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¤�µÔÚÈ��

¤�µ¡�¨ ß��ã� ¤¢ ýÂ��õ ù�Úþ�� �µªÁð �û¢ ø¢ üÏ �î ´¨� ü·��±õ �ÜÞ� ¥� �úûøÂð üó�Þµ�� �þÂÑ÷

¤¢ �¤ ¶½� ßþ� ���õ¥ �î ý¢�Âê� �ÜÞ� ¥� .´¨� �µª�¢ Ã�÷ üú��� Û��ì Àª¤ ø ù¢�¢ ö�È÷ ¢�¡ ¥� �úûøÂð

¤¢ ö� ÷� �î ¢Âî ù¤�ª� 1965 ñ�¨ ¤¢ ]16, 15[ ö�¤� � ø ©ø¢¤� � � ö�� �üõ À ÷¢Âî ¥�è� �úûøÂð � þÂÑ ÷

¥� ý¤�õ� ý�û¤�Ã�� ü¡Â� ¥� "On some problems of statistical group theory" ö���ä ´½� ý��ó�Öõ

��¤¢ �úûøÂð ¤¢ ñ�Þµ�� ¢Â�¤�î ¥� ù¢�¨ ñ�·õ ×þ .À÷�ù¢Â� ¤�î �� �úûøÂð ü¨�¨� Ý�û�Ôõ ¤¢ ñ�Þµ�� �ÜÞ�

ß�µÆ¿÷ �î ´¨� ùøÂð ×þ ¤¢ y ø x ù��¿ó¢ ÂÊ�ä ø¢ üþ�¹��� ñ�Þµ�� ÂÚþ¢ �¤�±ä �� ø ùøÂð ×þ üþ�¹���

(x; y) °�Âõ ý�ú�ø¥ ¢�Àã� �¤�¬ �� �¤ ùøÂð ×þ üþ�¹��� ��¤¢ ø� .Àþ¢Âð üêÂãõ (]45[)ÂÜ�õ Í¨�� ¤��

.Àª��üõ ×þ ø ÂÔ¬ ö��õ ý¢Àä �î ¢�Þ÷ Ý�ÆÖ� ùøÂð �±�Âõ â�Âõ Â� �¤ À÷�ªüõ �¹��� ÂÚþÀØþ �� y ø x �î

5

8
ý��� ö�Âî ß��»Þû .Àª�� ×þ Â��Â� ö� üþ�¹��� ��¤¢ Âð� ÍÖê ø Âð� ´¨� üÜ�� ùøÂð �î Ýþ¤�¢ ����

�î ¢Âî Í±�Âõ üþ�¹��� ��¤¢ �� �¤ �ø¢Ãõ ý�ú¨�î ¢�Àã� ùø�ã� .¢�Þ÷ ���¤� üÜ��Â�è ùøÂð ×þ ý�Â� �¤

.Àª üþ�¹��� ��¤¢ ��±¨�½õ ü¡Â� ¤¢ �úûøÂð Çþ�Þ÷ ø �úµªÂ¨ �þÂÑ÷ ¥� ù¢�Ôµ¨� °��õ Âõ� ßþ� �µ±ó�

5

8
ý��� ö�Âî �î ¢�¢ ö�È÷ ø ¢Âî ÓþÂã� ù¢ÂÈê üû��µõ ùøÂð ×þ ý�Â� �¤ üþ�¹��� ��¤¢ (]26[)ö�Æê�µ¨�ð

ô�¹÷� üþ�¹��� ��¤¢ ¢¤�õ ¤¢ ü��¡ ý�û¤�î �î ý¢�Âê� ¥� ÂÚþ¢ üØþ .´¨� ¤�ÂìÂ� Ã�÷ üû��µõ�÷ ´ó�� ý�Â�

ø (]27[)ÝÆ���ÜîøÃþ� ô�úÔõ ¥� ù¢�Ôµ¨� �� ø� .Àª��üõ (]41, 40, 39, 38, 37[) ��ØÆó ñ���� ´¨� ù¢�¢

.À�î ýÀ��ù¢¤ �¤ ´¨� 1
2
Ûì�À� �ú÷� üþ�¹��� ��¤¢ �î üþ�úûøÂð ´Æ÷��� üþ�¹��� ��¤¢ �� ö� ¯�±�¤�

ø Àª�� ×���ÜîøÃþ� S3 ö¤�Öµõ ùøÂð �� Àþ�� À�î ¤��µ¡� �¤ 1

2
üþ�¹��� ��¤¢ üûøÂð Âð� �î ¢�¢ ö�È÷ ø�

üÏ ùøÂð üþ�¹��� ��¤¢ .À�µÆû 2 Â·î�À� §�î ¥� ö��µ��� ý�úûøÂð 1

2
¥� Âµð¤Ã� ñ�Þµ�� �� ý�úûøÂð

(]46[) üµ�� ø ¤�ØÞó�¨ ,ôÀÖõ 2005 ñ�¨ ¤¢ .´¨� ùÀª ù¢�¢ Ý�Þã� ö�ð�÷�ð ý�ú�¤�¬ �� Â�¡� ý�úó�¨

Â¬��ä ¥� n+1 ö¥ø ¥� ýÂð�¹��� �î ßþ� ñ�Þµ�� ¥� ¢�� �¤�±ä �î À÷¢Âî üêÂãõ �¤ ü÷��µ��� ��¤¢ ß�õ��n

�÷



Ý�Þã� �¤ üþ�¹��� ��¤¢ ý�Â� ùÀõ� ´¨¢ �� ¸þ�µ÷ ü¡Â� À�µÆ÷��� �ú÷� .¢�ª ùøÂð ü÷�Þû ÂÊ�ä Â��Â� ùøÂð

(]17[) üþ�®¤ ø ��ØÆó ,ö��÷�êÂä 2007 ñ�¨ ¤¢ .À÷¤ø� ´¨¢ �� �úûøÂð ý�Â� �¤ ý�ù¥�� ý�þ�Ìì ø À�û¢

ÓþÂã� ßþ� ¤¢ .À÷¢Âî ÓþÂã� ö� ¥� ùøÂðÂþ¥ ×þ ø üû��µõ ùøÂð ×þ ý�Â� �¤ ü±Æ÷ üþ�¹��� ��¤¢ ô�úÔõ

ùøÂðÂþ¥ �î ü¬��¡ �� ���� �� ø Àþ�üõ ´¨¢ �� ö� ¥� ùøÂðÂþ¥ ×þ �� ´±Æ÷ ùøÂð ×þ üþ�¹��� ��¤¢

Ý�Þã� ø ��� ö�Âî ���¤� .Àª��üõ �±¨�½õ Û��ì «��¡ ö� ¥� ù¢�Ôµ¨� � � ��¤¢ ßþ� Àª�� �µª�¢ À÷���üõ

.´êÂð �¤�¬ �ú÷� Í¨�� �î ¢�� ü¹þ�µ÷ ÀþÀ� ÓþÂã� ¥� ù¢�Ôµ¨� �� üþ�¹��� ��¤¢ ý�þ�Ìì

ø Óþ¤�ã� ´¨� �µê�þ «�Êµ¡� ��õÀÖõ �� �î ñø� ÛÊê .´¨� �µê�þ ßþøÀ� ÛÊê Çª ¤¢ Â®�� �ó�¨¤

¸þ�µ÷ ü¡Â� �� ôø¢ ÛÊê .À÷�ùÀª ö��� ñ�Þ�� �� À÷�ªüõ ù¢�Ôµ¨� �ú÷� ¥� ý�½÷ �� �ó�¨¤ ¤¢ �î üþ�þ�Ìì

¤¢ .¢¤�¢ «�Êµ¡� ùøÂð ýÂþÁ³Ü�Â�� ø ýÂþÁ³Ü� ,ü÷��µ��� À�÷�õ �úûøÂð«��¡ ß��ã� ¤¢ üþ�¹��� ��¤¢

���¤� �úûøÂð «��¡ ´¡��ª ý�Â� �¤ ýÀ�Ôõ ¤�Ã�� ùøÂð üþ�¹��� ��¤¢ �÷�Ú� �î Àþ¢ Ý�û��¡ ÛÊê ßþ�

�¨ Â·î�À� �� üû��µõ ý�úûøÂð ô�¨ ÛÊê .Àþ�Ãê�üõ ñ�Þµ�� ßþ� ö¢�� ��Á� ø üþ�±þ¥ �� ßþ� �î Àû¢üõ

�ä�Þ¹õ ö�þ�� ¤¢ ø ,¢¥�¢Â�üõ �úûøÂð ¥� �µ¨¢ ßþ� ýÀ��ù¢¤ �� ø ù¢�¢ ¤�Âì ü¨¤Â� ¢¤�õ �¤ üþ�¹��� ��¤¢

ñ�Þµ�� ô¤�ú� ÛÊê .(]4[) Ýþ¢¤ø� ´¨¢ �� �¤ �úûøÂð ¥� ¢�Àã� ×þ ,D(G) ,ü±Æ÷ üþ�¹��� ��¤¢ Âþ¢�Öõ

Ý�Þã� �î Ýþ�ù¢Âî üêÂãõ �¤ ¢�ªüõ ù¢�¢ ö�È÷ P (m;n;G) ¢�Þ÷ �� �î �ä�Þ¹õÂþ¥ ø¢ Û��Öµõ üþ�¹���

×þ �� ý�Ìä m �ä�Þ¹õ ×þ �Ø�þ� ñ�Þµ�� ¥� ´¨� �¤�±ä ô�úÔõ ßþ� .´¨� üþ�¹��� ��¤¢ ¥� ýÂÚþ¢

Û�ØÈ� m �þ ø n �� ´±Æ÷ ñ�Þµ�� ßþ� .À÷�ª �¹��� Ýû �� ø¢ �� ø¢ ö� Â¬��ä ,ùøÂð ¥� ý�Ìä n �ä�Þ¹õ

�À�� Â� ùø�ä �õ ÛÊê ßþ� ¤¢ .Àª��üõ ùøÂð üþ�¹��� ��¤¢ ý�Â� ß�þ�� ö�Âî ×þ ø ù¢�¢ üóøÃ÷ �ó�±÷¢ ×þ

��¤¢ «�Ê¿� ø üþ�¹��� ��¤¢ ý�þ�Ìì ü¡Â� Ýþ�ù¢Âî üã¨ ,ñ�Þµ�� ßþ� ý�Â� ß�þ�� ø ��� ö�Âî ö¢Âî

¢¤�õ �¤ ýÂÚþ¢ ñ�Þµ�� Ý¹�� ÛÊê .(]5[) ¢�ª ù¢�¢ Ý�Þã� üÜ�� ùøÂð ø¢ ý�ÖÜ� �ÂÌÜ¬�� üþ�¹���

ùøÂðÂþ¥ �÷�Þ�� �� �¤ ùøÂð ¥� ÂÊ�ä ×þ üµ¿þ¤¢�¡×þ �Ø�þ� ñ�Þµ�� ¥� ´¨� �¤�±ä ö� ø Ýþ¢�¢ ¤�Âì ü¨¤Â�

ù¢



üêÂãõ (]51[) ö�õÂª Í¨�� Àª�� üúþÀ� ùøÂðÂþ¥ �î üµó�� ý�Â� ñ�Þµ�� ßþ� .¢¤�¢ �Ú÷ ´��� �Ê¿Èõ

Àª�� ùøÂð ÃîÂõ �Ê¿Èõ ùøÂðÂþ¥ �î üµó�� ý�Â� �¤ ñ�Þµ�� ßþ� ø ù¢Âî �ê�®� ö� �� �¤ ü¹þ�µ÷ �õ .Àþ¢Âð

ô�úÔõ , Â¡� ÛÊê ¤¢ .Ýþ�ù¢�Þ÷ ¯��Âõ ö� �� Ã�÷ üÈ¿�ø¢ ù¢�¨ é�Âð �µ±ó� . (]6[)Ýþ¢�¢ ¤�Âì ���� ¢¤�õ

�¤ ùøÂð ýÂþÁ³Ü� ø ü÷��µ��� Óþ¤�ã� ßþ� ¤¢ .¢¢Âðüõ �ÂÎõ ü±Æ÷ ýÂþÁ³Ü� ø ü÷��µ��� ô��� ýÀþÀ�

ü÷��µ��� ¥� ü��¡ Ý�Þã� À÷���üõ ¢�¡ á�÷ ¤¢ �î Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ ö� ¥� üµ¿þ¤¢�¡ ×þ �� ´±Æ÷

.(]7[)Àª�� ùøÂð ýÂþÁ³Ü� ø

ù¢¥�þ



1 ÛÊê

�û¥��÷ Ç�� ø ��õÀÖõ

Ç¿� ¤¢ .Ý��îüõ ö��� �¤ Àª��üõ ýÀã� ý�û ÛÊê ¥��÷ ¢¤�õ �î �¤ ü��õÀÖõ ¸þ�µ÷ ø Óþ¤�ã� ÛÊê ßþ� ¤¢

�¤ Àª��üõ �ó�¨¤ ßþ� ¤¢ ¥��÷ ¢¤�õ �î �ú÷� «��¡ ¥� üÌã� ø ù¢Âî ö��� �¤ �úûøÂð ¤¢ ü¨�¨� ô�úÔõ À�� ñø�

,�úûøÂð ý�ÖÜ� �ÂÌÜ¬�� ¥� üó�Þ�� üêÂãõ �� °��Â� �� ô¤�ú� ø ô�¨ ,ôø¢ ý�ûÇ¿� .Ý��îüõ ö���ä

ø ü±Æ÷ ÝÆ��ÜîøÃþ� ô�úÔõ Â¡� Ç¿� ø¢ .¢¤�¢ «�Êµ¡� �úûøÂð ´ªÂ¨ �þÂÑ÷ ø §����øÂê ý�úûøÂð

.¢Âî Ý�û��¡ ö���ä �¤ �ú÷� ¢¤�õ ¤¢ ùÀõ� ´¨¢ �� ¸þ�µ÷ ü¡Â� ø ù¢�Þ÷ ö��� �¤ �úûøÂð ü±Æ÷ üþ�¹��� ��¤¢

ü��õÀÖõ ¸þ�µ÷ ø Óþ¤�ã� 1.1

×þ ù�ðÂû Ý�õ�÷ üõ ÂþÁ³Ü� �¤ G ùøÂð �¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G À��î Âê .1.1.1 ÓþÂã�

À�÷�õ ñ�õÂ÷Âþ¥ ýÂ¨

f1g = G0 � G1 � G2 � � � � � Gn = G

1



2 �û¥��÷ Ç�� ø ��õÀÖõ .1 ÛÊê

ßþÂµû���î ñ�Ï .Àª�� üÜ�� üûøÂð Gi+1=Gi ,0 � i � n � 1 ,i Âû ý�¥� �� �î ý¤�Ï �� Àª�� �µª�¢

.Ý�þ�ð G ùøÂð ýÂþÁ³Ü� ù¢¤ �¤ ´�¬�¡ ßþ� �� ýÂ¨

�¤�¬ ßþ� ¤¢ .Àª�� ÂþÁ³Ü� üûøÂð G À��î Âê .2.1.1 ��Ìì

.´¨� ÂþÁ³Ü� Ã�÷ G ùøÂðÂþ¥ Âû (i)

.´¨� ÂþÁ³Ü� G=N ù�Ú÷� ,N � G Âð� (ii)

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

×þ ù�ðÂû Ý�õ�÷üõ ÂþÁ³Ü�Â�� �¤ G ùøÂð �¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G À��î Âê .3.1.1 ÓþÂã�

À�÷�õ ñ�õÂ÷Âþ¥ ýÂ¨

f1g = G0 � G1 � G2 � � � � � Gn = G

.Àª�� ý¤ø¢ üûøÂð Gi+1=Gi ø Gi � G ,0 � i � n� 1 ,i Âû ý�¥� �� �î Àª�� �µª�¢

�¤�¬ ßþ� ¤¢ .Àª�� ÂþÁ³Ü�Â�� üûøÂð G À��î Âê .4.1.1 ��Ìì

.´¨� ÂþÁ³Ü�Â�� Ã�÷ G ùøÂðÂþ¥ Âû (i)

