
ü®�þ¤ ô��Üä ùÀØÈ÷�¢
ý¢Â�¤�î ü®�þ¤ ùøÂð

�õ�÷ö�þ��
ý�µª¤ ¤¢ Àª¤� ü¨��ª¤�î ��¤¢ ´ê�þ¤¢ ý�Â�

ý¢Àä Ã�ó�÷� Çþ�Âð ,ý¢Â�¤�î ü®�þ¤
ö���ä

�±�Âõ ¥� (CPM) ´��� üÚµÔª� ý�û©ø¤
ø Ûþø��ó � ô¤�µª� ��¢�ãõ Û� ý�Â� ���

ÂÚ�þ¢øÂª
�Þ�û�¤ ¢�µ¨�

ýÂ�¡ ß�Æ�Âµî¢

¤ø�Èõ ¢�µ¨�
ù��¡ ´½¬ ýÀúõ Âµî¢

ÂÚÈûøÄ�
ý¢�¹¨ �®¤

1388 ßÞú�



Ý��Âaó�ßc Þ�h Âaó��c Üaó�Ýc Æh �

ßÞþ� ø ø� üð¤Ã� Â��Â� ö¢�� Ý�ÜÆ� ø ø� ý�û´Þã÷ Û�ÞØ� ý�Â� ,�¤ À÷ø�À¡ Ý�îüõ Çþ�µ¨
´þ�Àû �À¡ �î �¤ Åî ö� �Âþ¥ ,Ý±ÜÏüõ ý¤�þ ø� ¥� �û¥��÷ âê¤ ¤¢ ø ø� ü÷�õÂê�÷ ¥� öÀ÷�õ
�î �¤ Åî ö� Âû ø À���÷ ��¹÷ ÃðÂû ,¢¤�¢ ßÞª¢ �À¡ �î �¤ ö� ø ,¢¢ÂÚ÷ ù�ÂÞð ÃðÂû ,À�î
,´¨� Ã�� ßþÂ�Ù�¨ö�Âð À÷ø�À¡ Çþ�µ¨ Å� .Àª Àû��¿÷ À�õ¥��÷ ,À÷�¢Âð ¥��÷ ü� À÷ø�À¡

.¢¤�¢ öÀª ùÂ�¡£ ©¥¤� �î ´¨� ü¹�ð ßþÂ�Â� ø
ö�Þþ� ø ¢�Öµä� ýø¤ ¥� üû��ð .´¨�µÞûü� ø ¢¤�À÷ ý¥�±÷� ,´¨�µØþ �À¡ �î Ýû¢üõ üû��ð
¢�µ¨ÂÔ� �¤ ø� .´¨ø� Â±õ��� ø ø� ùbÀ�� («)ÀÞa½õ �î Ýû¢üõ üû��ð ø ,ö�½µõ� ¥� ùÀõ�Â�
´¨� ý¤�÷ �î ¤�ð¢¤øÂ� ÝÜä ¤¢ �µÈ±÷ ü÷�Âì ø ,¤�ÀþÀ� üþ�û�÷�È÷ �� ø ,¤�Øª� ü�þ¢ ��
ø ,Àþ�¢Ã� �úó¢ ¥� üó¢ø¢ ¢cÂðd �� ö��ä ø ßªø¤ Çþ�û¤�µ¨¢ ø ,ö�¥øÂê ´¨� üè�Â� ø ,ö�È¡¤

.Àþ�õÂê ôÃÜõe Û�ó¢ ø ´¹a � ��
¤��î ¤¢ ö� üð¤Ã� ,´¨� ¢Â¡e �� ø ,�� ´ÖÜ¡ ¥� Ý���üõ �»÷� ´¨� ï¤Ã� �� !�þ�À¡ í��
�õ Â� �»÷� Â��Â� ´¨� Ã���÷ ��ø ,�� ��ØÜõ ¥� Ý���üõ �»÷� ´¨� ´ÞÑä �� �� ø ,�� �¤Àì
¤��î ¤¢ ´¨� íÀ÷� �� ø ,ö�ú� ßþ� ¤¢ �� ´Þã÷ ´¨� Â�ð�Âê �� ø ,�� ´�ÎÜ¨ ¥� ´¨� ö�ú÷

.ö�ú� ö� ý�û´Þã÷
�¤ Ýó¢ ø �Þ÷ ßõ �� �¤ ô¤�î ��¬ ,Ý÷�À÷ �¤ öÀ�¨Â� ù�¤ �þ Ý÷�õ¤¢ ¢�¡ Çµ¨Â� ¤¢ Âð� !�þ�À¡
�µ¡��ª�÷ �� ý�ûüþ�Þ�û�¤ ¥� ¤�î ß��� �î !�õÂê ���µõ ´¨� ö� ¤¢ ßõ ý¤�Úµ¨¤ �»÷�À�

