"CU= OwHwt [23] `HQt QO jwi |=aO= %C=@F=

O}vm ZQi w OW=@ xYNWt sy Q}e '(R;m; k) |a[wt xkrL O}vm ZQi %h} QaD 19�1�1
R xkrL 'P 62 m2 Qo = w P 2 m2 Qo = s}�wo ?aWvt =Q R xkrL "CU= pw= |OOa P xm 'chk = P

"s}t=v|t ?aWvt Q}e =Q R xkrL 'OW=@ xYNWt sy 'R xkrL xm |Dr=L QO "s}�wo|t ?aWvtQ}e =Q

j}kO xDWQ "OW=@ pwOt�Rl}M w OW=@ |QDwv xkrL l} R O}vm ZQi %|Qw;O=} 20�1�1

E0 d0�! E1 d1�! E2 �! : : : E1 di�! Ei+1 �! : : :

OW=@ Imdi�1 w}DmSv= VWwB Ei 'i 2 N Qy |=R=x@ x=oQy 'Ov} wo M |=Q@ p=t}v}t w}DmSv= p}rLD l} =Q
"OW=@ M w}DmSv= VWwB E0 w

s}kDUt `tHpY=L CQwYx@ u=wD|t =Q E w}DmSv= pwOt Qy [17] `HQt 18"5 x}[k Q@=v@
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%CWwv �OW=@ QiY pwOt =yv; s}kDUt OvwatH =yvD |va}� Q}PB=v x} RHD w}DmSv= |=ypwOt

E =
M
�2�

E� �CU= |vOWv |WqDt w}DmSv= E��"

|=R=x@ Qo = =yvD w Qo = CU= |vOWv x} RHD I w}DmSv= pwOt Qy '[17] `HQt hr= CtUk 18"4 x}[k Q@=v@
Qy =Pr "CU= R

P
p=t}v}t wD}mSv= VWwB 'ER(

R
P

) u; QO xm 'I = ER(
R
P

) 'R R= P pw= p;xO}= l}
%CWwv p@=kt CQwYx@ u=wD|t =Q w}DmSv= pwOt

E =
M
�2�

ER(
R
P�

):

1T=@ OOa u}t=�i "OW=@ pwOt�Rl} M w OW=@ xkrL l} R O}vm ZQi %h} QaD 21�1�1
xrtH u}t=�i 'Ei = �

�2^E(
R
p�

) Qo = "OwW|t xO=O V}=tv �i(P;M) =@ P pw= p;xO}= x@ C@Uv M
%CQwY u}= QO 'OW=@ M w}DmSv= p=t}v}t p}rLD

�i(P;M) = cardf� 2 ^ j p� = Pg:

pw= p;xO}= "OW=@ pwOt�R l} M w OW=@ |QDwv xkrL l} R O}vm ZQi %h} QaD 22�1�1
%OW=@ Q=QkQ@ Q} R pO=at \}=QW R= |m} Qo = 's}t=v|t M -xDU@=w pw= p;xO}= l} =Q R xkrL R= P

"AnnR(x) = P xm OW=@ OwHwt x 2M �hr=
"OW=@ hQwtwR}= R

P
=@ xm OW=@ |rwOtQ} R |=Q=O M �?

"s}yO|t V}=tv Ass(M) =} AssR(M) =@ =Q M -xDU@=w pw= |=yp=xO}= |t=tD xawtHt
Bass �1
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=} SuppR(M) =@ =Q M CQwB=U 'OW=@ pwOt�R l} M O}vm ZQi %h} QaD 23�1�1
%OwW|t h} QaD Q} R CQwYx@ w OwW|t xO=O V}=tv Supp(M)

SuppR(M) = fP 2 SpecRj9 x 2M ; AnnR(x) � Pg:

SuppR(M) QO xm P pw= p;xO}= Qy |=R=x@ x=oQy 'Ov} wo Oa@ty =QM pwOt %h} QaD 24�1�1
"dim