.´¨� ÂþÁ³Ü�Â�� G=N ù�Ú÷� ,N � G Âð� (ii)

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

.Àª�� ùøÂð ×þ G À��î Âê .5.1.1 ��Ìì

.´¨� ÂþÁ³Ü�Â�� G ù�Ú÷� ,Àª�� ý¤ø¢ üûøÂð G0 Âð� (i)

.Àª�� ÂþÁ³Ü�Â�� G=Z(G) Âð� ÍÖê ø Âð� ´¨� ÂþÁ³Ü�Â�� G (ii)
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� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

G ù�Ú÷� ,Àª�� 2 ÅþÀ÷� ¥� A üÜ�� ùøÂðÂþ¥ ×þ ý�¤�¢ G üÜ��Â�è üû��µõ ùøÂð Âð� .6.1.1 ��Ìì

.´¨� ÂþÁ³Ü�Â��

ßþ�Â��� � ,[G : A] = [G : AZ(G)][AZ(G) : A] ö�� .x2 2 A �î G = hA; xi À��î Âê :ö�ûÂ�

×þ � �¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã� �(a) = x�1ax �¤�¬ �� �¤ A ýø¤ � üµ¿þ¤¢�¡ .Z(G) � A

ùø�ã� ø ´¨� 2 �±�Âõ ¥� üµ¿þ¤¢�¡

CA(x) = Fix(�) = fa 2 A : �(a) = ag = Z(G):

Âê .´¨� ¼®�ø ÝØ� G �= S3 ý�Â� .Ý��îüõ ´��� �¤ ÝØ� üÜ��Â�è ý�úûøÂð ý�Â� jGj ýø¤ �ÂÖµ¨� ��

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ´ó�� ø¢ .Àª�� ¤�ÂìÂ� G ùøÂð �±�Âõ ¥� ÂµÞî üÜ��Â�è ý�úûøÂð ô�Þ� ý�Â� ÝØ� Ý��î

üÜ�� ùøÂðÂþ¥ ý�¤�¢ G
Z(G) ø j G

Z(G) j < jGj �¤�¬ ßþ� ¤¢ .Àª�� üúþÀ� Â�è Z(G) À��î Âê :ñø� ´ó��

�ÂÖµ¨� Âê �� ���� �� �Áó .Àª Àû��¡ ÂþÁ³Ü�Â�� G ù�Ú÷� ,Àª�� üÜ�� G
Z(G) Âð� .´¨� 2 ÅþÀ÷� ¥� A

Z(G)

.´¨� ÂþÁ³Ü�Â�� G ,5.1.1 ��Ìì �� ��� �¹÷� ¥� ø ÂþÁ³Ü�Â�� G
Z(G)

�
�
a�(a)

�
= a�(a) ö�� ø Fix(�) = f1g �¤�¬ ßþ� ¤¢ .Àª�� üúþÀ� Z(G) À��î Âê :ôø¢ ´ó��

ùøÂðÂþ¥ Âû �¹÷� ¥� ø a 2 A Âû ý�¥� �� ax = a�1 ßþ�Â���� :a 2 A Âû ý�¥� �� �(a) = a�1 ¢�ªüõ �¹�µ÷

.´¨� ñ�õÂ÷ G ¤¢ A

Ý��î ÓþÂã� A ùøÂð ý�Â� �¤ Âþ¥ ñ�õÂ÷ ýÂ¨ Ý�÷���üõ �õ ßþ�Â���� ,´¨� ÂþÁ³Ü�Â�� üÜ�� ùøÂð Âû ö��

f1g = A0 < A1 < A2 � � �< An = A
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,Àª��üõ ý¤ø¢ G
A ø A< G ùø�ä �� .´¨� ý¤ø¢ Ai+1

Ai
ø Ai< G ,0 � i � n�1 Âû ý�¥� �� ö� ¤¢ �î

� .Àª Àû��¡ ÂþÁ³Ü�Â�� GÅ�

×þ ù�ðÂû Ý�õ�÷üõ ö��µ��� �¤ G ùøÂð �¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G À��î Âê .7.1.1 ÓþÂã�

À�÷�õ üó�õÂ÷Âþ¥ ýÂ¨

f1g = G0 � G1 � G2 � � � � � Gn = G

ßþ� �� ýÂ¨ ßþÂµû���î ñ�Ï .Gi+1

Gi
� Z( GGi

) ø Gi � G ,0 � i � n � 1 ,i Âû ý�¥� �� �î Àª�� �µª�¢

ö� ÅØä �õ� ´¨� ÂþÁ³Ü�Â�� ö��µ��� ùøÂð Âû �î ´¨� ¼®�ø .Ý�þ�ð G ùøÂð ü÷��µ��� ýù¢¤ �¤ ´�¬�¡

.(ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ S3 ùøÂð )´Æ�÷ ¤�ÂìÂ�

�¤�¬ ßþ� ¤¢ .Àª�� ö��µ��� üûøÂð G À��î Âê .8.1.1 ��Ìì

.´¨� ö��µ��� Ã�÷ G ùøÂðÂþ¥ Âû (i)

.´¨� ö��µ��� G=N ù�Ú÷� ,N � G Âð� (ii)

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

.´¨� ö��µ��� üû��µõ ùøÂð�p Âû .9.1.1 ��Ìì

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

.À�µÆû ¥¤� Ýû Âþ¥ ý�ûù¤�Ãð �¤�¬ ßþ� ¤¢ .Àª�� üû��µõ ùøÂð ×þ G À��î Âê .10.1.1 ��Ìì

;´¨� ö��µ��� G (i)

; ´¨� ñ�õÂ÷ G ß�È�� ùøÂðÂþ¥ Âû (ii)
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;´¨� ñ�õÂ÷ G �Ü�¨ ùøÂðÂþ¥�p Âû (iii)

.´¨� ¢�¡ ý�Ü�¨ ý�úûøÂðÂþ¥ Ý�ÖµÆõ �ÂÌÜ¬�� G (iv)

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

(1ü����Âê ñ�Àµ¨� ) .11.1.1 ��Ìì

.G = NG(P )H ù�Ú÷� ,P 2 Sylp(H) Âð� �¤�¬ ßþ� ¤¢ .H< G ø Àª�� üû��µõ ùøÂð ×þ G À��î Âê

.¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

�

ø ¢¤�ÞÈ� �¤ G üÜ��Â�è ùøÂð �± �Âõ �î Àª�� üóø� ¢Àä ßþÂµØ��î p À��î Âê .12.1.1 ��Ìì

.´¨� ö��µ��� G �¤�¬ ßþ� ¤¢ .(p 6= 2)G
0
= Zp� Zp

ö� ¤¢ �î Gq < G ù�Ú÷� ,Gq � CG(G
0
) ,q

���jGj ñø� ¢Àä Âû ý�¥� �� Âð� �î Ý�û¢üõ ö�È÷ �Àµ�� :ö�ûÂ�
ßþ�Â���� ,G0 � CG(Gq) ¢�ªüõ �¹�µ÷ Gq � CG(G

0
) �Ø�þ� ¥� .´¨� G ý�Ü�¨ ùøÂðÂþ¥�q ×þ Gq

G
0 � CG(Gq) � NG(Gq)

Õ ± Ï ø ¢� � À û�� ¡ NG(Gq) ¥� � Ü � ¨ ùøÂ ðÂ þ¥�q × þ Gq ß þ�Â �� � � .NG(Gq) < G � ¹ ÷� ¥� ø

Ý þ¤�¢ .Gq < G Å � .G = NG(Gq)NG(Gq) = NG(Gq) Ý þÂ � ðü õ � ¹ � µ ÷ ü � � ��Â ê ñ�À µ ¨�

´ª�¢ Ý�û��¡ p 6= 2 �Ø�þ� �� ���� �� üêÂÏ ¥� .jAut(G0
)j = p(p� 1)2(p+ 1) ø NG(G

0
)

CG(G
0
)
,! Aut(G

0
)

.
��� G

CG(G
0)

