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ÂØÈ� ø ü÷�¢¤Àì
ßõ . Ýª�� �µª�¢ �¤ ÂØÈ� ñ�Þî ö�ª¤ÀÖ÷�Âð ý�ûüû�Þ�û�¤ ÂÏ�¡ �� ýÀ�ú÷ á¤�¥ À�ª¤ Âµî¢ ¥� ´¨� �¥� �¹�þ� ¤¢ø ¤¢�õ ø ¤À� ¥� .Ýµ¡�õ� ´�a÷�Æ÷� ø ë�¡� §¤¢ ö�Èþ� ÂÌ½õ ¥� ,ÝÜä °Æî Â� ùø�ä �¹È÷�¢ ×þ ö���ä ��´¨�þ¤ Âî�£ Âú���õ Âµî¢ ö�þ�ì� ¥� ß��»Þû . Ý�îüõ ÂØÈ� �÷�Þ�Þ¬ ,À�µÆû Ýû��� ø ´È� ù¤��Þû �î ��÷ �ÂÆÞû�õ�÷ö�þ�� ßþ� ý¤ø�¢ ´Þ�¥ ñ�±ì ÂÏ�¡ �� ¢�Ä÷ ßþ¤� ¢�ãÆõ Âµî¢ ø üþ�¥ Â�õ ¥øÂú� Âµî¢ ,ü®�þ¤ ùÀØÈ÷�¢.Ý�îüõ ü÷�¢¤Àì

¤�ú�



ùÀ�Ø��� �µÆ��ø ñø� ý�ûñ�ùÀþ� ø ��óø� �þ�¹� ,Â��Âð �þ�� ö���üõ ��Þãõ �ûý��ÜÞ�À�� �ÖÜ� ñ�ùÀþ� ×þ ü¨¤Â� ý�Â�´�Þû� ¥� ��� ¢¤��õ ßµê�þ ,ü��±¨�½õ üþ������ Â±� ´êÂÈ�� �� ø Â�¡� ý�ûñ�¨ ¤¢ ùÄþø �� .¢¤ø� ´¨¢ �� �¤ ö�.´¨� ùÀª ¤�¢¤�¡Â� ü¬�¡ö� ¤¢ �î ´¨� ùÀª ü¨¤Â� [3] ¤¢ �îÂð ø ýÂþ¤�ð ,ö�Æ÷��¨ Í¨�� ¤�� ß�óø� ÅþÂ��õ ×þ ý�û´��õÂ� ñ�ùÀþ�Å³¨ .À÷�ù¢Âî �À�� ñ�Þ���õ ��óø� �þ�¹� ø Â��Âð �þ�� ,ÛØ�û ÅþÂ��õ ×þ 2 × 2 ý�û´��õÂ� ñ�ùÀþ� ý�Â��±¨�½õ �¤ ÛØ�û ÅþÂ��õ ×þ 3 × 3 ý�û´��õÂ � ñ�ùÀþ� ñ�Þ� � �õ ñø� ý�ûñ�ùÀþ� [4] ¤¢ �îÂð ø ýÂþ¤�ðÓþ¤�ã� ø ��õÀÖõ ñø� ÛÊê ¤¢ ¤�î ßþ� ý�Â� ø ´¨� ù¢�� �ó�Öõ ø¢ ßþ� ü¨¤Â� �õ�÷ ö�þ�� ßþ� éÀû .À÷�ù¢�Þ÷.¢�ªüõ �þ�¤� ø ý¤ø�âÞ� ¥��÷ ¢¤�õ ��óø�,��¨ ÛÊê ø ¢¤�¢ «�Êµ¡� ÛØ�û ÅþÂ��õ 2 × 2 ý�û´��õÂ� ñ�ùÀþ� Â��Âð ý�û�þ�� �� �õ�÷ö�þ�� �ø¢ ÛÊêùÀª �µêÂð [3] â±�õ ¥� ÛÊê ø¢ ßþ� .Àû¢üõ ¤�Âì ü¨¤Â� ¢¤�õ �¤ ö� �� �µÆ��ø ñø� ý�ûñ�ùÀþ� ø ��óø� �þ�¹��¤ ö� ñ�Þ���õ ñø� ý�ûñ�ùÀþ� ø �µ¡�¢Â� ÛØ�û ÅþÂ��õ ×þ 3 × 3 ý�û´��õÂ� ñ�ùÀþ� �� Ýû Â¡� ÛÊê .´¨�.´¨� ùÀª ù¢¤ø� [4] â±�õ ¥� Â¡� ÛÊê .À�îüõ �±¨�½õ

¸��



´¨Âúê
¸�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ùÀ�Ø�´Èû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �õÀÖõ�û¥��÷ Ç�� 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûý��ÜÞ� ×� 1.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ý��ÜÞ� ×� ñ�ùÀþ� 2.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ý��ÜÞ� ×� °��Â� 3.19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Â��Âð ý�û �þ�� 4.111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �µê�þ Ûþ�½� Â��Âð �þ�� 1.4.112 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÂðÂ±¡�� Ýµþ¤�Úó� ø ×½õ 5.116 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûñ�ùÀþ� í�Âµª� 6.120 . . . . . . . . . . . . . . . . . . . . �µÆ��ø ñø� ý�ûñ�ùÀþ� ø ñ�ùÀþ� ×þ ��óø� �þ�¹� 7.1

Çª



ÛØ�û ÅþÂ��õ ´��õÂ� ñ�ùÀþ� 223 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÛØ�û ÅþÂ��õ ´��õÂ� ñ�ùÀþ� 1.225 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÛØ�û ÅþÂ��õ 1.1.226 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . P2(M) Â��Âð �þ�� 2.2
P2(M) �� �µÆ��ø ñø� ý�ûñ�ùÀþ� ø��óø� �þ�¹� 347 . . . . . . . . . . . . . . . . . . . . . . . . . . . . P2(M) ñ�Þ���õ ñø� ý�ûñ�ùÀþ� 1.348 . . . . . . . . . . . . . . . . . . . . . . . . . . P2(M) ñ�ùÀþ� ý�Â� ��óø� �þ�¹� ×þ 2.352 . . . . . . . . . . . . . . . . . . . . . . . . . . . . P2(M) �� �µÆ��ø ñø� ý�ûñ�ùÀþ� 3.3