R
P

= dimM 'OW=@ p=t}v}t

xOW O}rwD ,=}y=vDt QiY=v pwOt�R "OW=@ |QDwv |a[wt xkrL R O}vm ZQi %h} QaD 25�1�1
"depthM = dimM 'x=oQy s}�wo |r=mt uywm =Q M

uywm pwOt�R "s}t=v|t |r=mt uywm xkrL =Q R 'OW=@ |r=mt uywm pwOt�R u=wvax@ VOwN R Qo =
"dimM = dimR x=oQy 'Ov} wo p=t} Rm =t |r=mt � uywm =Q M |r=mt�

O}rwD =@ QiY=v pwOt �R 'OW=@ x=wNrO |QDwv xkrL R Qo = '|rm Cr=L QO %xDmv 26�1�1
�Rm l} Mm 'm 2 Supp(M) p=t}Um =t p;xO}= Qy |=R=x@ Qo = CU= |r=mt uywm M |y=vDt

"OW=@ |r=mt uywm pwOt

K}LY xDU@ xvt=O 'R |=y|R=U|a[wt x}rm Qo = s}�wo p=tQv =Q R xkrL %h} QaD 27�1�1
"OvW=@

CQwYx@ |SwrwB wD l}X = SpecR |wQ "OW=@ xkrL l} R O}vm ZQi %h} QaD 28�1�1
I u; QO xm OvQ} R CQwYx@ u; |=yxDU@ "Ov} wo R 1|mUQ=R |SwrwB wD =Q u; QO xm OQ=O OwHw Q} R

Zariski �1
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%Ov=R xkrL |=yp;xO}=
V (I) = fP 2 X j I � Pg:

Y |=[iQ} R "CU= R=@ V (I) xawtHt Qy stDt 'p@k h} QaD \}=QW CLD %h} QaD 29�1�1
u; |yDQ}e |=RHt R=@ -xawtHt Q} R wO `=tDH= CQwYx@ =Q u; u=wDv x=oQy Ovt=v Ov@ty =Q SpecR R=

"CU= Ov@ty=v |=xawtHt 'Y CQwY u}= Q}e QO 'CWwv

(Sn) 1QU \QW QO 'R |QDwv xkrL |wQ M xOW O}rwD ,=}y=vDt pwOt�R %h} QaD 30�1�1
%s}W=@ xDW=O 'R xkrL R= P Ovv=t p;xO}= Qy |=R=x@ x=oQy 'Ovm|t jOY

depthMP � minfn; dimMPg

xtOkt 2�1
pwOt�R l} M w R xkrL R= |r=xO}= I O}vm ZQi "OW=@ |QDwv w |a[wt |=xkrL R O}vm ZQi
Cr=L QOH i

I(M) |a[wt |Swrwtywm |=ypwOt i > 0 Qy |=R=x@ xm s}v=O|t "OW=@ xOW O}rwD ,=}y=vDt
\}=QW R= |NQ@ CLD xm O=O u=Wv Q}N= |=yp=U QO xOt; CUOx@ G}=Dv p=L Qy x@ "OvDU}v |QDwv |rm
Qw] x@ "OvmQDWt |QDwv |=ypwOt =@ |U=U= X=wN R= |NQ@ QO |a[wt |Swrwtywm |=ypwOt '|rY=
pw= |=yp=xO}= i � 0 Qy |=R=x@ CQwY u}= QO 'OW=@ s_vt |a[wt ?aWvt Q}e |=xkrL R Qo = p=Ft
OvOQm C@=F [9] `HQt QO C@Ft xYNWt QO =Q xr-=Ut u}= 3AQ=W w 2xm}vy "Ov=|y=vDt H i

I(M) xDU@=w
Serre �1

Huneke �2
Sharp �3
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"OW C@=F [13] w [12] `H=Qt QO 1l}vR@ w}r xr}Uwx@ R}v QiY xYNWt QO w
OW=@v s_vt R Qo = |DL O=O u=Wv xm OQm x�=Q= |r=Ft [7] xr=kt QO 2uQwWDQ=y 1970 p=U QO
xkrL Qy |=R=x@ =};� xm xr-=Ut u}= 'QN=w= u}ty =D "OvW=@ |y=vDt=v H i

