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1 ÛÊê
��óø� Ý�û�Ôõ ø Óþ¤�ã�



.À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ �õ�÷ ö�þ�� �õ�¢� ¤¢ �î Àª��üõ ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ö��� ÛÊê ßþ� ¥� éÀû
�ûÂÚÜÞä ø �Â±Ü�û ý�û�Ìê 1-1´ª�Ú÷ .Àª�� ÍÜµ¿õ �þ üÖ�Ö� ¢�Àä� ¥� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ X À��î Âê .1.1.1 ÓþÂã�h :; :i : X �X ! F ù�ðÂû ,Ý�þ�ð üÜ¡�¢ �Â® �¤:x = 0 Âð� �ú�� ø Âð� hx; xi = 0 ø hx; xi � 0 ,x 2 X Âû ý�¥� �� (1): hx1 + x2; yi = hx1; yi + hx2; yi ,x1; x2; y 2 X Âû ý�¥� �� (2): h�x; yi = � hx; yi ,� 2 F ø x; y 2 X Âû ý�¥� �� (3).(´¨� hx; yiÍÜµ¿õ �ø¢�õ hx; yi ) hx; yi = hy; xi ,x; y 2 X Âû ý�¥� �� (4).À�þ�ð üÜ¡�¢ �Â® ý�Ìê ,üÜ¡�¢ �Â® ý�¤�¢ ý¤�¢Â� ý�Ìê Âû �� .2.1.1 ÓþÂã�Í¨�� ùÀª ÓþÂã� �Â÷ �� ´±Æ÷ ù�ðÂû ,À�þ�ð �Â±Ü�û ý�Ìê �¤ H üÜ¡�¢ �Â® ý�Ìê .3.1.1 ÓþÂã�.Àª�� Ûõ�î ,jjxjj = hx; xi1=2 ,üÜ¡�¢ �Â®ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ÂÚÜÞä×þ T : H ! K ´ª�Ú÷ ,À�ª�� �Â±Ü�û ý�û�Ìê K ø H Âð� .4.1.1 ÓþÂã�:Ý�ª�� �µª�¢ (´¨�ûÂó�Ø¨� ö�À�õ F ) � 2 F ø h1; h2 2 H Âû ý�Â�T (�h1 + h2) = �T (h1) + T (h2):Çþ�Þ÷ B(H;K) �� �¤ K �Â±Ü�û ý�Ìê �� H �Â±Ü�û ý�Ìê ¥� ¤�À÷�Âî ø üÎ¡ ý�ûÂÚÜÞä ��Þ� �ä�Þ¹õ.Ý�û¢üõ Çþ�Þ÷ B(H) �� �¤ B(H;H) ù�Ú÷� ,H = K Âð� .Ý�û¢üõ.Àª��üõ �Â±Ü�û ý�Ìê ×þ x; y 2 Kn Âû ý�Â� hx; yi = nPj=1x(j)y(j) üÜ¡�¢ �Â® �� Kn ý�Ìê (1)6



.Àª��üõ �Â±Ü�û ý�Ìê ×þ x; y 2 l2 Âû ý�Â� hx; yi = 1Pj=1x(j)y(j) üÜ¡�¢ �Â® �� l2 ý�Ìê (2)ý�Ìê ×þ ,´¨� � ù¥�À÷� �� ù¥�À÷� ý�Ìê ×þ T �î ,hx; yi = RT x y d� üÜ¡�¢ �Â® �� L2(T ) ý�Ìê (3).