��� = 1; p ßþ�Â���� ,
�
(p� 1)2(p+ 1); jGj

�
= 1

ù� Ú ÷� ,j G
CG(G

0 )
j = p Â ð� .Àª Àû��¡ 2§�î ¥� ö�� µ�� � G ø G0 � Z(G) ù� Ú ÷� ,j G

CG(G
0 )
j = 1 Â ð�

ø ´¨� ñ�õÂ÷ G ¤¢ �Ü�¨ ùøÂðÂþ¥ Âû ßþ�Â���� :Gq < GÅ� ,q 6= p �î q ñø� ¢Àä Âû ý�Â� Gq � CG(G
0
)

Giovanni Frattini (1852-1925)1
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� .Àª Àû��¡ ö��µ��� G 10.1.1 ��Ìì Õ±Ï

( 2§ø�ú�¨�¥ -¤�ª) .13.1.1 ��Ìì

G ù�Ú ÷� (jKj; [G : K]) = 1 �î ý¤�Ï � � Àª� � ö� ¥� üó� õÂ ÷ ùøÂðÂ þ¥ K ø üû� � µ õ ùøÂð ×þ G Âð�

�¤�±ä �� ´¨� ´¿þÂØþ K �Ü�¨ø �� H Ý�ÖµÆõ Ý�÷ �ÂÌÜ¬�� �� G �î ý¤�Ï �� ¢¤�¢ H À�÷�õ üûøÂðÂþ¥

:G �= H nK ÂÚþ¢

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

�µª�¢ � 2 Aut(G) üµ¿þ¤¢�¡ Âû ý�¥� �� ù�ðÂû Ý�þ�ð �Ê¿Èõ �¤ G ¤¢ H ùøÂðÂþ¥ .14.1.1 ÓþÂã�

Ý�û��¡ ¤�î �� ´¨� G �Ê¿Èõ ùøÂðÂþ¥ H �Ø�þ� ö¢�¢ ö�È÷ ý�Â� �¤ H J G´õ�ä .�(H) � H Ý�ª��

.¢Â�

À�÷�õ üûøÂð º�û ù�Ú÷� ,Àª�� ý¤ø¢ ø �Ê¿Èõ ýÃîÂõÂ�è ùøÂðÂþ¥ ×þ ý�¤�¢ G Âð� .15.1.1 ��Ìì

:G �= K
0 ö� ý�Â� �î ¢¤�À÷ ¢��ø K

� .¢�ª �ã��Âõ ]44[ �� :ö�ûÂ�

( 3Âþ�Âª) .16.1.1 ��Ìì

,Àª�� üû��µõ G ¤¢ H ÅþÀ÷� Âð� �¤�¬ ßþ� ¤¢ .H � G ø Àª�� Àó�õ üû��µõ ùøÂð ×þ G À��î Âê

.´¨� Àó�õ üû��µõ H ù�Ú÷�

� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

ù�Ú÷� ,jG=Hj = n Âð� �¤�¬ ßþ� ¤¢ .H � Z(G) ø Àª�� ùøÂð ×þ G À��î Âê .17.1.1 ��Ìì

.´¨� üµ¿þÂÞû ×þ T (a) = an �Î��® �� T : G �! H â���

Sch�ur-Zassenhaus2

Otto Schreier(1901-1929)3
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� .¢�ª �ã��Âõ ]49[ �� :ö�ûÂ�

¥� Ãþ�Þµõ üÜ�� ß�È�� ùøÂðÂþ¥ ø¢ N ø M Âð� .Àª�� üÜ��Â�è ùøÂð ×þ G À��î Âê .18.1.1 ��Ìì

:M \N = Z(G) ù�Ú÷� ,À�ª�� G ùøÂð

Ý��î Âê Ý�÷���üõ .x 62 N �þ x 62M �¤�¬ ßþ� ¤¢ .x 62M \N ø x 2 Z(G) À��î Âê :ö�ûÂ�

.Z(G) � M \N ßþ�Â���� ,Àª Àû��¡ M Ûõ�ª üÜ�� ùÂ¨ ùøÂðÂþ¥ ×þ hx;Mi �¤�¬ ßþ� ¤¢ .x 62 M