I(M) T=@ O=Oa= CU= umtt
�#Ov=|y=vDt H i

I(M) xDU@=w pw= |=yp=xO}= O=OaD 'R xkrL R= I x=wNrO p;xO}= w R x=wNrO |QDwv
u=Wv xm OW x�=Q= [21] w [11] `H=Qt QO |}=yp=Ft p=L Qy x@ "Ow@ xOv=t |k=@ R=@ xr-=Ut l} u=wvax@

"OvQ=O OwHw R}v |y=vDt=v xDU@=w pw= |=yp=xO}= =@ |a[wt |Swrwtywm |=ypwOt 'O=O
Qy |=R=x@ 'OvDUy lJwm dim

M
IM

w dimR xm |t=ovy s}yO|t u=Wv xt=v u=}=B u}= QO
?D=Qt x@ xm s}vm|t C@=F =Q |=xH}Dv =t 'Ck}kL QO "Ov=|y=vDtH i

I(M) xDU@=w pw= |=yp=xO}= 'i � 0
pw= |=yp=xO}= -xawtHt j w i Qy |=R= x@ xm CU= u}= u; w CU= p=L x@ =D xOt; CUOx@ G}=Dv R= QD|wk

"Ov=|y=vDt ExtiR(
R
I
;Hj

I (M)) xDU@=w
xkrL R= p;xO}= |y=vDt O=OaD QO <RHx@ 'H i

I(M) |=y|R=U|a[wt xm s}O=O u=Wv =t xwqax@
"s}=xOv=Hvo xt=vu=}=B u}= |v=}=B pYi QO =Q xOW xDio G}=Dv R= |Q=}U@ O=OaD "CU= |y=vDtsy 'R

pwOt�Rl} M w u; R= |r=xO}= I 'OW=@ s_vt |a[wt xkrL R O}vm ZQi %x}[k 1�2�1
%OvwW ^iL Q} R \}=QW R= |m} O}vm ZQi "OW=@ n Oa@ R= xOW O}rwD ,=}y=vDt

dimM � 3 �hr=
dimR � 4 �?

"Ovm jOY Sn�3 \QW QO M w dim
M
IM
� 2 �G

"OW=@ Sn�3 'M w OW=@ ?aWvt Q}e |=xkrL R w AnnRM = 0 w dim
R
I

= 3 �O
Lyubeznik �1

Hartshorne �2
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xwqax@ "OvDUy |y=vDt ExtiR(
R
I
;Hj

I (M)) 'xDU@=w pw= |=yp=xO}= 'j w i Qy |=R= x@ CQwY u}= QO
"CU= |y=vDtsy�IP 'Hj

I (M)P 'P pw= p;xO}= Qy |=R=x@ '|y=vDt O=OaD <RHx@
1"2"1 x}[k \}=QW R= |NQ@ xm OyO|t u=Wv 'CU= xOW u=}@ sHvB pYi QO xm |}=yp=Ft
O=O u=Wv 1u=tRD=m |=yp=Ft u}vJty "CU= |QwQ[ 'Hj

I (M) uOw@ |y=vDt sy |a[wt Qw] x@ |=Q@
s_vt |a[wt xkrL |wQ M x=wNrO pwOt�R |=Q@ 'Hj

I (M) xDU@=w pw= |=yp=xO}= uOw@ |y=vDt xm
GvB s_vt |a[wt xkrL |wQ |a[wt |Swrwtywm pwOt =}; xm xr-=Ut u}= "OwW|tv ^iL |Oa@ VW

"CU= xOv=t |k=@ R=@ Rwvy 'CU= |y=vDt=v xDU@=w pw= |=yp=xO}= |=Q=O '|Oa@
uQwWDQ=y xr}Uwx@ swyit u}= 'CU= uOw@ |y=vDt sy 'xt=v u=}=B u}= QO ?r]t u} QDC}ty= QB
|Q=}U@ "CiQo CQwY [9] `HQt QO 2w*m w xm}vy xr}Uwx@ QDW}@ xar=]t w OW h} QaD [8] `HQt QO
xDiQo CQwY jwi `HQt wO j}kO xar=]t xr}Uwx@ 'uOw@ |y=vDt sy xv}tR QO xt=vu=}=B u}= G}=Dv R=
|=Q@ ExtiR(