P3(M) ñ�Þ���õ ñø� ý�ûñ�ùÀþ� 461 . . . . . . . . . . . . . . . . . . . . . . . . P3(M) ñ�Þ���õ ñø� ý�ûñ�ùÀþ� �±¨�½õ 1.473 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ¥�� �ó�bÆõ 2.474 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . â��Âõ

´Ôû



�õÀÖõÍÆ� ¤¢ �µê¤ ¤�î �� ý�û´õ�ä �b Þû ÍÖê ø ¢�ªüõ ÓþÂã� ö� ö���õÂ�¢ ���Èõ â�Âõ ÅþÂ��õ ×þ ´��õÂ�.À�îüõ ÛÞä ÅþÂ��õ ×þ ýø¤ �î ´¨� üÞúõ â���� ¥� üØþ ÅþÂ��õ ´��õÂ� .À÷�ªüõÂê ´±·õ ,ö���õÂ�¢ýÂ±� ø ü¨À�û ý�û´�¬�¡ ,¢¤�¢ ü÷�ø�Âê ýÂ±� ø ü¨À�û«��¡ �î ö���õÂ�¢ â��� é�¡Â� â��� ßþ� ý�Â�üÞ�ª ø �ûé�Âð � þÂÑ÷ ùÄ þø � � ÂÚþ¢ ��Üä ü¡Â� ¤¢ ÅþÂ��õ ×þ ´��õÂ � �µ ± ó� .´¨� ùÀÈ÷ �À� � ü÷�À���¤ø�¹õ ÅþÂ��õ ´��õÂ� Â��Â� üÈ¿� ø¢ ù¢�¨ é�Âð ×þ Ûõ�î ý�ûÕ��Î� ¢�Àã� �ÜÞ� ¥� .¢¤�¢ ý¢�þ¥ ´�Þû�.1¢¤�¢ ü÷�ø�Âê ý�û¢Â�¤�î ¢�¡ ���÷ �� ��÷ é�Âð ×þ Ûõ�î ý�ûÕ��Î� ¢�Àã� .Àª��üõ é�Âð ö� üÈ¿� ø¢��¹÷� ý��ÜÞ�À�� ø âþÂ¨ ö�õ¥ �� ý�ûÝµþ¤�Úó� Í¨�� Â���³õ�î �� ö� �±¨�½õ �î ÅþÂ��õ ×þ ö���õÂ�¢ é�¡Â��þÂÑ÷ ¤¢ ´¿¨ ¤��Æ� Ûþ�Æõ �� ø ¢¤�À÷ Â®�� ñ�� ¤¢ üãþÂ¨ Ýµþ¤�Úó� ÅþÂ��õ ×þ ´��õÂ� �±¨�½õ ,¢�ªüõ.¢ø¤üõ ¤�Þª �� �ûÝµþ¤�Úó�ßþÂµÞúõ ¥� ,ùÀª ý¤�ÁÚõ�÷ ý¢��õ Ýû¢¥�÷ öÂì ü÷�Þó� ö�À�®�þ¤ 2ÛØ�û ö�õÂû ��÷ �� �î ÛØ�û ý�ûÅþÂ��õ.À�ª��üõ ��Üä ÓÜµ¿õ ý�û���õ¥ ¤¢ ö�ø�Âê ý�û¢Â�¤�î ý�¤�¢ �î À�ª��üõ üÎ¡ Â±� ý�ûÅþÂ��õñ�ùÀþ� ø ��óø� �þ�¹� ,Â��Âð �þ�� �f �Þãõ ,�ûý��ÜÞ�À�� �ÖÜ� ¥� ñ�ùÀþ� ×þ ü¨¤Â� ý�Â� ,üþ������ Â±� ¤¢�ÖÜ� ¤¢ ý�û�þ�¤¢ �� ÅþÂ��õ ×þ ý�ûÅþÂ��õÂþ¥ ö���õÂ�¢ ñ�ùÀþ� .À÷¤ø�üõ ´¨¢ �� �¤ ö� �� �µÆ��ø ñø� ý�ûø ���Öõ ���õ¥ ßþ� ¤¢ ø ´¨� �µêÂð ¤�Âì ü÷�ø�Âê ý�ûü¨¤Â� ¢¤�õ ,�ûý��ÜÞ�À�� �ÖÜ� ùÄþø �� ø R üþ������.¢Âî �ã��Âõ [20] �� ö���üõ �÷�Þ÷ ö���ä �� �î ùÀõ�¤¢ ÂþÂ½� �µª¤ �� ý¢�þ¥ ý�û��µî×þ ý�ûÅþÂ��õÂþ¥ ´��õÂ� Í¨�� ùÀª À�ó�� ñ�ùÀþ� üóø ¢¤�¢ ü±ó�� ý�û¢Â�¤�î ÅþÂ��õ ×þ ´��õÂ� À�� Âû¤�Âì ý¢�þ¥ ü¨¤Â� ¢¤�õ ö��î�� Ý�þ�ð ÅþÂ��õ ý�û´��õÂ� ñ�ùÀþ� ö� �� �î �ÖÜ� ×þ ¤¢ ý�û�þ�¤¢ �� ÅþÂ��õ×þ ´��õÂ� ¤�ÀÖõ �f ·õ .Àª�� ´��õÂ� �±¨�½õ ý�Â� °¨��õ ý�û¤���� ¢��ø �Àä ¤�î ßþ� Û�ó¢ Àþ�ª .´¨� �µêÂÚ÷¤�� ß�óø� ÅþÂ��õ ×þ ý�û´��õÂ� ñ�ùÀþ� .À�îüõ Â��ç� ü��õÀÖõ ü÷�µ¨ ø ýÂÎ¨ ���ÜÞä ��¹÷� �� ÅþÂ��õß�Âî Ý�� ×þ �� ø �÷�Úþ À÷��� ÂÚþ¢ ß�Âî Ý�� ø¢ �� ß�Âî Ý�� Âû .´¨� ùÀª Û�ØÈ� ß�Âî Ý�� ý¢�Àã� �� ñ�Øó�õ ×þ À��î Âê �f ·õ 1ö�È÷ ,Ûõ�î Õ��Î� ×þ ,Àª�� �ú÷� ß�� ý�ûÀ÷��� ö� ý�ûñ�þ ø �ûß�Âî ý�û Ý�� ö� ý�û§�b¤ �î üê�Âð ¤¢ .Àª�� �µª�¢ À÷���üõ �÷�ðø¢ À÷����� Â�¡� ý�ûñ�¨ ¤¢ �ó�bÆõ ßþ� .´¨� Â®��µõ ñ�Øó�õ ý�ûÂõø�þ� ¢�Àã� Â��Â� üê�Âð ß��� Ûî ý�ûÕ��Î� ¢�Àã� .´¨� �÷�ðø¢ ý�ûÀ÷��� ùÀ�û¢´¨� ù¢Âî �À�� ý�ù¢�ãó� ë�ê ´�Þû� (Fulleren) öÂó�ê ý�ûñ�Øó�õ ÓÈî
Hermann Hankel 2´Èû