ø mi 2 M ö� ¤¢ �î g =
kY

i=1

mini ,g 2 G Âû ý�¥� � � �¤�¬ ßþ� ¤¢ .G = hM;Ni �î ´¨� ¼®�ø

,Ýþ¤�¢ �ûÂð�¹��� ¤¢ ñ�û ¢�½�� �� ���� �� .m 2M \N À��î Âê ñ�� .ni 2 N

[g;m] = [
kY

i=1

mini;m] =
kY

i=1

([mi;m]gi [ni;m]hi) = 1

.M \N = Z(G) �¹÷� ¥� ø M \N � Z(G) ßþ�Â���� .À�µÆû G ùøÂð Â¬��ä gi; hi ö� ¤¢ �î

�

�¤�¬ ßþ� ¤¢ .Àª�� p3 �±�Âõ ¥� üû��µõ ùøÂð�p×þ G=Z(G) À��î Âê .19.1.1 ��Ìì

Âû ý�¥� �� CG(x) = hx;Z(G)i ù�Ú÷� ,Àª�� �µª�À÷ üÜ�� ß�È�� ùøÂðÂþ¥ º�û G Âð� (i)

.x 62 Z(G)

Z(G) Ûõ�ª ø ù¢�� �µØþ M ù�Ú÷� ,Àª�� M À�÷�õ üÜ�� ß�È�� ùøÂðÂþ¥ ×þ ý�¤�¢ G Âð� (ii)

ù�Ú÷� ,x 2 MnZ(G) Âð� ø CG(x) = hx;Z(G)i ù�Ú÷� ,x 2 GnM Âð� ß��»Þû .Àª��üõ

:CG(x) =M

�¤�¬ ßþ� ¤¢ .y 2 CG(x)nhx;Z(G)i À��î Âê .hx;Z(G)i � CG(x) �î ´¨� ¼®�ø (i) :ö�ûÂ�

.´¨� Ëì��� �î Àª Àû��¡ G ùøÂð ¥� üÜ�� ø ß�È�� ùøÂðÂþ¥ ×þ Âê �� ��� hx; y; Z(G)i

ßþ�Â �� � � ,Àª Àû��¡ üÜ �� G �¹ ÷� ¥� ø G = hx;Mi �¤�¬ ßþ� ¤¢ .x 2 Z(G)nM À � � î Âê (ii)
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Ýþ¤�¢ 18.1.1 ��Ìì �� ��� ,À�ª�� G ùøÂð ¥� ß�È�� ùøÂðÂþ¥ ø¢ M2 ø M1 À��î Âê :Z(G) �M

p3 = [G : Z(G)] = [G :M1 \M2] � [G :M1][G :M2] = p2

.´¨� (i) ���Èõ ö�ûÂ� �õ�¢� .¢�� Àû��¡ �µØþ ¢��ø �¤�¬ ¤¢ üÜ�� ß�È�� ùøÂðÂþ¥ �Áó

�

(4ß�¨�¤) .20.1.1 ��Ìì

ù�Ú÷� ,jG0 j = 2 �� Àª�� üû��µõ ùøÂð�2×þ G Âð�

G

Z(G)
�=

2mY
i=1

Z2 (m 2 N):

.¢�ª �ã��Âõ ]50[ �� :ö�ûÂ�

�

�¤�¬ ßþ� ¤¢ .Àª�� ùøÂð ×þ G À��î Âê .21.1.1 ��Ìì

.¢¤�¢ ¢��ø G
CG(G

0 )
,! Aut(G

0
) üµ¿þÂØ� (i)

.j G
Z(G) j � jG0 jjAut(G0

)j ù�Ú÷� ,G0 \ Z(G) = 1 Âð� (ii)

.´¨� üúþÀ� ,NG(G
0
)

CG(G
0)

=
G

CG(G
0)
,! Aut(G

0
) ,G0 ùøÂð ý�Â� ¥�¨ÃîÂõ-¥�Æó�õÂ÷ ��Ìì �� ��� :ö�ûÂ�

.¢�ª �ã��Âõ ]47[ �� (ii)

�

:Ýþ�ù¢Âî °�Âõ Âþ¥ ñø�À� ¤¢ �¤ �úûøÂð�Gm ý�ú�ðÄþø �¹�þ� ¤¢ (�úûøÂð�Gm) .22.1.1 ÓþÂã�

David Rusin(1979)4