R
I
;N) w SuppR(N) � V (I) x=oQy OwW|t xDio |y=vDtsy�I 'N pwOt�R "CU=

"OW=@ xOW O}rwD ,=}y=vDt 'i � 0 Qy
�"s}yO|t V}=tv V (I) =@ =Q I pt=W pw= |=yp=xO}= |t=tD xawtHt'xt=vu=}=B u}= QU=QU QO�
OW=@ xOW O}rwD ,=}y=vDt M pwOt�R w pt=m s_vt |a[wt xkrLR Qo = xm OQm C@=F uQwWDQ=y
'H i

I(M) |Swrwtywm |=ypwOt 'i Qy |=Rx@ x=ov; 'dim
R
I
� 1 =} w OW=@ |rY= I Qo = CQwY u}= QO

|=Q@ G}=Dv u}= xm OW xO=O u=Wv [12] w [5] w [22] |=y`HQt QO u}= R= TB "OvDUy |y=vDt sy �I
|=ypwOt R= |}=yp=Ft w*m w xm}vy =yOa@ w uQwWDQ=y "OvwW|t ^iL x=wNrO |QDwv |a[wt |=yxkrL
|=yC=@F= R= |Q=}U@ QO xm |m}vmD "OvOQm x�=Q= 'OvOw@v |y=vDtsy�I xm H i

I(M) |a[wt |Swrwtywm
'H i

I(M)x 'i Qy |=R=x@ xm s}vm|t ?=NDv= u=vJ =Q x 2 R =OD@= xm CU= u}= OwW|t xO=iDU= =t
Katzman �1

Koh �2
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sQ=yJ pYi QO "OW=@ |y=vDt=v =Q =tW 'H i
I(M)x xDU@=w pw= |=yp=xO}= xawtHt w OW=@ |y=vDtsy�Ix

"OQ=O OwHw w[a u}= |v=tR xJ xm CU= xOW xO=O u=Wv
`HQt �ii� CtUk 3"6 x}[k R= |t}taD xm =Q Q} R x}[k u}vJty w 1"2"1 x}[k 'sHvB pYi QO

"CU= xOW C@=F 'CU= [9]

"OW=@ d Oa@ R= p=tQv |r=mt uywm pt=m |a[wt xkrL (R;m) O}vm ZQi %x}[k 2�2�1
QO "OW=@ Ov@ty Q}e Spec

R
I
� fm

I
g w dim

R
I
� 2 xm OW=@ R xkrL R= |r=xO}= I xm O}vm ZQi

|y=vDtsy�I 'Hd�1
I (R) xH}Dv QO "CU}v xOW O}rwD ,=}y=vDt 'HomR(

R
I
;Hd�1

I (R)) CQwY u}=
"CU}v

"CU= Q=Om} |}=H@=H xkrL Qw_vt xOW xOQ@ Q=m@ �xkrL� Cer =H Qy xt=vu=}=B u}= QU=QU QO
w QDW}@ xar=]t |=Q@ "OW=@|t R}v |QDwv xkrL xm CU= u}= Qw_vt �|a[wt xkrL� xOW xDio =HQy w

"O}vm xaH=Qt [17] w [3] |=y`HQt x@ O}v=wD|t xt=vu=}=B u}= C=Lq]Y= =@ |}=vW;



swO pYi

|Swrwty C=tOkt

|Swrwty |=}=[k w h} Q=aD 1�2

�R R= |=xr=@vO R= CU= CQ=@a Ci=@ty l} OW=@ xkrL l} R O}vm ZQi %h} QaD 1�1�2
%CU= Q} R CQwY x@ =y|DN} Qty �R w =yrwOt