×þ 2 × 2 ý�û´��õÂ� ñ�ùÀþ� ý�Â� ö� ¤¢ �î ´¨� ùÀª ü¨¤Â� [3] ¤¢ 5�îÂð ø 4ýÂþ¤�ð ,3ö�Æ÷��¨ Í¨��ñø� ý�ûñ�ùÀþ� [4] ¤¢ �îÂð ø ýÂþ¤�ð Å³¨ .À÷�ù¢Âî �À�� ñ�Þ���õ ��óø� �þ�¹� ø Â��Âð �þ�� ,ÛØ�û ÅþÂ��õ.À÷�ù¢�Þ÷ �±¨�½õ �¤ ÛØ�û ÅþÂ��õ ×þ 3 × 3 ý�û´��õÂ� ñ�ùÀþ� ñ�Þ���õö�þ�� ñø� ÛÊê .À÷�ªüõ �þ�¤� �øÂÈõ ¤�Ï �� ø �µêÂð ¤�Âì Õ�ì¢ �ãó�Îõ ¢¤�õ ë�ê ý�û�ó�Öõ �õ�÷ ö�þ�� ßþ�¤¢�µÆ��ø ñø� ý�ûñ�ùÀþ� ø ��óø� �þ�¹� ,Â��Âð ý�û�þ�� ,ý��ÜÞ�×� ý�ûñ�ùÀþ� ¥� üþ�þ�Ìì ø Óþ¤�ã� �� �õ�÷ýÂ��Âð �þ�� ø �µêÂð ¤�Âì ü¨¤Â� ¢¤�õ ÛØ�û ÅþÂ��õ ×þ ý�û´��õÂ� ñ�ùÀþ� �ø¢ ÛÊê ¤¢ .¢¤�¢ «�Êµ¡�ø ��óø� �þ�¹� �� ��¨ ÛÊê .´¨� ùÀª �±¨�½õ ü¨�õ�ì °��Â� �� üÆþÂ��õ ß��� 2 × 2 ý�û´��õÂ� ñ�ùÀþ� ý�Â�ø¢ ßþ�.Àû¢üõ �þ�¤� �¤ ¢¤��õ ßþ� ø �µ¡�¢Â� ÛØ�û ÅþÂ��õ 2 × 2 ý�û´��õÂ� ñ�ùÀþ� �� �µÆ��ø ñø� ý�ûñ�ùÀþ�ÅþÂ��õ ×þ 3 × 3 ý�û´��õÂ� ñ�ùÀþ� ñ�Þ���õ ñø� ý�ûñ�ùÀþ� �¤�ú� ÛÊê ¤¢ .´¨� ùÀª �µêÂð [3] ¥� ÛÊê.´¨� ùÀª ù¢¤ø� [4] ¥� ÛÊê ßþ� .¢�ªüõ �þ�¤� ø �±¨�½õ Ûõ�î �¤�¬ �� ÛØ�û
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ñø� ÛÊê
�û¥��÷ Ç��

°ó�Îõ .´¨�ûý��ÜÞ�×� ñ�ùÀþ� ��óø� �þ�¹� ø Â��Âð �þ�� ø ý��ÜÞ� ×� ý�ûñ�ùÀþ� üêÂãõ Ûõ�ª ÛÊê ßþ�.´¨� ùÀª ù¢¤ø� [13] ø [10] ,[3]¥� ÛÊê ßþ�
�ûý��ÜÞ� ×� 1.1

K ýø¤ ùÂ�çµõ n ý�ûý��ÜÞ� À�� �ÖÜ� S = K[x1, . . . , xn] ø ö�À�õ ×þ K À��î Âê 1.1.1 ÓþÂã��ä�Þ¹õ Z+ ¥� ¤�Ñ�õ .À�þ�ð ý� �ÜÞ� ×� �¤ ai ∈ Z+ �î xa1

1 ...xan
n �¤�¬ �� ý�Ìä� �¤�¬ ßþ� ¤¢ ,Àª��.À�û¢üõ ö�È÷ Mon(S) �� �¤ S ¤¢ ý�û ý� �ÜÞ� ×� �Þû �ä�Þ¹õ .´¨� üÔ�õ�÷ ¼�½¬ ¢�Àä�

Mon(S) := {x1
a1 · · ·xn

an | (a1, . . . , an) ∈ Zn
+}

1



�þ�¹� Mon(S) ý�Ìä� ¥� üÎ¡ °�îÂ � ×þ �� � ÷�Ú þ �¤�¬ �� S ¤¢ ý��ÜÞ� À�� Âû �î ´¨� ¼®�ø.¢�ªüõ
f ∈ S ⇒ f =

