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©�� �� ø ýÃþ¤ �þ� � ü��·Ü·õ ý�ûýÂ¨ ü¨¤Â� � � �þ¤�ê ø üó�÷Â� ,ÂÜþø� Í¨�� Ç�� öÂì ø¢ �þ¤�ê Ã� ó� ÷�
¢�¡ �� ýÂµÜõ�î ÛØª üþ�ÂÚÞû Õ�ì¢ ø §�Æ� Û��Æõ ýø¤ Ù±ó ø ¤�µ÷�î ,ö�Þþ¤ ,�ÜØþÂþ¢ ö�� ü÷�À�ÞÈ÷�¢
.´ª�Áð �þ¤�ê Ã�ó�÷� ´êÂÈ�� ¤¢ üþ�ÃÆ� Â���� Ã�÷ ý¢��õ ÝµÆ�� öÂì ý�Àµ�� ¤¢ üã��� Ã�ó�÷� ýù¤ø¢ áøÂª .´êÂð
�þ¤�ê Ã�ó�÷� Û��Æõ ¤¢ ýÂ±� Ý�û�Ôõ ö¢Âî ¢¤�ø �� ß��»Þû ,�ûâþ¥�� �þÂÑ÷ ø �ûÂÚÜÞä ¤�úÒ �� «�Ê¡ ��

.Àª ö�À�� ø¢ üÞÜä �¡�ª ßþ� ´êÂÈ��
¤¢ ÛþÀ±� ×þ .¢�ªüõ ù¢�Ôµ¨� üÔÜµ¿õ ��þÀ±� ¥� ñ��Ú�¨ ×þ «�¡ ý�Ê¿Èõ �� ü¨Âµ¨¢ ý�Â� �f �Þãõ
�þ¤�ê ÛþÀ±� ý¢��õ ÝµÆ�� öÂì ý�Àµ�� ¤¢ .¢¢Âð üõ ñ��Ú�¨ ý�Ìê Â��ç� °��õ �î ´¨� ñ��Ú�¨ ¥� ü÷��� âì�ø
�� �î ¢¤ø�üõ Ýû�Âê �¤ ö�Øõ� ßþ� ,�ûñ��Ú�¨ ü¨¤Â� ¤¢ ÛþÀ±� ßþ� .¢�� ñ��Ú�¨ ©¥�¢Â� ý�Â� ÛþÀ±� ßþÂ�°¨��õ

.Ý�û¢ ¤�Âì ü¨¤Â� ¢¤�õ �¤ �ú÷� Å÷�îÂê ýù¥�� ¤¢ ,ö�õ¥ ýù¥�� ¤¢ �ú÷� üÜ�ÌÔ� Û�Ü½� �� öÀª Â�ð¤¢ ý��
¥� ù¢�Ôµ¨� ý�� �� ���¬� üÆ÷�îÂê ý�û�Ôó�õ ßµêÂð ù¥�À÷� ý�Â� ¤���ð ô�÷ �� ö�ÀØþÃ�ê ×þ 1946 ñ�¨ ¤¢
ÛþÀ±� ø ù���î ö�õ¥ ý�þ¤�ê ÛþÀ±� ,¤���ð ÛþÀ±� ý�ûô�÷ �� ÛþÀ±� ßþ� �î ¢Âî ÓþÂã� ýÂÚþ¢ ÛþÀ±� ,�þ¤�ê ñ�ÂÚµ÷�
.´êÂð ô�úó� ö�Æ÷� üþ���ª ÝµÆ�¨ ¤�î ¥ÂÏ ¥� ÛþÀ±� ßþ� ö¢¤ø� ´¨À� ý�Â� ø� .Àª ùÀ÷��¡ ùÀª ¤�¢ùÂ¹�� ý�þ¤�ê
ý���õ¥ Â�¡� ñ�¨ À�� ¤¢ ÍÖê ,´¨� �µê¤ ¤�Ø� ü�Àa õ ý�Â� ù���î ö�õ¥ ý�þ¤�ê ÛþÀ±� ø �þ¤�ê ÛþÀ±� �� Âð�
��Î¬� �� ¢Â�¤�î ø �þÂÑ÷ ß�� ¯�±�¤� .¢�ªüõ ñ�±÷¢ ø ùÀª ÓþÂã� " ü®�þ¤ ñ��Ú�¨ ©¥�¢Â� ' ô��� ýÃîÂÞµõ

.´¨� ùÀª Â¹�õ ü±ó�� ¸þ�µ÷ �� ¤���ð ý�þÂÑ÷
ßþ� .´¨� ö�õ¥ � Å÷�îÂê Ã�ó�÷� ©ø¤ ×þ �î ´¨� ù���î ö�õ¥ �þ¤�ê ÛþÀ±� ý�Â� ü®�þ¤ Ý¨� ¤���ð Ã�ó�÷�
ý�ûÂµõ�¤�� �÷�Ú� ñ�·õ ý�Â� .¢¤�¢ ñ�±÷À� À�µÆû �û¢Â�¤�î �� ¯�±�¤� ¤¢ �î �¤ ý¢�þ¥ ����¨ ���� ü®�þ¤ ý���õ¥