C0 : : : : �! Cn+1
dn+1�! Cn

dn�! Cn�1 �! : : :

u}= R= w CU= Im(dn+1) � Ker(dn) RQ=sy \QW u}= "dndn+1 = 0 s} Q=O w n 2 N0 u; QO xm
"CU= jwi CQwY x@ |Di=@ty Qw_vt s}OQm xO=iDU= (C; d) O=tv R= xm =H Qy TB
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Q_vQO =Q Q} R CQwY x@ |Di=@ty OW=@ x=wNrO pwOt �R l} M O}vm ZQi %h} QaD 2�1�2
%O} Q}o@

C0 : : : : �! C1 �! C0 �!M �! 0

xOW hPL Ci=@ty =Q u; w CU= xOW hPL M xrtH u; QO xm s} R=U|t |Di=@ty jwi Ci=@ty R=
%CU= Q} R CQwY x@ w s}t=v|t C0 R=

CM : : : : �! C1 �! C0 �! 0

pwOt �R |=Q@ w}DmSv= p}rLD l} OW=@ x=wNrO pwOt �Rl} M O}vm ZQi %h} QaD 3�1�2
%CU= Q} R CQwY x@ =y|DN} Qty �R w =yrwOt �R R= |vqw] j}kO xr=@vO l} M

E0 : 0 �!M f�! E0 d0�! E1 d1�! : : :

"CU= w}DmSv= |rwOt �R 'En 'n 2 N0 Qy |=Q@ u; QO xm

l} |=Q=O M CQwY u}= QO 'OW=@ x=wNrO pwOt �R l} M O}vm ZQi %x}[k 4�1�2
"CU= w}DmSv= p}rLD

"3"28 x}[k [19] `HQt x@ OwW ẁHQ %C=@F=

M � E xm CU= E Ovv=t |rwOt �R 'M pwOt�R R= |U=U= `}UwD l} %h} QaD 5�1�2
Qo = xwqa@ "S \M 6= 0 s}W=@ xDW=O E R= S Ovv=t QiYQ}e pwOtQ} R �R Qy |=Q@ xm |Qw] x@

"s}t=v|t M pwOt �R R= xQU |U=U= `}UwD l} =Q E =t 'M $ E
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"OW=@ xDW=Ov xQU |U=U= `}UwD M Qo = \ki w Qo = CU= w}DmSv= M pwOt �R %x}[k 6�1�2
"[19] `HQt 3"29 x}[k x@ OwW ẁHQ %C=@F=

'CU= M pwOt �R pt=W xm OW=@ x=wNrO pwOt �R l} E O}vm ZQi %x}[k 7�1�2
%OvrO=at u; |=Q@ Q} R \}=QW

"CU= M p=t}Um =t |U=U= `}UwD E �hr=�
"CU= M pwOt �R R= |U=U= `}UwD E w CU= w}DmSv= |rwOt �R 'E �?�

"CU= M p=t}v}t w}DmSv= `}UwD E �G�

"3"30 x}[k [19] `HQt x@ OwW ẁHQ %C=@F=

� R |=Q@ w}DmSwQB p}rLD l} 'OW=@ x=wNrO pwOt �R l} M O}vm ZQi %h} QaD 8�1�2
%CU= Q} R CQwY x@ =y|DN} Qty �R w =yrwOt �R R= |vqw] j}kO xr=@vO l} R= CU= CQ=@aM pwOt

P0 : : : : P1 d1�! P0 d0�!M �! 0

"CU= w}DmSwQB |rwOt �R 'Pn 'n 2 Z Qy |=R=x@ u; QO xm

CQ=@a C |Swrwty pwOt u}t=�n 'OW=@ Ci=@ty l} (C; d) O}vm ZQi %h} QaD 9�1�2
%R= CU=

Hn(A) =
Ker(dn)
Im(dn+1)

:

'Im(dn+1) � Ker(dn) %s} Q=O 'n 2 Z Qy |=R=x@ 's}OQm QmP =yCi=@ty h} QaD QO xm xvwo u=ty
"CU= xOW h} QaD |DUQO x@ |DtUkGQ=N pwOt =Pr