∑

CαXα (1)Â�è Cα üû��µõ ¢�Àã� Â·î�À� ýÂ¨ ßþ� ¤¢ ø Cα ∈ K , α = (a1, . . . , an) , Xα = x1
a1 · · ·xn

an ö� ¤¢ �î.´¨� ÂÔ¬.´¨� K ýø¤ S ý¤�¢Â� ý�Ìê ý�Â� �þ�� ×þ Mon(S) :����
: Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ Supp(f) �þ f ÛÞ½õ , f ∈ S ý�Â� 2.1.1 ÓþÂã�

Supp(f) := {Xα ∈ Mon(S) : Cα 6= 0}.´Æ�÷ ÂÔ¬ f ¤¢ ö�È±þÂ® �î üþ�ûý��ÜÞ� ×� �ä�Þ¹õ ÂÚþ¢ �¤�±ä ��
ý��ÜÞ� ×� ñ�ùÀþ� 2.1.Ýþ¥�¢Â�üõ ý��ÜÞ�×� ý�ûñ�ùÀþ� ö���ä �� S �ÖÜ� ý�ûñ�ùÀþ� ¥� ü¬�¡ �µ¨¢ �ãó�Îõ �� Ç¿� ßþ� ¤¢ý�Ìä� �î Àª�� �µª�¢ Àó�õ �b ä�Þ¹õ ×þ Âð� Ý�þ�ð ý��ÜÞ� ×� ñ�ùÀþ� �¤ S ¥� I ñ�ùÀþ� 1.2.1 ÓþÂã�.À�µÆû ý��ÜÞ� ×� ö�

ý�Ìê� K ý�Â� �þ�� ×þ I ý��ÜÞ�×� ñ�ùÀþ� ¤¢ �û ý� �ÜÞ�×� �Þû Ûõ�ª N �ä�Þ¹õ 2.2.1 ��Ìì. ´¨� I ý¤�¢Â�2



λ1, . . . , λs ∈ K ø i 6= j ý�Â� ui 6= uj ø u1, . . . , us ∈ N Âð� �Âþ¥ À�µÆû üÎ¡ ÛÖµÆõ N ý�Ìä� .ö�ûÂ�.λ1 = λ2 = · · · = λs = 0 �¹�µ÷ ¤¢ λ1u1 + · · · + λsus = 0 Âð� ù�Ú÷��� À÷¤�¢ ¢��ø I ¤¢ u1, ..., um ý�ûý��ÜÞ�×� Å� ´¨� ý��ÜÞ�×� ñ�ùÀþ� I ö�� f ∈ I Ý��îÂê ñ��
hi ∈ S �î f =

∑m

i=1 hiui �î ý¤�Ï
Supp (f) ⊆ Supp (

m
∑

i=1

hiui) ⊆
m
⋃

i=1

Supp (hiui) =

m
⋃

i=1

Supp (hi)ui�¹�µ÷ ¤¢ .v ∈ I Å� ´¨� ñ�ùÀþ� I ö�� ø w ∈ Mon(S) �î v = wui �¤�¬ ßþ� ¤¢ v ∈ Supp(hi)ui Âð�
� .Supp(f) ⊆ N �¹�µ÷ ¤¢ ø Supp(hi)ui ⊆ N , i Âû ý�Â�:À�ó¢�ãõ Âþ¥ Íþ�Âª I ⊆ S ñ�ùÀþ� ý�Â� 3.2.1 ù¤��ð

. ´¨� ý� �ÜÞ� ×� ñ�ùÀþ� ×þ I (1.Àª�� I ¤¢ Supp(f) �Ìä Âû Âð� �ú�� ø Âð� ¢¤�¢ ¤�Âì I ¤¢ f , f ∈ S Âû ý�¥� �� (2. Û±ì ��Ìì �� ��� (1 ⇒ 2) .ö�ûÂ�.¢¤�¢ ¤�Âì I ¤¢ Supp(fi) , I Âû ý�Â� �¤�¬ ßþ� ¤¢ . À�ª�� I ý�ûÀó�õ f1, . . . , fm Ý��î Âê (2 ⇒ 1 )
� . ´¨� I ý�Â� ý��ÜÞ� ×� Àó�õ �ä�Þ¹õ ×þ ⋃m

i=1 Supp(fi) Å�
I ý�Â� �ûý��ÜÞ�×� ¥� Àó�õ �ä�Þ¹õ ×þ G ø Àª�� ý��ÜÞ� ×� üó�ùÀþ� I À��î Âê 4.2.1 ÓþÂã�¥� ýÂÚþ¢ �Ìä Í¨�� G ¥� ý�Ìä º�û ü�¤�±ä �� �þ .¢Âî éÁ� ö��µ÷ �¤ ö� ¥� ý�Ìä º�û �î ý¤�Ï �� Àª��.À�û¢üõ ö�È÷ G(I) �� �¤ ö� ø À�þ�ð I ý�Â� ñ�Þ���õ Àó�õ ×þ �¤ G �¤�¬ ßþ� ¤¢ .¢�È÷ ¢�ä G

. ´¨� �÷�Úþ ø ¢¤�¢ ¢��ø I ý��ÜÞ� ×� ñ�ùÀþ�Âû ý�Â� ñ�Þ���õ Àó�õ 5.2.1 ��Ìì3



�û ý��ÜÞ�×� ¥� ñ�Þ���õ Àó�õ �b ä�Þ¹õ ø¢ G2 = {u1, . . . , us}ø G1 = {v1, . . . , vt} Ý��îÂê .ö�ûÂ�
ui = wjvj �î À�µÆû Mon(S) ¤¢ wjø G1 ¤¢ vj Å� .¢¤�¢ ¤�Âì I ¤¢ ui , 1 ≤ i ≤ s Âû ý�¥� �� ,À�ª�� I ý�Â�:�î ý¤�Ï ��À�µÆû Mon(S) ¤¢ wk ø G2 ¤¢ uk �¹�µ÷ ¤¢ ø ´¨� I ¤¢ vj üêÂÏ ¥� .