.Ýþ¤ø� ´¨À� üÜõ�î ý¥�¨�÷ �î ý¤�Ï �� Ý��î ��¿µ÷� �¤ °�îÂ� � �þÃ¹� ÝµÆ�¨ ×þ
ýù¥�� °þ�Â® ��¬� Âð� .À÷Â�üõ ¤�Ø� �þÃ¹� ÛÞä ¥� Û¬�� °þ�Â® ýø¤ ��¬� ×þ �û¢Â�¤�î ¥� ý¤��Æ�
ü÷�õ¥ Â�çµõ�÷ ö¢Âî ÂµÜ�ê üÜî À�þ�Âê ,¢�ª ô�¹÷� Å÷�îÂê ýù¥�� ¤¢ â��� ×þ ¤¢ �ú÷� �Â® ý�Ü�¨�� ö�õ¥
¤¢ �À¬ ¢�±ú� ý�Â� ñ�·õ ¤�Ï ��)�û¢Â�¤�î ¥� üã�¨ø ¢Â� ø Àª ù¢Â� ¤�Ø� ý¢�þ¥ �Àa õ ý�Â� ßê ßþ� .¢�ªüõ ùÀ�õ�÷
¤¢ ¢�ªüõ ùÀ�õ�÷ ü÷�õ¥ Â�çµõ ö¢Âî ÂµÜ�ê �î ßê ßþ� ¥� üÞ�Þã� .¢�¢ «�Êµ¡� ¢�¡ �� �¤ ( ü�ÔÜ� ��Ï�±�¤�
Â�çµõ ý�ûÂµÜ�ê ¥� ý�ùÄþø ý�û´ó�� ¤���ð ý�ûÂÚ�Â® .´¨� ù¢Âî °Ü� ¢�¡ �� �¤ ý¢�þ¥ ���� Â�¡� ý�ûñ�¨
ö�Þû ¤¢ üã��� �� Û¬�� °þ�Â® ø ¢�ªüõ ÛþÀ±� ö�õ¥ � Å÷�îÂê ýù¥�� �� ñ��Ú�¨ ´ó�� ßþ� ¤¢ .À�µÆû ü÷�õ¥

.À÷�ùÀª ü¨¤Â� ] [ ¤¢ ý��µÆ�Â� ¤�Ï �� �ûÂÚ�Â® ßþ� .À÷�ªüõ �Â® ù¥��
Ýû ¥�� ¢Â�ð ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÂÚþ¢ °�îÂ� �þ ø ¢�ª ��¿µ÷� °þ�Â® ßþ� �±¨�½õ ý�Â� ýÂÚþ¢ ©ø¤ Âð�
�� üã�±Ï �f õ�î ×��õ ý�ûÂÚ�Â® ÓþÂã� ñ�·õ ý�Â� .¢�ª ñ�Þä� �ûÂÚ�Â® ö���ä �� À÷���üõ ý¢�þ¥ ����Î¬�
ýø¤ ¤���ð ý�ûÂÚ�Â® ,À÷Â�ðüõ ¤�Âì ���� ¢¤�õ ÂµÈ�� ÝÑ�õ�÷ ¤���ð ý�û��ì ö�� ß��»Þû .À¨¤üõ ÂÑ÷
�Ø±ª ×þ ÂÑ÷ ¢¤�õ �ä�Þ¹õ ö�� ÝÑ�õ�÷ ´ó�� ßþ� ¤¢ .] [ À÷��µêÂð ¤�Âì ü¨¤Â� ¢¤�õ ÝÑ�õ�÷ ý�û�ä�Þ¹õ
�î ´¨� üã�±Ï �f õ�î ´ó�� ßþ� ¤¢ ßþ�Â���� .¢¤�À÷ ¢��ø ö¢Â� ¤�Ø� ý�Â� üûøÂð ¤�µ¡�¨ á�÷ º�û ,Àû¢üÞ÷ Û�ØÈ�
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«�¡ á��÷� .Ý�û¢ ¤�Âì ü¨¤Â� ¢¤�õ ýÂÚþ¢ ¤�µ¡�¨ º�û öøÀ� �û��ì ý�Â� �¤ �ûÂÚ�Â® ø Ý�ûÀ� ´�aÜî ÂµÈ�� üµa�
.À÷¥�¨üõ ßØÞõ �¤ �þÃ¹� °þ�Â® ����� �î ´¨� ßþ� �ú÷� üÜ¬� ´þÃõ ø À÷¤�¢ ü÷�ø�Âê ý�û¢Â�¤�î �û�ó�±÷¢

�� öÀª °�îÂ� ¥� Û±ì hf;  ki �þÃ¹� °þ�Â® ö� ¤¢ �î ) M =
P
kmkhf;  ki�k ý�ûÂÚÜÞä ü¨¤Â� ßþ�Â����

ý�ûÂÚ�Â® ö�Þû �ûßþ� .´¨� À�Ôõ ø üã�±Ï üÜ�¡ ÛÆ� ý�û�ó�±÷¢ ý�Â� (À÷�ªüõ �Â® (mk) ´��� ¢�Þ÷ ¤¢ �k
.¢¤�¢ ¢��ø �ûÂÚÜÞä á�÷ ßþ� ¥�ü÷�ø�Âê ý�û¢Â�¤�î ø À�µÆû ÛÆ�

ü¡Â� ý�ãó�Îõ ý�Â� 1952 ñ�¨ ¤¢ ÂÔ�ª ø ß�ê�¢ ý�Ü�¨ø �� ý¤�¬ ¤�Ï �� �Â±Ü�û ý�Ìê ý�Â� �û��ì
ý�Â� �¤ ¤���ð üÜ¬� ýùÀþ� ÂÔ�ª ø ß�ê�¢ �f¨�¨� .À÷Àª ÓþÂã� ×�÷�õ¤�û Â�è �þ¤�ê Ã�ó�÷� ý���õ¥ ¤¢ ýÀ� Û��Æõ
¥� �¤�¡ ¤¢ ÂÔ�ª ø ß�ê�¢ ý�ûùÀþ� �î À�¨¤üÞ÷ ÂÑ÷ �� ßþ� ¢��ø �� .À÷¢¤ø� ¤¢ ¢Â¹õ ÛØª �� ñ��Ú�¨ ©¥�¢Â�
¤¢ Âþüõ ø ö�Þ¨�Âð ,Ã�»��¢ ü¨�¨� ý�ó�Öõ �î ßþ� �� À÷�ª �µêÂð ¤�î �� ×�÷�õ¤�û Â�è ý�þ¤�ê ý�ûýÂ¨ ý���õ¥
´êÂð ¤�Âì ü¨¤Â� ¢¤�õ ý�ù¢ÂµÆð ¤�Ï �� �û��ì ý�ó�Öõ ,Ýúõ ý�ó�Öõ ßþ� ¤�Èµ÷� ¥� Àã� .Àª ÂÈµ�õ 1986 ñ�¨

.´¨� ö� ý�û¢Â�¤�î ø ���õ¥ ßþ� ¤¢ ö�ø�Âê ���Öõ ¤�Èµ÷� ø ü��Ö�Ö½� ý�ûùøÂð Û�ØÈ� ö� Û¬�� �î
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ü��õÀÖõ Óþ¤�ã� 1.2

°þ�Â® f 2 H Âû ý�¥� �� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ H �Â±Ü�û ý�Ìê ý�Â� �þ�� ×þ (ek)1k=1 ý�ó�±÷¢ .1.2 ÓþÂã�

�î ý¤�Ï �� À�ª�� ¢���õ (ck)1k=1 ¢ÂÔ�ÂÊ½�õ Âó�Ø¨�

f =
1X
k=1

ckek :

. hfk; gji = Ækj ù�ðÂû À÷�ªüõ ùÀ�õ�÷ Àõ�ãµõ ø¢ �� ø¢ (gk)1k=1 ø (fk)1k=1 ý�ó�±÷¢ ø¢ .2.2 ÓþÂã�

H ý�Â� Àõ�ãµõ �Øþ �þ�� ×þ (ek)1k=1 .Àª�� H �Â±Ü�û ý�Ìê ý�Â� �þ�� ×þ (ek)1k=1 Ý��î Âê .3.2 ÓþÂã�

. hek; eji = Ækj ù�ðÂû À÷�ªüõ ùÀ�õ�÷

.À÷�ñ¢�ãõ Âþ¥ ��¤�±ä 4.2 ��Ìì

.´¨� Àõ�ãµõ�Øþ �þ�� fekg1k=1 (1)

. f =
P1
k=1hf; ekiek; 8f 2 H (2)

. hf; gi =P1
k=1hf; ekihek; gi; 8f; g 2 H (3)

. P1
k=1 jhf; ekij2 = kfk2; 8f 2 H (4)

. spanfekg1k=1 = H (5)

. f = 0 ù�Ú÷� hf; eki = 0; 8k 2 N Âð� (6)

ÂþÁ� ©¤�Þª ø ñ�Ú� ý�ä�Þ¹õÂþ¥ ý�¤�¢ ù�ðÂû ¢�ªüõ ùÀ�õ�÷ ÂþÁ� üþ�À� H �Â±Ü�û ý�Ìê .5.2 ÓþÂã�

.Àª��

.¢¤�¢ Àõ�ãµõ�Øþ �þ�� ×þ H ÂþÁ� üþ�À� �Â±Ü�û ý�Ìê Âû (4.4.3 ��Ìì ]?[) 6.2 ��Ìì

©¤�Þª Âû ý�¥� �� ù�ðÂû À÷�ªüõ ùÀ�õ�÷ f 2 H �� üÏÂª Â�è ý�ÂÚÞû (fk)k2K � H ý�ó�±÷¢ .7.2 ÓþÂã�

.Àª�� f �� �ÂÚÞû P�(k) f�(k) ýÂ¨ ü�Ã� ý�ûá�Þ¹õ ý�ó�±÷¢ ,� : IN ! K

�Â±Ü�û ý�Ìê ýø¤ ¤�À÷�Âî ÂÚÜÞä 2.2

H2 �� H1 ¥� ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä �ä�Þ¹õ B(H1;H2) ø À�ª��1�Â±Ü�û ý�Ìê ø¢ H2 ø H1 Ý���î Âê
¢�ªüõ �µêÂð ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� ôÂ÷ T 2 B(H1;H2) ÂÚÜÞä ý�Â� �î Àª��

kTkop = supfkT (x)kH2
: kxkH1

� 1g :

.´¨�2 �÷�� ý�Ìê ×þ k:kop ôÂ÷ �� B(H1;H2)

Hilbert
1

Banach
2
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Ý�û¢üõ ö�È÷ T � �� �¤ ö� �î ý¢ÂÔ�ÂÊ½�õ ÂÚÜÞä �¤�¬ ßþ� ¤¢ . T 2 B(H1;H2) Ý���î Âê .8.2 ÓþÂã�

À�îüõ ëÀ¬ Âþ¥ �Î��¤ ¤¢ �î ¢¤�¢ ¢��ø

hT (h1); h2i = hh1; T �(h2)i 8h1 2 H1;8h2 2 H2 :

. kTkop = kT �kop ø ¢�ªüõ ùÀ�õ�÷ T ÂÚÜÞä üì�½ó� ÂÚÜÞä T �

.Àª�� üû��µõ Àã� ¥� RT ù�ðÂû Ý�þ�ð üû��µõ ý�±�¤ �� �¤ T 2 B(H1;H2) ÂÚÜÞä .9.2 ÓþÂã�

À��ø ý�ð B1 ö� ¤¢ �î Àª�� ù¢ÂÈê T (B1) ù�ðÂû Ý�õ�÷üõ ù¢ÂÈê �¤ T 2 B(H1;H2) ÂÚÜÞä .10.2 ÓþÂã�

.´¨� H1 ¤¢ �µÆ�

üû��µõ ý�±�¤ �� ý�ûÂÚÜÞä ßþ�Â���� ,´¨� ù¢ÂÈê �µÆ� À��ø ý�ð , üû��µõ Àã� ¥� ý�Ìê ¤¢ �Ø�þ� �� ���� ��
.À÷�ù¢ÂÈê

.À÷�ñ¢�ãõ Âþ¥ ý�û�¤�±ä ù�Ú÷� T 2 B(H1;H2) Âð� (2.4.4 ��Ìì ]?[) 11.2 ��Ìì

.´¨� ù¢ÂÈê T (1)

: kT � Tnk �! 0 �î ý¤�Ï �� ¢¤�¢ ¢��ø üû��µõ ý�±�¤ �� ý�ûÂÚÜÞä ¥� fTng ý�ó�±÷¢ (2)

.´¨� ÂþÁ³¨�Øãõ T ù�Ú÷� kI � Tk < 1 ø T 2 B(H) Âð� 12.2 Ýó

ø hT (h); hi � 0 Ý�ª�� �µª�¢ h 2 H Âû ý�¥� �� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ ´±·õ T 2 B(H) ÂÚÜÞä .13.2 ÓþÂã�

.Ý�û¢üõ ö�È÷ T � 0 �¤�¬ ��

ö�È÷ T 1

2 �� �¤ ö� �î ¢¤�¢ ¢ÂÔ�ÂÊ½�õ ´±·õ ôø¢ ý�Èþ¤ T ù�Ú÷� Àª�� ´±·õ T 2 B(H) Âð� 14.2 ��Ìì

Âð� ß��»Þû .´¨� ÂþÁ³¨�Øãõ Ã�÷ T 1

2 Àª�� ÂþÁ³¨�Øãõ T Âð� ø À÷�ªüõ �¹��� Ýû �� T 1

2 ø T . Ý�û¢üõ

.¢�ªüõ �¹��� Ã�÷ T 1

2 �� S ù�Ú÷� ¢�ª �¹��� T �� S 2 B(H)
.À��î á��¤ ]?[ �� ë�ê ý��Ìì ¥� ü÷�ûÂ� öÀþ¢ ý�Â�

: jT j = (T �T )
1

2 ü�ãþ Ý�û¢üõ ö�È÷ jT j �� �¤ ö� ´±·õ ôø¢ ý�Èþ¤ ø ´¨� ´±·õ ÂÚÜÞä ×þ T �T :����

�� T3 ø T3 � 0 ø T1 � T2 À��î Âê .À�ª�� üì�½ó�¢�¡ ý�ûÂÚÜÞä T3 ø T2 ,T1 À��î Âê 15.2 ��Ìì

. T1T3 � T2T3 ù�Ú÷� .¢�ª �¹��� T2 ø T1

.À��î �ã��Âõ ]?[ �� ��Ìì ßþ� ¥� ü÷�ûÂ� öÀþ¢ ý�Â�

ý¤�Æ÷�� �Â® 3.2
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ö���ä �� f 
i g (üÜ¡�¢)3ý¤�Æ÷� � �Â® �¤�¬ ßþ� ¤¢ . g 2 H2 ø f 2 H1 Ý��î Âê .16.2 ÓþÂã�

¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� H1 �� H2 ¥� ýÂÚÜÞä

(f 
i g)(h) = hh; gif ; 8f 2 H2 :

ù¢ÂÈê ßþ�Â���� ´¨� 0 �þ 1 Àã�e ¥� ÂÚÜÞä ßþ� ¢Â� �Áó ´¨� f ¥� ü±þÂ® �¤�¬ �� ÂÚÜÞä ßþ� ¢Â� ¤¢ ÂÊ�ä Âû
�Âþ¥ . kf 
i gkop = kfkH1

kgkH2
�î ý¤�Ï �� ´¨� H1 �� H2 ¥� ¤�À÷�Âî üÎ¡ ÂÚÜÞä ×þ ÂÚÜÞä ßþ� .´¨�

kf 
i gk = sup
khk�1

k(f 
i g)(h)k = sup
khk�1

khh; gifk

= sup
khk�1

jhh; gij kfk = kfk sup
khk�1

jhh; gij � kfk sup
khk�1

khk kgk � kfk kgk :

Ýþ¤�¢ g 6= 0Âê ��

k(f 
i g)( g

kgk )k = kh g

kgk ; gifk = jh g

kgk ; gij kfk = kgk kfk :

.´¨� üúþÀ� g = 0 ý�Â�

Â�� ýù¢¤ ý�ûÂÚÜÞä 4.2

ø (fk)k2K � H1 ý� û� ó� ± ÷¢ ù� ðÂ û Ý � þ� ð Â �� ýù¢¤ Â Ú Ü Þ ä × þ �¤ T 2 B(H1;H2) .17.2 ÓþÂã�

�î ý¤�Ï �� À�ª�� ¢���õ (gk)k2K � H2

X
k

kfkkH1
kgkkH2

< 1

f 2 H1 Âû ý�¥� �� ø

T (f) =
X
k

hf; fkigk =
X
k

(gk 
i fk)(f) :

Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ Â�� ýù¢¤ ôÂ÷ .Àª�� Â�� ýù¢¤ ÂÚÜÞä ×þ T 2 B(H1;H2) Ý��î Âê

kTktrace = inf
X
k

kfkkH1
kgkkH2

:

Ýþ¤�¢ T Â�� ýù¢¤ ÂÚÜÞä ý�Â�

kTkop = k
X
k

(gk 
i fk)kop �
X
k

kgk 
i fkkop =
X
k

kfkk kgkk

ù�Ú÷� ,g 2 H2 ø f 2 H1 Âð� �Áó . kTkop � kTktrace Å�

kfk kgk = kf 
i gkop � kf 
i gktrace :

. kf 
i gktrace = kfk kgk �Áó kf 
i gktrace � kfk kgk Ýþ¤�¢ Ã�÷ ø

Tensor
3
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.´¨� ù¢ÂÈê ýÂÚÜÞä Â�� ýù¢¤ ÂÚÜÞä 18.2 ù¤�Ãð

Ý��î üõ ÓþÂã� .Àª�� Â�� ýù¢¤ ÂÚÜÞä ×þ T =
P
k(gk 
i fk) Ý��î Âê : ö�ûÂ�

TN =
NX
k=1

gk 
i fk :

Ýþ¤�¢ ø ´¨� üû��µõ ý�±�¤ �� TN

lim
N!1

T �
NX
k=1

gk 
i fk
 = 0 :

� .´¨� ù¢ÂÈê �Áó ø ´¨� üû��µõ ý�±�¤ �� üþ�ûÂÚÜÞä À� �¤�¬ �� T ßþ�Â����

Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ T Â�� .Àª�� Â�� ýù¢¤ ÂÚÜÞä ×þ T 2 B(H) Ý��î Âê .19.2 ÓþÂã�

tr(T ) =
X
i

hTÆi; Æii

.´¨� H ý�Â� Àõ�ãµõ �Øþ ý�þ�� ×þ (Æi)i2I ö� ¤¢ �î

.´¨� �þ�� ��¿µ÷� ¥� ÛÖµÆõ 19.2ÓþÂã� 20.2 ù¤�Ãð

Ýþ¤�¢ �¤�¬ ßþ� ¤¢ .Àª�� H ý�Â� ýÂÚþ¢ Àõ�ãµõ �Øþ ý�þ�� (ej)i2J Ý��î Âê : ö�ûÂ�

X
i

hTÆi; Æii =
X
i

*X
k

hÆi; fkigk;
X
j

hÆi; ejiej
+

=
X
i

X
k

X
j

hÆi; fkihej ; Æiihgk; eji

=
X
k

X
j

*
ej ;
X
i

hfk; ÆiiÆi
+
hgk; eji =

X
k

X
j

hej ; fkihgk; eji

=
X
j

*X
k

hej ; fkigk; ej
+

=
X
j

hTej ; eji :