Àª��üõ �Â±Ü�û:¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� H �Â±Ü�û ý�Ìê ¤¢ ,jjAjj ,A ÂÚÜÞä �Â÷ .5.1.1 ÓþÂã�kAk = sup kAxkkxk=1 = sup jhy;Axijkxk=kyk=1 :hAh; ki = hh;Bki �î �¤ B 2 B(K;H) ÂÚÜÞä ù�Ú÷� .Àª�� A 2 B(H;K) À��î Âê .6.1.1 ÓþÂã�üµ�õÂû �þ ë�½ó�¢�¡ �¤ A ÂÚÜÞä ,A = A� Âð� .Ý�û¢üõ Çþ�Þ÷ B = A� ¢�Þ÷ � � ø Ý�õ�÷üõ A ë�½ó�.À�þ�ðüõù�Ú÷� ,Àª�� T 2 B(H) ø �Â±Ü�û ý�Ìê ×þ H Âð� .7.1.1 ù¤��ðkTk = kT �k = kT �Tk12 : � .¢�ª �ã��Âõ [5℄ �� .��±��:¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� A �Â÷ ,Àª�� üµ�õÂû A ÂÚÜÞä Âð� .8.1.1 ù¤��ðkAk = sup jhx;Axijkxk=1 � .¢�ª �ã��Âõ [5℄ �� .��±��ø a1 � A � a2 ,a2; a1 üÖ�Ö� ¢�Àä� ý�Â� ø Àª�� ë�½ó�¢�¡ ýÂÚÜÞä A 2 B(H) Âð� .9.1.1 ù¤��ð�¹�µ÷ ¤¢ ø ,��a2�a12 � � A� a � a2�a12 ù�Ú÷� ,Àª�� a = a1+a22 Âð� ß��»ÞûkA� ak � a2�a12 :� .Àþ�üõ ´¨À� �Â÷ «��¡ ¥� ��®�� .��±��7



�î ,¢�ª �þ�¹� A = ReA+ i ImA �¤�Ê� À÷���üõ A ÂÚÜÞä Âû .(ü�¤�î¢ �þ�¹� ��Ìì)10.1.1 ù¤��ð.À�ª��üõ üµ�õÂû üþ�ûÂÚÜÞä ImA = A�A�2i ø ReA = A+A�2� .¢�ª �ã��Âõ [5℄ �� .��±��.À�þ�ð ñ�õÂ÷ �¤ A ÂÚÜÞä ,AA� = A�A :Ý�ª�� �µª�¢ ù�ð Âû .11.1.1 ÓþÂã�S � z ù�Ú÷� ,Àª�� S ü�¤�î¢ �þ�¹� S = A + iB �Øþ¤�Î� Àª�� ñ�õÂ÷ S 2 B(H) Âð� .12.1.1 ù¤��ðø ´¨� ñ�õÂ÷ z ÍÜµ¿õ ¢�Àä� ��Þ� ý�Â�kS � zk2 � kA� ak2 + kB � bk2 ;.Àª��üõ z ü�¤�î¢ �þ�¹� z = a+ ib �î� .´¨� ¤�ÂìÂ� ��®�� ÝØ� ¶Ü·õ ýø�Æõ�÷ ø �Â÷ «��¡ �� ���� �� .��±��.hAx; xi � 0 , x 2 Cn Âû ý�Â� ù�ðÂû ,´¨� ´±·õ ß�ãõ �Þ�÷ A 2Mn ÅþÂ��õ .13.1.1 ÓþÂã��î ´¨��ãõ ö�À� ßþ� ø A = A� �Áó .hAx; xi = hx;Axi:Ýþ¤�¢ A´±·õ ß�ãõ �Þ�÷ ÅþÂ��õ Âû ý�Â� ßþ�Â����.´¨� üµ�õÂû ´±·õ ß�ãõ �Þ�÷ ÅþÂ��õ Âû:Ý�ª�� �µª�¢ x 2 H Âû ý�Â� ù�ðÂû ,A � B Ý�Æþ�÷üõ B ø A üµ�õÂû ý�ûÅþÂ��õ ý�Â� .14.1.1 ÓþÂã�hAx; xi � hBx; xi :.´¨� ´±·õ ß�ãõ �Þ�÷ A ü�ãþ ,A � 0 ßþ�Â���� .