vj = wkuk ⇒ ui = wjwkuk�� 1 ≤ j ≤ s ¢¤�¢ ¢��ø , 1 ≤ i ≤ s Âû ý�Â� Å� wjwk = wkwj = 1ø k = i ´¨� ñ�Þ���õ Àó�õ ö�� ø
� . G1 = G2 �¹�µ÷ ¤¢ ø G1 ⊆ G2 �î ¢�ª üõ ´��� ���Èõ ¤�Ï �� .G2 ⊆ G1 Å� ui = vj ∈ G1 �î ý¤�Ïý��ÜÞ�×� üó�ùÀþ� I ∩ J �¤�¬ ßþ� ¤¢ .À�ª�� ý��ÜÞ�×� ñ�ùÀþ� ø¢ J ø IÀ��îÂê 6.2.1 ù¤��ðßþÂµØ��î ,lcm(u, v) ¥� ¤�Ñ�õ .´¨� ñ�ùÀþ� ßþ� Àó�õ {lcm(u, v) : v ∈ G(I), u ∈ G(J)} �ä�Þ¹õ ø ´¨�.Àª�� üõ vø u íÂµÈõ �ÂÌõ×� ý�û ñ�ùÀþ� ø¢ Âû J ø I �Âþ¥ Supp(f) ⊆ I ∩ J �¤�¬ ßþ� ¤¢ .Àª�� f ∈ I ∩ J Ý��î Âê .ö�ûÂ�¤¢ Supp(f) ⊆ I ∩ J ö�� , w ∈ Supp(f) ÝþÂ�ð .´¨� ý��ÜÞ� ×� üó�ùÀþ� I ∩ J �¹�µ÷ ¤¢ À�µÆû ý��ÜÞ�ö�� ñ�� . lcm(u, v) | w �¹�µ÷ ¤¢ Å� ,v | w ø u | w �î ý¤�Ï �� ¢¤�¢ ¢��ø v ∈ G(J) ø u ∈ G(I) �¹�µ÷
{lcm(u, v) : u ∈ G(v), v ∈ G(J)} �ä�Þ¹õ �½�µ÷ ¤¢ lcm(u, v) ∈ I ∩ J , v ∈ G(J) ø u ∈ G(I) Âû ý�Â�
� . ´¨� I ∩ J ñ�ùÀþ� Àó�õ:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ J Â� Ý�ÆÖ� I ,R �ÖÜ� ¥� I, J ñ�ùÀþ� ø¢ ý�Â� 7.2.1 ÓþÂã�

I : J = {f ∈ S | fg ∈ I for all g ∈ J} .´¨� R �ÖÜ� ñ�ùÀþ� ×þ I : J
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ý��ÜÞ� ×� ñ�ùÀþ� I : J �¤�¬ ßþ� ¤¢ .À�ª�� ý��ÜÞ� ×� ñ�ùÀþ� ø¢ J ø I À��î Âê 8.2.1 ù¤��ð
gcd(u, v) .´¨� I : (v) Àó�õ {u/gcd(u, v) : u ∈ G(I)}�ä�Þ¹õ ß��»Þû ø I : J =

⋂

v∈G(J) I : (v) ø ´¨�.´¨� v ø u íÂµÈõ ��Üä ��ÆÖõ ßþÂµð¤��ý� � Ü Þ � × � ü ó�ùÀ þ� I ö� � ø fv ∈ I ,v ∈ G(J) Â û ý�Â � Å � f ∈ I : J Ý þÂ � ð .ö� ûÂ �ü ó�ùÀ þ� I : J ,3.2.1 � � � � � ø Supp(f) ⊆ I : J � ¹ � µ ÷ ¤¢ ø Supp(f)v = Supp(fv) ⊆ I ,´ ¨�Ý þ¤�¢ Â¡� ´ÞÆì �� ± �� ý�Â � ø ´¨� üú þÀ � I : J ÓþÂ ã � � � � � � ù¤�� ð �ø¢ ´ÞÆì .´¨� ý�� Ü Þ�×�
u ∈ G(I) ¢¤�¢ ¢��ø �¤�¬ ßþ� ¤¢ w ∈ I : (v) Ý��î ÂêÂÚþ¢ éÂÏ ¥� {u/gcd(u, v) : u ∈ G(I)} ⊆ I : (v)

� .u/gcd(u, v) | w �¹�µ÷ ¤¢ wv = u �î üÞÆì ��Â þ¥ �¤�¬ �� �¤ I ñ�Ø þ¢�¤ �¤�¬ ßþ� ¤¢ .Àª� � R �b Ö Ü� ¤¢ ñ�ùÀ þ� ×þ I À� �î Âê 9.2.1 ÓþÂã�:Ý��îüõ ÓþÂã�
√

I = {x ∈ R : ∃n ∈ N s.t xn ∈ I}

�� ¢¤�¢ ¢��ø n üã�±Ï ¢Àä ,x 6∈
√

I �Ìä Âû ø I ñ�ùÀþ� Âû ý�Â� ,R ýÂ��÷ �ÖÜ� ¤¢ 10.2.1 ��Ìì:�î üÞÆì
(I : xn) = (I : xn+1) �¹�µ÷ ¤¢ ø

I = (I : xn) ∩ (I + (xn))
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�¤�¬ ßþ� ¤¢ . ´¨� üã�±Ï ¢Àä ×þ t �î a ∈ (I : 〈xt〉) Ý��î Âê �Àµ�� .ö�ûÂ�
axt ∈ I ⇒ xaxt ∈ I ⇒ axt+1 ∈ I: Ýþ¤�¢ �¤ Âþ¥ ý�û ñ�ùÀþ� ¥� ý¢�ã¬ Â�¹÷¥ Å� .a ∈ (I : 〈xt+1〉 �¹�µ÷ ¤¢ø

(I : 〈x〉) ⊆ (I : 〈x2〉) ⊆ . . . ⊆ (I : 〈xn〉) ⊆ (I : 〈xn+1〉) ⊆ . . .�î ý¤�Ï �� n ∈ N ×þ ¢¤�¢ ¢��ø Å� ´¨� �µÆþ� �ûñ�ùÀþ� ¥� üÈþ��ê� Â�¹÷¥ Âû ýÂ��÷ ý�û�ÖÜ� ¤¢ ö�� ø�î ´¨� ¼®�ø Àã� ´ÞÆì ��±�� ý�Â� .(I : 〈xn〉) = (I : 〈xn+1〉) = . . .