�

¢��ø (gk)k2K � H ø (fk)k2K � H ý�û�ó�±÷¢ .Àª�� Â�� ýù¢¤ ÂÚÜÞä ×þ T 2 B(H) Ý��î Âê 21.2 Ýó

�î ý¤�Ï �� À÷¤�¢

tr(T ) =
X
k

hgk; fki :

.À�µÆû Â�� ýù¢¤ ÂÚÜÞä ÓþÂã� ¤¢ ùÀª Âî£ ý�û�ó�±÷¢ ö�Þû �û�ó�±÷¢ ßþ�

�î ý¤�Ï �� À÷¢���õ (gk) � H ø (fk) � H ý�û�ó�±÷¢ 17.2 ÓþÂã� Õ±Ï : ö�ûÂ�

X
k

kfkkkgkk <1

f 2 H Âû ý�¥� �� ø

Tf =
X
k

hf; fkigk =
X
k

(gk 
i fk)(f) :
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�¤�¬ ßþ� ¤¢ .Àª�� H ý�Â� Àõ�ãµõ �Øþ ý�þ�� ×þ (Æi)i2I Ý��î Âê ñ��

tr(T ) =
X
i

hTÆi; Æii =
X
i

*X
k

hÆi; fkigk; Æi
+

=
X
i

X
k

hÆi; fkihgk; Æii =
X
k

hgk; fki :

�

.À�îüÞ÷ ËÖ÷ �¤ 19.2 ÓþÂã� 21.2 Ýó 22.2 ù¤�Ãð

: ö�ûÂ�
X
k

hgk; fki =
X
k

*X
i

hgk; ÆiiÆi; fk
+
=
X
k

X
i

hgk; ÆiihÆi; fki

=
X
i

*X
k

hÆi; fkigk; Æi
+
=
X
i

hTÆi; Æii :

�

H ý�Â� Àõ�ãµõ �Øþ ý�þ�� ×þ (Æi)i2I ø Àª�� Â�� ýù¢¤ ÂÚÜÞä ×þ T 2 B(H) Ý��î Âê (]?[) 23.2 Ýó

�¤�¬ ßþ� ¤¢ .Àª��

kTktrace =
X
i

hjT jÆi; Æii :

´�Þª� � �Â±Ü�û ý�ûÂÚÜÞä 5.2

ý�þ�� ×þ (ek)k2K À��î Âê ø Àª�� H �Â±Ü�û ý�Ìê ýø¤ ÂÚÜÞä ×þ U À��î Âê (]?[) .24.2 ÓþÂã�

Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ U 4´�Þª� � �Â±Ü�û ôÂ÷ .Àª�� H ý�Â� Àõ�ãµõ �Øþ

kUkHS =

0
@X
k2K

kU(ek)k2
1
A

1

2

:

. kUkHS < +1 ù�ðÂû Ý�õ�÷üõ ´�Þª� � �Â±Ü�û ÂÚÜÞä ×þ �¤ U ÂÚÜÞä

. kU�kHS = kUkHS Ýþ¤�¢ ø ´¨� �þ�� ��¿µ÷� ¥� ÛÖµÆõ 24.2ÓþÂã� 25.2 ù¤�Ãð

.À��î á��¤ 60 ø 59 ��½Ô¬ ]?[ �� ù¤�Ãð ßþ� ¥� ü÷�ûÂ� öÀþ¢ ý�Â�
ø Ý � û¢ü õ ö� È ÷ HS(H1;H2) � � �¤ H2 � � H1 ¥� ´ � Þ ª� � �Â ± Ü � û ý� ûÂ Ú Ü Þ ä ý� ä� Þ ¹ õ

. ´¨� ý¤�¢Â� ý�Ìê ×þ üó�Þãõ Âó�Ø¨� �Â® ø âÞ� ñ�Þä� �� HS(H1;H2) .HS(H;H) = HS(H)

¤¢ .� 2 C ø À�ª�� H �Â±Ü�û ý�Ìê ýø¤ üþ�ûÂÚÜÞä U ø V À��î Âê (10.4.2 ��Ìì ]?[ ) 26.2 ��Ìì

�¤�¬ ßþ�

. k�UkHS = j�jkUkHS ø kU + V kHS � kUkHS + kV kHS (1)

. kUk � kUkHS (2)

. kUV kHS � kUkHS kV k ø kUV kHS � kUk kV kHS (3)

Hilbert-Schmidt
4
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Ýþ¤�¢ ù�Ú÷� g 2 H2 ø f 2 H1 Âð�

kf 
i gkHS =

0
@X
k2K

k(f 
i g)(ek)k2
1
A

1

2

=

0
@X
k2K

khek; gifk2
1
A

1

2

=

0
@X
k2K

jhek; gij2kfk2
1
A

1

2

= kfk
0
@X
k2K

jhek; gij2
1
A

1

2

= kfk kgk :