´¨� ´±·õ ß�ãõ �Þ�÷ A�B ÂÚÜÞä �¤�¬ ßþ� ¤¢.Àª�� ´±·õ A�1 Âð� �ú�� øÂð� ´¨� ´±·õ A 2Mn ÂþÁ�§�Øãõ ÅþÂ��õ .15.1.1 ù¤��ð� .¢�ª �ã��Âõ [6℄ �� .��±��.´¨� ´±·õ ß�ãõ �Þ�÷ k = 1; :::; n ý�Â� Ak ù�Ú÷� ,Àª�� ´±·õ ß�ãõ �Þ�÷ A 2Mn Âð� .16.1.1 ù¤��ð� .¢�ª �ã��Âõ [6℄ �� .��±��8



ù�Ú÷� ,À�ª�� � = jjAjj2 ø ´±·õ ýÂÚÜÞä A 2 B(H) À��î Âê .17.1.1 ù¤��ðkA� �k � � : � .¢�ª �ã��Âõ [6℄ �� .��±���î Àª�� H �Â±Ü�û ý�Ìê ¤¢ ý¤�¢Â� x Âð� .Àª�� A � 0�Øþ¤�Î� A 2 B(H) À��î Âê .18.1.1 ù¤��ðù�Ú÷� ,kxk � 1hAx; xir � hArx; xi ; r � 1 :� .¢�ª �ã��Âõ [18℄ �� .��±��:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø Ý�û¢üõ Çþ�Þ÷ kAk1�� �¤ A üÔ�Ï �Â÷ .19.1.1 ÓþÂã�kAk1 = Sup fkAxk : kxk = 1; x 2 Cng :ü�ãþ ,¢¤�¢ ü�Â®Âþ¥ ´�¬�¡ üÔ�Ï �Â÷ ß��»ÞûkABk1 � kAk1 kBk1 :�ó¢�ãõ .Àª�� x 2 Cn ø A 2Mn À��î Âê .20.1.1 ÓþÂã�Ax = �x; x 6= 0;ùÄþø ¤�ÀÖõ ×þ �¤ � ù�Ú÷� ,À��î ëÀ¬ ��� �ó¢�ãõ ¤¢ x ÂÔ¬Â�è ¤�¢Â� ø � Âð� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ � 2 C �î.Ý�û¢üõ ö�È÷ �p(A) �� �¤ A ùÄþø Âþ¢�Öõ �ä�Þ¹õ .À�þ�ðüõ � �� ÂÒ��µõ ùÄþø ¤�¢Â� �¤ x ø A ý�Â�A + B ¥� �Ø þ Àõ�ã µ õ ùÄ þø ¤�¢Â � uj ,j = 1;2; :::; n ý�¥� � � ø A;B � 0 À� � î Âê .21.1.1 ù¤��ð:Àª��üõ ¤�ÂìÂ� Âþ¥ ýø�Æõ�÷ �¤�¬ ßþ�¤¢ .Àª�� �j(A+B)ùÄþø ¤�ÀÖõ �� ÂÒ��µõkPj=1hnA(A+ I)�1 +B(B + I)�1ouj ; uji � kPj=1 h(A+B)(A+B + I)�1uj ; uji9



� .¢�ª �ã��Âõ [1℄ �� .��±��:¢Âî ÓþÂã� ö���üõ Âþ¥ �¤�Ê� �¤ �Â÷ ,Àª�� ñ�õÂ÷ A ÂÚÜÞä Âð� .22.1.1 ù¤��ðkAk = max fj�j j : �j 2 �p(A)g : � .¢�ª �ã��Âõ [5℄ �� .��±��¥� ´Æ�¤�±ä ø À�û¢üõ Çþ�Þ÷ �(T ) �� �¤ T : X ! Y ÂÚÜÞä Ó�Ï .23.1.1 ÓþÂã��(T ) = f� 2 F : �� T =2 Inv(Y ) g ;.