I ⊆ (I : 〈xn〉) ∩ (I + 〈xn〉).r ∈ I �î a = r + sxn ß��»Þû ø axn ∈ I �¤�¬ ßþ� ¤¢ a ∈ (I : 〈xn〉) ∩ (I + 〈xn〉) Ý��î Âê Å�
axn ∈ I, a = r + sxn ⇒ (r + sxn)xn ∈ I ⇒ rxn + sx2n ∈ I ⇒ sx2n ∈ I

� . a ∈ I Å� a = r + sxn ö�� ø sxn ∈ I �¹�µ÷ ¤¢ .s ∈ (I : 〈x2n〉) = (I : 〈xn〉) Å�.´¨� ý��ÜÞ� ×� ñ�ùÀþ� ×þ ��÷ √I ,Àª�� ý� �ÜÞ� ×� ñ�ùÀþ� I ⊆ S Âð� 11.2.1 ù¤��ð�� √ui ö� ¤¢ �î G(
√

I) = {√u1, . . . ,
√

us} ù�Ú÷� G(I) = {u1, . . . , us} Âð� �î Ý��î üõ ´��� .ö�ûÂ�: ¢�ª üõ ÓþÂã� �¤�¬ ßþ�
u = xa1

1 · · ·xan
n ⇒

√
u = xc1

1 · · ·xcn
n , ci = 1 if ai > 0 , ci = 0 if ai = 0´¨� ý� �ÜÞ� ×� ñ�ùÀþ� I ö�� .fn ∈ I �î ý¤�Ï �� ¢¤�¢ ¢��ø n ∈ N �¹�µ÷ ¤¢ f ∈

√
I Ý��î Âê. Supp(fn) ⊆ I

Supp(f) = {f1, . . . , ft} ⇒ {fn
i , . . . , fn

t } ⊆ Supp(fn) ⊆ I ⇒ {f1, . . . , ft} ⊆
√

I6



.´¨� ý��ÜÞ� ×� ñ�ùÀþ� ×þ √I ,3.2.1 Â���� �¹�µ÷ ¤¢
�

ý��ÜÞ� ×� °��Â� 3.1
:À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ Âð� ´¨� üþ�� °��Â� ×þ A �bä�Þ¹õ ýø¤ ≤ �Î��¤ 1.3.1 ÓþÂã�,x ≤ x , x ∈ A Âû ý�Â� (1,x = y ù�Ú÷� x ≤ y, y ≤ x Âð� x, y ∈ A Âû ý�Â� (2.x ≤ z ù�Ú÷� x ≤ y, y ≤ z Âð� (3.¢Âî �Æþ�Öõ ÂÚþÀØþ �� ö��µ� �¤ A �Ìä ø¢ ÂûÂð� Ý�þ�ð üÜî °��Â� �¤ A ýø¤ üþ�� °��Â�

:Âð� Ý�þ�ð ý��ÜÞ� ×� °��Â� ×þ �¤ ≤ À�÷�õ üÜî °��Â� ×þ Mon(S) �ä�Þ¹õ ¤¢ 2.3.1 ÓþÂã�,1 ≤ u , u ∈ Mon(S) Âû ý�Â� (1.uw ≤ vw Ýþ¤�¢ w ∈ Mon(S) Âû ý�¥� �� ù�Ú÷� u ≤ v Âð� (2
�¤�¬ � � �¤ xα üÜ î ��¤¢ .α = (α1, . . . , αn) ö� ¤¢ � î xα ∈ Mon(S) À � � î Â ê 3.3.1 ÓþÂã�.¢�ªüõ ù¢�¢ ö�È÷ deg(xα) �� ø ÓþÂã� α1 + · · · + αn
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:Ý��îüõ ÓþÂã� xβ = xβ1

1 ...xβn
n ,xα = xα1

1 . . . xαn
n À��î Âê :1 ü¨�õ�ì °��Â� 4.3.1 ñ�·õ

xα <lex xβ ↔ ∃i s.t 1 ≤ i ≤ n, α1 = β1, . . . , αi−1 = βi−1, αi < βi.Àª�� üÔ�õ α − β = (α1 − β1, . . . , αn − βn) ¤�¢Â� ¤¢ ²� ´Þ¨ ¥� ÂÔ¬�÷ �þ�¤¢ ß�óø� ÂÚþ¢ �¤�±ä�� �þ
ø K ö�À�õ ¤¢ °þ�Â® �� ùÂ�çµõ n ý�ûý��ÜÞ�À�� �b ÖÜ� S = K[x1, . . . , xn] À��îÂê 5.3.1 ÓþÂã�
in≤(f) �� �î f øÂÈ�� �b ÜÞ� ,f ∈ S ý��ÜÞ�À�� Âû ý�¥� �� .Àª�� Mon(S) ýø¤ ý��ÜÞ�×� °��Â� ×þ ≤.Àª��üõ ≤ °��Â� �� ´±Æ÷ f ÛÞ½õ ¤¢ �ÜÞ� ßþÂ�ï¤�� Â��Â� ,¢�ªüõ ù¢�¢ ö�È÷:Ý � � îü õ Ó þÂ ã � �¤� ¬ ß þ� � � �¤ I øÂ È � � ñ�ùÀ þ� .À ª� � S ù�� ¿ ó¢ ñ�ùÀ þ� × þ I À � � î Â ê.´¨� ý��ÜÞ� ×� ñ�ùÀþ� ×þ øÂÈ�� ñ�ùÀþ� �î ´¨� ¼®�ø .in≤(I) = 〈in≤(f) : f ∈ I〉