.´¨� ¤�ÂìÂ� kf 
i gkHS = kfk kgk ý�Î��¤ ø ´¨� ´�Þª� � �Â±Ü�û ÂÚÜÞä ×þ f 
i g �Áó

.´¨� ù¢ÂÈê ÂþÁ� üþ�À� �Â±Ü�û ý�Ìê ýø¤ ´�Þª� � �Â±Ü�û ÂÚÜÞä 27.2 ��Ìì

Ý��î ÓþÂã� Âð� .Àª�� �Ìê ßþ� ý�Â� Àõ�ãµõ �Øþ ý�þ�� (Æi)1i=1 Ý��î Âê : ö�ûÂ�

TnÆi =

(
TÆi i � n

0 �¤�Ê�þ� Â�è ¤¢
ø ´¨� üû��µõ ý�±�¤ �� Tn �¤�¬ ßþ� ¤¢

kT � Tnk � kT � TnkHS =
1X

i=n+1

kTÆik2 ! 0 :

�

Ý��îüõ ÓþÂã� .Àª�� H ý�Â� Àõ�ãµõ �Øþ ý�þ�� ×þ (Æk)k2K ø T; S 2 HS(H) À��î Âê .28.2 ÓþÂã�

hT; SiHS =
X
k

hTÆk; SÆkiH :

.´¨� �þ�� ��¿µ÷� ¥� ÛÖµÆõ 28.2ÓþÂã� 29.2 ù¤�Ãð

�¤�¬ ßþ� ¤¢ .Àª�� H ý�Â� ýÂÚþ¢ Àõ�ãµõ �Øþ ý�þ�� (ei)i2I Ý��î Âê : ö�ûÂ�

X
k

hTÆk; SÆkiH =
X
k

hS�TÆk; ÆkiH = tr(S�T ) =
X
i

hS�Tei; eiiH =
X
i

hTei; SeiiH :

�

�¤�¬ ßþ� ¤¢ . f; g; h; l 2 H ø T 2 HS(H) À��î Âê (6 ø 5 Ýó ]?[) 30.2 Ýó

.´¨� HS(H) ý¤�¢Â� ý�Ìê ¤¢ üÜ¡�¢ �Â®×þ h:; :iHS (1)

.´¨� üÜ¡�¢ �Â® ßþ� �� �Â±Ü�û ý�Ìê ×þ HS(H) (2)
. hf 
 g; h
 liHS = hf; hiHhl; giH (3)

. hT; f 
 giHS = hTg; fiH (4)
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ÛÆ� ý�û�ó�±÷¢ ø �û��ì 6.2

ù��¿ó¢ ¤�ÁÚÆþÀ÷� �ä�Þ¹õ K ø ÂþÁ� üþ�À� �Â±Ü�û ý�Ìê ×þ H Ý��îüõÂê �õ�÷ö�þ� � ßþ� Â¨��Â¨ ¤¢
.Àª�� ÂþÁ� ©¤�Þª

( k)k2K � H ý�ó�±÷¢ .31.2 ÓþÂã�

�î ý¤�Ï �� À�ª�� ¢���õ A;B > 0 ý�û ´��� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ H �Â±Ü�û ý�Ìê ý�Â� ��ì×þ (Óó�

A kfk2H �
X
k

jhf;  kij2 � B kfk2H ; 8f 2 H : (1.2)

.Àª�� span( k)k2K ý�Â� ��ì ×þ ù�ðÂû ¢�ª üõ ùÀ�õ�÷ ��ì ý�ó�±÷¢ (�
. span( k)k2K = H ù�ðÂû ¢�ªüõ ùÀ�õ�÷ Ûõ�î (�

.Ý�þ�ðüõ Ù�� ��ì �¤ ��ì ,A = B Âð� .Ý�þ�ð ��ì üþ��� ö�Âî×þ �¤ B ø ��ì ü��þ�� ö�Âî×þ�¤ A
�î À÷�ªüõ ùÀ�õ�÷ ��ì ý���ú� ý�ûö�Âî B ý�Â� ßØÞõ ¤�ÀÖõ ßþÂµØ��î ø A ý�Â� ßØÞõ ¤�ÀÖõ ßþÂµð¤Ã�

.Ý�û¢üõ ö�È÷ Bopt ø Aopt ¢�Þ÷ �� °��Â� �� �¤ �ú÷�
ý�Â� ü��ì ( k)k2Knj ý�ó�±÷¢ ,j 2 K Âû ý�¥� �� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ Õ�ì¢ ��ì ,H ý�Â� ( k)k2K ��ì

.Àª�±÷ H

¢���õ B > 0 ü�ãþ ,Àª�� ¤�ÂìÂ� (1.2) ýø�Æõ�÷ ´¨�¤ éÂÏ ( k)k2K � H ý�ó�±÷¢ ý�Â� Âð� .32.2 ÓþÂã�

�î ý¤�Ï �� Àª��
X
k

jhf;  kij2 � B kfk2H ; 8f 2 H

.¢�ªüõ ùÀ�õ�÷ 5ÛÆ� ý�ó�±÷¢ ( k) ù�Ú÷�

�¤�¬ ßþ� ¤¢ .Àª�� H ¤¢ ÛÆ� ý�ó�±÷¢ ×þ ( k)k2K À��î Âê 33.2 Ýó

k kkH �
p
B :