À�µÆû Y ÂþÁ�§�Øãõ Â¬��ä �ä�Þ¹õ Inv(Y ) �îýø¤ f Âû ý�Â� ù�Ú÷� ,Àª�� B(H) ¤¢ ñ�õÂ÷ ýÂÚÜÞä A Âð� .(üÔ�Ï ´ª�Ú÷ ��Ìì)24.1.1 ù¤��ðÝþ¤�¢ ,C(�(A))� (f(A)) = f (�(A)) : � .¢�ª �ã��Âõ [6℄ �� .��±��.´¨� üÖ�Ö� T Ó�Ï ù�Ú÷� ,Àª�� H ¤¢ ë�½ó�¢�¡ ÂÚÜÞä ×þ T Âð� .25.1.1 ù¤��ð� .¢�ª �ã��Âõ [6℄ �� .��±��.´¨� üÔ�õ�÷ T Ó�Ï ù�Ú÷� ,Àª�� H ¤¢ ´±·õ ÂÚÜÞä ×þ T Âð� .26.1.1 ù¤��ð� .¢�ª �ã��Âõ [6℄ �� .��±��:¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� T 2 B(H) ÂÚÜÞä ý�Â� ,spr(T ) ,üÔ�Ï á�ãª .27.1.1 ÓþÂã�spr(T ) = inf �kT nk 1n : n = 1;2; :::� :.0 � spr(T ) � jjT jj �î ´¨� ¼®�ø10



.spr(A�1B) � 1 Âð��ú��øÂð� B � A ù�Ú÷� .Àª�� A > 0 ø B � 0 À��î Âê .28.1.1 ù¤��ð� .¢�ª �ã��Âõ [7℄ �� .��±��ý�Â� �Øþ¤�Î� Àª��üõ � 2 C ��Þ� �ä�Þ¹õ H �Â±Ü�û ý�Ìê ¤¢ T ÂÚÜÞä ü¨�¨� ¢Â� .29.1.1 ÓþÂã�:Ý�ª�� �µª�¢ " > 0 Âû� fx 2 H : jT (x)� �j < "g > 0;.À�û¢üõ Çþ�Þ÷ < (T ) �� �¤ T ÂÚÜÞä ü¨�¨� ¢Â� .Àª��üõ H �Â±Ü�û ý�Ìê ýø¤ ù¥�À÷� ×þ � �îýø¤ �¤ M' ´ª�Ú÷ L1(�) ¤¢ ' ý�Â� .Àª�� ù¥�À÷� ý�Ìê ×þ (X;�; �) À��î Âê .30.1.1 ÓþÂã�:Ý��îüõ ÓþÂã� Âþ¥ �¤�Ê� L2(�)M' : L2 (�)! L2 (�)f!'f.´¨� ¤�À÷�Âîø üÎ¡ ÂÚÜÞä ×þ M' �î ¢�¢ ö�È÷ ö���üõ .Àª��üõ ý��ÎÖ÷ �Â® ÂÚ÷�þ�Þ÷ 'f �¹�þ� ¤¢ù�Ú÷� ,Àª�� ' 2 L1(�) Âð� .31.1.1 ù¤��ð� (M') = < (') � .¢�ª �ã��Âõ [6℄ �� .��±��.jjAjj � 1 ù�ðÂû ,´¨� �±Ö÷� ×þ H �Â±Ü�û ý�Ìê ýø¤ A ÂÚÜÞä .32.1.1 ÓþÂã�.I � T �T � 0 Âð� �ú��ø Âð� ´¨� �±Ö÷� ×þ T 2 B(H) ÂÚÜÞä .33.1.1 ù¤��ð� .¢�ª �ã��Âõ [6℄ �� .��±��.Àª�� üÎ¡ ÂÚÜÞä ×þ A : H ! K ø À�ª�� �Â±Ü�û ý�û�Ìê K ø H À��î Âê .34.1.1 ÓþÂã�ù¢ÂÈê ÂÚÜÞä ×þ �¤ A ù�Ú÷� ,BallH = fh 2 H : khk = 1g ö� ¤¢ �î ,Àª�� ù¢ÂÈê K ¤¢ A(BallH) Âð�.À�þ�ðüõ11