�Ìä ×þ M ¥� u ý��ÜÞ� ×� . Àª�� Mon(S) ¥� üú��÷ �b ä�Þ¹õ Âþ¥ ×þ M À��î Âê 6.3.1 ÓþÂã��� �þ Àª�� �µª�À÷ ¢��ø M ¤¢ ö� ¥� ÂµØ��î �fÀ�î� ý�Ìä ö¢Âî ¢�ä üþ�� °��Â� �� Âð� ¢�ª üõ �µÔð 2���Þî. u = v ù�Ú÷� v | uø v ∈ M Âð� ÂÚþ¢ ü�¤�±ä
.¢¤�¢ ���Þî �Ìä üû��µõ ý¢�Àã� ,MÀ�÷�õ Mon(S) ¥� üú��÷ �ä�Þ¹õ Âþ¥ Âû :3 (ö�ÆØþ¢ Ýó) 7.3.1 Ýó

� .2.1.1 ��Ìì [13] â±�õ .ö�ûÂ�
lexicographic 1

minimal 2
Dikson’s lemma 38



Â��Âð ý�û �þ�� 4.1
.À ª� � S ¥� ñ�ùÀ þ� × þ I ø Mon(s) ýø¤ ý�� Ü Þ �× � ° � �Â � × þ (≤) À � � î Â ê 1.4.1 ÓþÂã�Â ð� À � þ� ð ≤ ° � �Â � � � ´ ± Æ ÷ Â � �Â ð �b þ� � × þ �¤ I ý�Â � G = {g1, . . . , gn} À ó� õ � ä� Þ ¹ õ.in≤(I) = 〈in≤(g1), . . . , in≤(gn)〉.´Æ�÷ �÷�Úþ �fõø�ó ñ�ùÀþ� ×þ Â��Âð �þ��.�µØ÷
Âê ß��»Þû .Àª�� Mon(S) ýø¤ ü¨�õ�ì °��Â� ≤ ø S = K[x1, . . . , x7] À��î Âê 2.4.1 ñ�·õßþ� ý�Â� Â��Âð �þ�� ×þ {f, g} �¤�¬ ßþ� ¤¢ I = 〈f, g〉 Âð� .g = x4x7 − x5x6 ø f = x1x4 − x2x3 À��î.´Æ�÷ ñ�ùÀþ�.h = x7f − x1g = x1x5x6 − x2x3x7 ∈ I Âð� ñ�� .in≤(g) = x4x7 ø in≤(f) = x1x4 ö�� .ö�ûÂ �ßþ� ¥� ��Àî º�û Í¨�� ö�� ¢¤�À÷ ¤�Âì in≤(g) ø in≤(f) Í¨�� ùÀª À�ó�� ñ�ùÀþ� ¤¢ �î in≤(h) = x1x5x6 üóø.in≤(I) 6= 〈in≤(f), in≤(g)〉 Å� .¢�ªüÞ÷ ¢�ä �ûý��ÜÞ�×�
I ý�Â� Â��Âð �þ�� ×þ {f, g, h} �î ¢�ªüõ ´��� üµ��¤ �� Àõ� Àû��¡ �õ�¢� ¤¢ �î ÂðÂ±¡�� Ýµþ¤�Úó� ¥� ù¢�Ôµ¨� ��
� .´¨� ÂÑ÷ ¢¤�õ °��Â� �� ´±Æ÷Ýµþ¤�Úó� ßþ� ¥� üÞ�Þã� ö���ä �� .Ýþ¤�¢ �¤ Ý�ÆÖ� Ýµþ¤�Úó� ,K[x] ü�ãþ Â�çµõ×þ �� ý�ûý��ÜÞ�À�� �ÖÜ� ¤¢ýø¤ ùÀª ù¢�¢ °� �Â � � � Ý µ þ¤�Ú ó� ß þ� .¢�ªüõ üêÂãõ Â þ¥ Ý µ þ¤�Ú ó� ,ùÂ � ç µ õÀ�� ý�ûý��ÜÞ�À�� ý�Â ��¹�µ÷ ,��Àî Âû Â��ç� �� ø ¢¤�¢ üÚµÆ� Âþ¥ ¤¢ ùÀª üêÂãõ G ý�Ìä� ßµêÂð ¤�Âì °��Â� ß��»Þû ø �ûý��ÜÞ�×�.À�î �À�� Â��ç� ´¨� ßØÞõùÀª ù¢�¢ ≤ ý��ÜÞ�×� °��Â� ×þ ø S = K[x1, ..., xn] À��îÂê ( Ý�ÆÖ� Ýµþ¤�Úó�) 3.4.1 ��Ììý��ÜÞ�À�� Âû ý�¥� �� ù�Ú÷� .Àª�� S ¤¢ ÂÔ¬ Â�è ý�ûý��ÜÞ�À�� ¥� �ä�Þ¹õ ×þ G = {g1, . . . , gn} ø9



:�î À÷¤�¢ ¢��ø f
′

, f1, . . . , fn ∈ S ý�ûý��ÜÞ�À�� ,0 6= f ∈ S ù��¿ó¢
f = f1g1 + · · · + fngn + f

′ :Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª �îý¤�Ï��.in≤(gi) ∤ u ,1 ≤ i ≤ n Âû ý�¥� �� ù�Ú÷� ,u ∈ supp(f
′

) Âð� ø f
′ 6= 0 Âð� ( 1.in≤(f) ≥ in≤(figi) ,1 ≤ i ≤ n Âû ý�¥� �� ù�Ú÷� ,fi 6= 0 Âð� ( 2

� .2.2.1 ��Ìì [10] â±�õ .ö�ûÂ�
f 4�µê�þ Ûþ�½� ý��ÜÞ�À�� �þ G = {g1, . . . , gn} Â� f Ý�ÆÖ� ùbÀ÷�Þ�ì�� �¤ Íþ�Âª ßþ� �� f ′ 4.4.1 ÓþÂã�´±Æ÷ f ý�Â� ¢¤�À÷�µ¨� �þ�¹� ×þ �¤ ��� �þ�¹� .À�û¢üõ ö�È÷ f −→G f