ÝþÂ�üõ ¤�Ø� f =  k0 ý�Â� �¤ ýø�Æõ�÷ .Àª�� ´��� k0 2 K Ý��î Âê : ö�ûÂ�
X
k

jh k0 ;  kij2 � B k k0k2H :

: k k0k4H +
X
k 6=k0

jh k0 ;  kij2 � B k k0k2H Å�

: k k0k4H � k k0k4H +
X
k 6=k0

jh k0 ;  kij2 � B k k0k2H �¹�µ÷ ¤¢

Ýþ¤�¢  k0 6= 0Âê ��

k k0k2H � B :

�

Bessel
5
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( k)k2K � H ÛÆ� ý�ó�±÷¢ ý�Â� .34.2 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ �þÃ¹� ÂÚÜÞä C( k)(f) = (hf;  ki)k ý�Î��® �� C( k) : H �! l2(K) ÂÚÜÞä (1)
.¢�ªüõ ùÀ�õ�÷ °�îÂ� ÂÚÜÞä D( k)((ck)) =

P
k ck k ý�Î��® �� D( k) : l

2(K) �! H ÂÚÜÞä (2)
.¢�ªüõ ùÀ�õ�÷ ��ì ÂÚÜÞä S( k)(f) =

P
khf;  ki k ý�Î��® �� S( k) : H �! H ÂÚÜÞä (3)

�ûÂÚÜÞä ßþ� : C Ý�Æþ� ÷ üõ C( k) ý�� �� �f · õ .¢Âî Ý�û��¡ éÁ� �¤ ÅþÀ÷� ,Àª� ± ÷ ù� ± µª� ñ�Þ µ�� Âð�
.À÷¤�¢ �¤ Âþ¥ ý�ûüðÄþø

¤�Ï �� Pk ck k ýÂ¨ �¤�¬ ßþ� ¤¢ .Àª�� ÛÆ� ý�ó�±÷¢ ×þ ( k)k2K � H À��î Âê (1) 35.2 ù¤�Ãð

:kDkop = kCkop �
p
B ø À÷ÂÚþÀØþ üì�½ó� D ø C .´¨�ÂÚÞû üÏÂªÂ�è

�� ¤�À÷�Âî ø ×þ �� ×þ ýÂÚÜÞä C �¤�¬ ßþ� ¤¢ .Àª�� H ý�Â� ��ì ×þ ( k)k2K � H À��î Âê (2)

.´¨� �µÆ� ¢Â�

. N?
D = RC �¤�¬ ßþ� ¤¢ .Àª�� ��ì ×þ ( k)k2K � H À��î Âê (3)

ÂÚÜÞä ×þ S = C�C = DD� �¤�¬ ßþ� ¤¢ .Àª� � H ý�Â� ��ì ×þ ( k)k2K � H À��î Âê (4)

À�î üõ ëÀ¬ Âþ¥ Í��ø ¤ ¤¢ �î ´¨� ´±·õ ÂþÁ³¨�Øãõ

B�1IH � S�1 � A�1IH ; AIH � S � BIH :

ý�ûá�Þ¹õ ý�ó�±÷¢ Ý��îüõ ´��� .Àª�� K ý�Ìä� ¥� ù��¿ó¢ üª¤�Þª (kn)
1
n=1 À��î Âê (1) : ö�ûÂ�

�¤�¬ ßþ� ¤¢ . n > m; n;m 2 N Ý��î Âê .´¨�ÂÚÞû P1
i=1 cki ki ü�Ã�

nX
i=1

cki ki �
mX
i=1

cki ki

 =


nX

i=m+1

cki ki


= sup

kfk=1

������
*

nX
i=m+1

cki ki ; f

+������ � sup
nX

i=m+1

jckih ki ; fij

�
0
@ nX
i=m+1

jcki j2
1
A

1

2

sup
kfk=1

0
@ nX
i=m+1

jh ki ; fij2
1
A

1

2

�
p
B

0
@ nX
i=m+1

jcki j2
1
A

1

2

:

ü�Ã� ý�ûá�Þ¹õ ý�ó�±÷¢ ��� ýø�Æõ�÷ �� ���� �� ßþ�Â���� . P1
i=1 jcki j2 <1 �Áó (cki)

1
i=1 2 l2(K) ö��

¥� ù��¿ó¢ ©¤�Þª (kn)
1
n=1 ö�� .´¨�ÂÚÞûP1

i=1 cki ki �¹�µ÷ ¤¢ ø ´¨� üª�î ý�ó�±÷¢ ×þ P1
i=1 cki ki

.´¨�ÂÚÞû üÏÂªÂ�è ¤�Ï �� Pk2K ck k ýÂ¨ Å� ¢�� K ý�Ìä�
�¤�¬ ßþ� ¤¢ . (ck) 2 l2(K) ø f 2 H À��î Âê ñ��

hf;D(ck)i = hf;
X
k

ck ki =
X
k

ckhf;  ki

=
X
hf;  kick = h(hf;  ki); (ck)i = hC(f); (ck)i :
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