,H ¤¢ fejg �Øþ Àõ�ãµõ �ä�Þ¹õ Âû ý�Â� Âð� �ú�� ø Âð� ´¨� ù¢ÂÈê A 2 B(H)ÂÚÜÞä .35.1.1 ù¤��ð.j !1 üµìø hAej ; eji ! 0 :Ý�ª�� �µª�¢� .¢�ª �ã��Âõ [17℄ �� .��±��×þ Ph ø Àª�� h 2 H ø H �Â±Ü�û ý�Ìê ¥� �µÆ� üÎ¡ ý�ÌêÂþ¥ ×þ M À��î Âê .36.1.1 ù¤��ðù�Ú÷� .h� Ph ? M �Øþ¤�Î� Àª�� M ¤¢ ¢ÂÔ�ÂÊ½�õ �ÎÖ÷;´¨� H ýø¤ üÎ¡ ÛþÀ±� ×þ P (1);jjPhjj � jjhjj ,h 2 H Âû ý�Â� (2);P2 = P (3).kerP =M? ø ranP =M (4).À�õ�÷üõ M ýøÂ� H ¥� �Øþ Àõ�ãµõ Âþ�Ê� ×þ �¤ ��� ���¬�Ê¡ �� P ´ª�Ú÷ �¤�¬ ßþ� ¤¢� .¢�ª �ã��Âõ [6℄ �� .��±��×þ �¤ AX �XA �¤�¬ �� ÂÚÜÞä .À�ª�� B(H) ¤¢ X;B;A ý�ûÂÚÜÞä À��î Âê .37.1.1 ÓþÂã�.À�þ�ðüõ �µê�þ Ý�Þã� Âð������ ×þ �¤ AX �XB �¤�¬ �� ÂÚÜÞä ø Âð�������þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ ø ß�Ø� Âþ¢�Öõ 2-1ùÄ þø Â þ¢�Öõ ü�ã þ ,ö� ÕÜÎõ ¤Àì ùÄ þø Â þ¢�Öõ ,A 2 Mn ÅþÂ��õ ×þ ¥� ß�Ø� Â þ¢�Öõ .1.2.1 ÓþÂã�s1(A) � ::: � sn(A) �¤�Ê� ö�ª¤�ÂØ� ¢�Àã� �� ���� � � ø üóø�÷ °��Â� �� �î ,À�µÆû jAj = (A�A)12.¢¤�¢ ß�Ø� ¤�ÀÖõ minfm;ng ¢�Àã� �� A 2Mm�n ÅþÂ��õ Âû .À÷�ªüõ °�Âõk üÔ�õ�÷ ¼�½¬ ¢Àä Âû ý�Â� .Àª�� T 2 B(H;K) ø �Â±Ü�û ý�û�Ìê K ø H À��î Âê .2.2.1 ù¤��ð:Ý��îüõ ÓþÂã�sk (T ) = inf fkT �Rk : R 2 B(H;K); rankR � kg :12



.À�þ�ðüõ T ÂÚÜÞä ß�Ø� Âþ¢�Öõ �¤ s0(T ) � s1(T ) � ::: � 0 ¢�Àä�� .¢�ª �ã��Âõ [2℄ �� .��±��:¢¤ø� ´¨À� �¤ Âþ¥ ý�ûù¤��ð ö���üõ ß�Ø� Âþ¢�Öõ ø ùÄþø Âþ¢�Öõ ÓþÂã� �� ���� �� .3.2.1 ù¤��ðß��»Þû ø ´¨� üØþ ùÄþø Âþ¢�Öõ �� ß�Ø� Âþ¢�Öõ ,´±·õ ß�ãõ �Þ�÷ ÅþÂ��õ Âû ý�Â� (1)sj(A) = sj(A�) (j = 1;2; :::; n):ü�ãþ ,À÷¤�¢ ö�ÆØþ ùÄþø Âþ¢�Öõ BA ø AB ý�ûÂÚÜÞä (2)�j(AB) = �j(BA) (j = 1;2; :::; n):ø ´¨� üÖ�Ö� �j(A) ù�Ú÷� ,Àª�� üµ�õÂû A Âð� (3)sj(A) = j�j(A)j (j = 1;2; :::; n): � .¢�ª �ã��Âõ [7℄ �� .��±��ù�Ú÷� ,A � B Âð� .A;B 2 Hn À��î Âê .