′ ¢�Þ÷ �� �¤ ö� ø À�þ�ð G �� ´±Æ÷. À�þ�ð ≤ °��Â� ´½� ÂÑ÷ ¢¤�õ �þ�� ��
f ÂÔ¬ �÷ ý� �ÜÞ� À�� �¤�¬ ßþ� ¤¢ Àª�� I ñ�ùÀþ� ý�Â� Â��Âð �þ�� ×þ {g1, . . . , gs} Âð� 5.4.1 ��Ìì. Àª�� ÂÔ¬ Â��Â� f¢¤�À÷�µ¨� �þ�¹� �� ´±Æ÷ f ùÀ÷�Þ�ì�� Âð� �ú�� ø Âð� ¢¤�¢ ¤�Âì I ¤¢. f ∈ I ù�Ú÷�f = h1g1 + · · · + hsgs ü�ãþ Àª�� ÂÔ¬ g1, . . . , gs �� ´±Æ÷ f ùÀ÷�Þ�ì�� Âð� .ö�ûÂ�
f = h1g1+ · · ·+hsgs+f ′ �î Àª�� ¢���õ g1, . . . , gs �� f¢¤�À÷�µ¨� �þ�¹� ×þ Âð� f ∈ I À��îÂê :ÅØäÂ�¢¤�À÷�µ¨� ´�¬�¡ �� �î in≤(gi) | in≤(f ′) �î ý¤�Ï �� i ¢¤�¢ ¢��ø �¹�µ÷ ¤¢ ø f − f ′ ∈ I �¤�¬ ßþ� ¤¢
� .f ′ = 0ü�ãþ ¢¤�À÷ ¢��ø in≤(f ′) ßþ�Â���� ø ´¨� Ëì��µõ �þ�¹� ö¢��.¢¤�¢ ¢��ø Â��Âð �þ�� ,≤ ý��ÜÞ� ×� °��Â� ø I ñ�ùÀþ� Âû ý�¥� �� 6.4.1 ��Ìì

reduce 4
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� .2.1.9 �¹�µ÷ [10] â±�õ .ö�ûÂ�
�µê�þ Ûþ�½� Â��Âð �þ�� 1.4.1

Âû ¢�ªüõ ùÀ�õ�÷ I ñ�ùÀþ� ý�Â� �µê�þÛþ�½� Â��Âð �þ�� ×þ G = {g1, . . . , gn} Â��Âð �þ�� 7.4.1 ÓþÂã�:ù�ð,Àª�� ×þ ,gi ¤¢ in≤(gi) °þÂ® (1.in≤(gj) ∤ u Ý�ª�� �µª�¢ i 6= j ø ∀u ∈ Supp(gi) (2
. ´¨� �÷�Úþ ø ¢¤�¢ ¢��ø �µê�þ Ûþ�½� Â��Âð �þ�� , I À�÷�õ ñ�ùÀþ� Âû ý�Â� 8.4.1 ��Ìì

{in≤(g1), . . . , in≤(gs)} ¢Âî Âê ö��� üõ . Àª�� I ý�Â� Â��Âð �þ�� ×þ {g1, . . . , gs} Ý��îÂê .ö�ûÂ�5.2.1 Õ±Ï ø ´¨� ý� �ÜÞ�×� ñ�ùÀþ� ×þ in≤(I) ö��).´¨� in≤(I) ý�Â� ñ�Þ���õ Àó�õ �ä�Þ¹õ ×þöø¤�ø ¤¢ � û gi ¥� ��Àî Âû �Â® � � .( ´¨� � ÷�Ú þ ø ¢¤�¢ ¢��ø ý� � ÜÞ� ×� ñ�ùÀ þ� ý�Â � ñ�Þ � � � õ À ó� õ� þ�¹� ¤¢ g1 ùÀ÷�Þ� ì� � g′1 À��îÂê .¢�¢ ¤�Â ì 1 Â ��Â � �¤ gi Âû øÂÈ� � °þÂ® ö�� � üõ ö�ªøÂÈ� � °þÂ®¥� ��Àî º�û Í¨�� in≤(g1) ö��. g1 = h2g2 + · · ·+ hsgs + g′1 ü�ãþ . Àª�� g2, . . . , gs �� ´±Æ÷ g1 ¢¤�À÷�µ¨�Í¨�� g′1 ��Þ� ¥� ��Àî º�û ÂÚþ¢ éÂÏ ¥� . in≤(g1) = in≤(g′1) Å� ¢�ª üÞ÷ ¢�ä in≤(g2), . . . , in≤(gs)�ä�Þ¹õ À÷ø¤ ßþ� �õ�¢� �� . ´¨� Â��Âð �þ�� ×þ {g′1, g2, . . . , gs} Å� .¢�ª üÞ÷ ¢�ä in≤(g2), . . . , in≤(gs).¢¤�¢ �¤ �µê�þ Ûþ�½� Â��Âð �þ�� ÓþÂã� Íþ�Âª �î Àþ� üõ ´¨¢ �� {g′1, . . . , g′s}Å� .Àª�� I ñ� ùÀþ� ý�Â� �µê�þ Ûþ�½� Â��Âð �þ�� ø¢ {h1, . . . , hs} ø {g1, . . . , gs} À��î Âê :üþ�µØþ ö�ûÂ�. s = t Å� À�µÆû in≤(I) ý�Â� ñ�Þ���õ Àó�õ ø¢ Âû ö�� 〈in≤(g1), . . . , in≤(gs)〉 = 〈in≤(h1), . . . , in≤(ht)〉ßþ� ¤¢ gi 6= hi Ý��î Âê ø in≤(g1) = in≤(h1), . . . , in≤(gs) = in≤(hs) ÅþÀ÷� Â��ç� �� Ý��î Âê ñ��11