(1Ûþø üþ���Øþ Û¬�)4.2.1 ù¤��ð�j(A) � �j(B); (8j): � .¢�ª �ã��Âõ [2℄ �� .��±���n(A); :::; �1(A) ø üÔ�õ�÷ ø ù¢ÂÈê A 2 B(H) À��î Âê .(ÝÞ���õ-ÝÞþ�î�õ Û¬�)5.2.1 ù¤��ð:Ýþ¤�¢ n´±·õ ¼�½¬ ¢Àä Âû ý�Â� ù�Ú÷� .À�ª�� A ùÄþø Âþ¢�Öõ�n = minM  maxjjxjj=1 hAx; xi! ; .dimM = n� 1 ø x?M �î� .¢�ª �ã��Âõ [2℄ �� .��±��Weyl113



ù�Ú÷� ,´¨� ù¢ÂÈê X ÂÚÜÞä �Øþ¤�Î� À�ª�� A;B;X 2 B(H) À��î Âê .6.2.1 ù¤��ðsj(AXB) � kAk kBk sj(X); .j = 1;2; ::: ý�Â�� .Àª��üõ ÝÞþ�î�õ-ÝÞ���õ Û¬� Ý�ÖµÆõ ¸þ�µ÷ ¥� .��±��ù�Ú÷� .À÷�ù¢ÂÈê B ø A �Øþ¤�Î� A;B 2 B(H) À��î Âê .7.2.1 ù¤��ðsj(A+B) � sj(A) + kBk ; .j = 1;2; ::: ý�Â�� .Àª��üõ ¤�ÂìÂ� ÝÞþ�î�õ-ÝÞ���õ Û¬� �� ���� �� .��±��À÷¤�¢ ¢��ø V ø U ü÷�Øþ ý�ûÅþÂ��õ ,A 2 Mn Âû ý�Â� .(ß�Ø� ¤�ÀÖõ �þ�¹� ��Ìì)8.2.1 ù¤��ð�Øþ¤�Î�A = Udiag(s1(A); :::; sn(A))V �: � .¢�ª �ã��Âõ [2℄ �� .��±��.À�ª�� 0 � B � D ø 0 � A � C ,ù¢ÂÈê X �Øþ¤�Î� A;B;C;D;X 2 B(H) À��î Âê .9.2.1 ù¤��ðù�Ú÷�sj �A12XB 12� � sj �C 12XD 12� ; .j = 1;2; ::: ý�Â�� .¢�ª �ã��Âõ [12℄ �� .��±���µª�¢ �¤ Âþ¥ «��¡ Âð� ,´¨� R �ÖÜ� ¥� (�êÂÏø¢)ýÂ±� ñ�ùÀþ� ×þ N � R �ä�Þ¹õ .10.2.1 ÓþÂã�:Àª��14



.A� +B 2 N :Ý�ª�� �µª�¢ N ¥� B ø A ÂÚÜÞä ø¢ Âû ý�Â� (1).AB;BA 2 N :Ý�ª�� �µª�¢ N ¥� B ø A ÂÚÜÞä ø¢ Âû ý�Â� (2).N 6= R ø N 6= 0 (3)�� .´¨� ñ�ùÀþ� ßþ� �� ÕÜãµõ ��÷ A� ÂÚÜÞä ù�Ú÷� ,Àª�� R �ÖÜ� ¥� N �êÂÏø¢ ñ�ùÀþ� �� ÕÜãµõ A ÂÚÜÞä Âð�.Àª��üõ ë�½ó�¢�¡ �êÂÏø¢ ñ�ùÀþ� Âû ,ÂÚþ¢ �¤�±äÂð� ,´¨� ö¤�Öµõ �Â÷ ×þ R �ÖÜ� ¥� = �êÂÏø¢ ñ�ùÀþ� ×þ ýø¤ ùÀª ÓþÂã� j : js ×ã��� .11.2.1 ÓþÂã�:Àª�� �µª�¢ �¤ �Â÷ «��¡;jAjs > 0 (A 2 = ; A 6= 0) (1);j�Ajs = j�j jAjs (A 2 = ; � 2 C) (2);jA+Bjs � jAjs + jBjs (A;B 2 =) (3):Àª�� ��÷ Âþ¥ «��¡ ý�¤�¢ ö� Â� ùø�ä ø;jPAQjs � jP j jAjs jQj (P;Q 2 R ; A 2 =) (4).jAjs = jAj � s1(A) :Ý�ª�� �µª�¢ A ýÀã� ×þ ÂÚÜÞä Âû ý�Â� (5)�þ�� ü÷�Øþ ¤�Î� �Â÷ ÓþÂã� ,Àª�� ¤�ÂìÂ� jUAV js = jAjs �Î��¤ V ø U ü÷�Øþ ý�ûÂÚÜÞä ý�Â� Âð� ß��»Þû ø.Àþ�üõ ´¨À�Âû ý�Â� ,�Â÷ «��¡ ö¢�� �¤�¢ Â� ùø�ä ù�ðÂû ,´¨�þ�� ü÷�Øþ ¤�Î� Mn ýø¤ jjj:jjj �Â÷ .12.2.1 ÓþÂã�Àã±ó�üû��µõ�÷ �Ìê Âð� .À�î ëÀ¬ jjjUAV jjj = jjjAjjj ´�¬�¡ ¤¢ ,V ø U ü÷�Øþ ÂÚÜÞä ø¢ Âû ø A ÂÚÜÞäÂð� ø (ù¢ÂÈê ý�ûÂÚÜÞä ñ�ùÀþ� ¤¢ ñ�ÞÈõ)jjj:jjj �� ÂÒ��µõ üõÂ÷ ñ�ùÀþ� ýø¤ �þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ ,Àª��.¢�ªüõ ÓþÂã� �ûÂÚÜÞä ��Þ� ýø¤ ,Àª�� üû��µõ Àã� �� �Ìêø 1Â÷�ó üþ�� °��Â� ý�ûýø�Æõ�÷ ¥� Â�Ó�ã® ß�Ø� Âþ¢�Öõ ý�ûýø�Æõ�÷ ö�� ,�þ�� ü÷�Øþ ¤�Î� �Â÷ Âû ý�Â�lowner115



ßþ�Â���� ,Àª��üõ �þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ ý�ûýø�Æõ�÷ ¥� Â� ý�ìjAj � jBj ) sj (A) � sj (B) 8j ) jjjAjjj � jjjBjjj :.À�ª��üõ ß�Ø� Âþ¢�Öõ ¥� ý¢�ã¬ üã���� ,�þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ .13.2.1 ù¤��ð� .´¨� ¼®�ø 8.2.1 ù¤��ð �� ���� �� .��±��.Àª�� U = (u1; :::; un) �¤�¬ �� üÖ�Ö� ¢�Àä� ¥� �ûüþ�� n ��Þ� ý�Ìê Sn À��î Âê .14.2.1 ÓþÂã�¤�ÂìÂ� Âþ¥ Íþ�Âª Âð� ,¢�ªüõ ùÀ�õ�÷ §��Öõ â��� ×þ Sn ýø¤ �(U) = �(u1; :::; un) ¤�ÀÖõ üÖ�Ö� â���:Àª��;(u1 = ::: = un = 0 ¥� Â�è) �(u1; :::; un) > 0 (1);�(u1; :::; un) = �(u1; :::; un)  � 0 Âû ý�Â� (2).�(u1 + v1; :::; un + vn) � �(u1; :::; un) + �(v1; :::; vn) (3):Àª�� ¤�ÂìÂ� ��÷ Âþ¥ ¯Âª ë�ê Íþ�Âª Â� ùø�ä Âð� ,´¨� ö¤�Öµõ §��Öõ â��� �ýø¤ üþ�û´ÈÚþ�� �(1); :::; �(n) ø "i = �1 ö� ¤¢ �î ,�(u1; :::; un) = �("1u�(1); :::; "nu�(n)) (4).À�ª��üõ n; :::;1 ¢�Àä��� n� n ÍÜµ¿õ ÅþÂ��õ ×þ A ø ö¤�Öµõ §��Öõ â��� ×þ � Âð� .(1ö�õ��÷ ö�ê ��Ìì)15.2.1 ù¤��ð�(s1(A); :::; sn(A)) �� ùÀª ÓþÂã� üÆþÂ��õ â��� ù�Ú÷� ,Àª�� sn(A); :::; s1(A) ùÀª °�Âõ ß�Ø� Âþ¢�Öõ�¤� ¬ � � Ç þ� Þ ÷ × þ jjj:jjj � þ� � ü ÷� Ø þ ¤� Î � �Â ÷ Â û Å Ø ã ó� � .´ ¨� þ� � ü ÷� Ø þ ¤� Î � �Â ÷ × þ.¢¤�¢ ,´¨� Rn ýø¤ ö¤�Öµõ §��Öõ â��� ×þ � �î ,jjjAjjj = �(s1(A); :::; sn(A))¢��ø g ö¤�Öµõ §��Öõ â��� ×þ Âð� �ú�� ø Âð� ´¨�þ�� ü÷�Øþ ¤�Î� Mm�n ýø¤ jjj:jjj �Â÷ ×þ ÂÚþ¢ �¤�±ä ��:Ý�ª�� �µª�¢ A 2Mm�n Âû ý�Â� �Øþ¤�Î� Àª�� �µª�¢jjjAjjj = g(s(A)) : � .¢�ª �ã��Âõ [2℄ �� .��±��Von-Neumann116



ø k:k(k) ; (k = 1;2; :::; n) 1ßê-üî ý�û�Â÷ ,�þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ ßþÂ� éøÂãõ ¥� .16.2.1 ÓþÂã�:À÷�ªüõ ÓþÂã� Âþ¥ �¤�Ê� °��Â� �� �î À�µÆû k:kp ; (1 � p <1) �û�Â÷-p 2ß��ªkAk(k) = kPj=1 sj(A) ; (k = 1;2; :::; n):kAkp = ( nPj=1 (sj(A))p)1p ; (1 � p <1):�Âê �� �î Àþ�üõ ´¨À� 4´�Þª�-�Â±Ü�û �þ 3§����øÂê �Â÷ ,p = 2 À�û¢ ¤�Âì �û�Â÷-p ß��ª ÓþÂã� ¤¢ Âð�:¢�ªüõ ÓþÂã� Âþ¥kAk2 = (tr AA�)12 = (tr A�A)12 = 0�Xi;j jaij j21A12 :,kAk(k) � kBk(k) (k = 1;2; :::; n) Âð� B ø A ý�ûÅþÂ��õ ý�Â� .(ßê ÍÜÆ� Û¬�)17.2.1 ù¤��ð:´ª�¢ Ý�û��¡ jjj:jjj ý�þ�� ü÷�Øþ ¤�Î� �Â÷ Âû ý�Â� ù�Ú÷�jjjAjjj � jjjBjjj: � .¢�ª �ã��Âõ [2℄ �� .��±���Â÷ Âû ý�Â� ù�Ú÷� ,kAk(k) � kBk(k) (k = 1;2; :::; n) Âð� A;B � 0 ý�ûÅþÂ��õ ý�Â� .18.2.1 ù¤��ð:´ª�¢ Ý�û��¡ [0;1) ýø¤ f(t) �À½õ ø üóø�÷�÷ ,üÔ�õ�÷ â��� Âû ø jjj:jjj ý�þ�� ü÷�Øþ ¤�Î�jjjf(A)jjj � jjjf(B)jjj: � .¢�ª �ã��Âõ [2℄ �� .��±��.(�þ�� ü÷�Øþ ¤�Î� ý�û�Â÷ ý�Â� ü��Æ�-ü¨À�û ß�Ú÷��õ ýø�Æõ�÷)19.2.1 ù¤��ð,�þ�� ü÷�Øþ ¤�Î� �Â÷ Âû ý�Â� ù�Ú÷� .À�ª�� ´±·õ B ø A �Øþ¤�Î� A;B;X 2 B(H) À��î Âê2jjjAXBjjj � jjjA2X +XB2jjj: Ky-Fan1Shatten2Ferbinus3Hilbert-Shmit417