.�÷ �� ý�û´þ�Ôî ¥� ø ´Æ�÷

(á) üÜä �ÂÌ� ��Èþ�õÂê ¥�



:�� ÝþÀÖ�

ô�üðÀ÷¥ ö�Þ¨� í�� ö�ÚµªÂê
Ý÷��Âúõ ¤¢�õ ø ¤À�

©À�úª ý�Þä ø ô¤�î�Àê ÂÆÞû ø
ü¹�Æ�¤�À¨��

ý¢�Ä÷ ý¢�Þ½õ Âç¬� üÜä
ÝÜä ù�¤ À�úª ø

ýÀÞ½õ üÜä Âµî¢



§�³¨ ø ¢�þ
´¡�õ� �ÂØê ø ö�� �Ø÷� ô�÷ ��

Ýó�ä ��¢���õ ý��Ñ½ó ÇþÀ÷ø�À¡ ��þ��ä ��Â� ¤¢ �î ¢Ã¨ �¤ ý¤�ð¢¤øÂ� ö�ÂØ�� §�³¨ ø ÀÞ�
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�®¤ :ô�÷ ý¢�¹¨ :�¹È÷�¢ üð¢��÷�¡ ô�÷

ÂÚ�þ¢øÂª ø Ûþø��ó � ô¤�µª� ��¢�ãõ Û� ý�Â� ��� �±�Âõ ¥� (CPM) ´��� üÚµÔª� ý�û©ø¤ :ö���ä

�Þ�û�¤ ¢�µ¨�
ýÂ�¡ ß�Æ�Âµî¢

¤ø�Èõ ¢�µ¨�
ù��¡ ´½¬ ýÀúõ Âµî¢

ý¢Àä Ã�ó�÷� :Çþ�Âð ý¢Â�¤�î ü®�þ¤ :�µª¤ Àª¤� ü¨��ª¤�î :üÜ�Ê½� âÎÖõ
388 :�½Ô¬ ¢�Àã� 1388 ßÞú� :üÜ�Ê½µó�å¤�ê ¾þ¤�� ü®�þ¤ ô�Üä ýùÀØÈ÷�¢

- ùÄþø â��� - ùÄþø ¤�ÀÖõ - üÚµÔª� ý�û©ø¤ - ÂÚ�þ¢øÂª �ÜÿÆõ - Ûþø��ó � ô¤�µª� �ÜÿÆõ :�ûù¦�ø À�Üî
Û�Æ÷�µ� â���

ùÀ�Ø�
ø Û þø� � ó-ô¤� µª� ��¢� ã õ Û� ý�Â � ü¬�¡ ý�û©ø¤ ,(PPM) üþ��Ø � üÚ µ Ôª� ý�û©ø¤
üÚµÔª� ý�û×��Ø� ¥� �û©ø¤ ßþ� �Øþ¤�Î� ,À�ª��üõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ �þÂÑ÷ ¤¢ ÂÚ�þ¢øÂª
ù¢�Ôµ¨� °þÂÖ� ý��� ý�û�±�Âõ ¤¢ ö� ¢�±ú� ø ���� ��¬� ø ¤�µ¡�¨ ´ú� ¤¢ ý¤�Ã�� ö���ä ��
ö���üõ �î V (x) Û�Æ÷�µ� â��� ýÀ��¥�Âê� ¥� ô�ð Âû ýø¤ �î ý�ùÀþ� §�¨� Â� �û©ø¤ ßþ� .À��îüõ
ô�Üãõ Û�Æ÷�µ� â��� V̄ (x) ö� ¤¢ �î À�îüõ ÛÞä ,¢�ª �µª�÷ V (x) = V̄ (x) + ∆V (x) �¤�¬ ��
¤�ÀÖõ ∆V (x) ø ¢�ªüõ Û� üÜ�Ü½� �¤�¬ �� ö� ¥� Û¬�� �ó¢�ãõ �î ´¨� ÂÔ¬ �±�Âõ �þ â�Âõ
�±¨�½õ Â���b� �� �µÆ��ø °þÂÖ� ´�Öê�õ .Àª��üõ ô�ÂÔ¬ �±�Âõ ý�û���� ��¬� ´ú� ¤¢ üÚµÔª�

.Àª��üõ ö� �� ¯��Âõ ����¬� ø ô�ÂÔ¬ �±�Âõ ý�û����
´ú� ¤¢ Âþ¥ ¸þ�¤ ôÂê ø¢ �f �Þãõ V̄ (x) Û�Æ÷�µ� â��� ý�Â� üþ��Ø� üÚµÔª� ý�û©ø¤ ¥� ô�ð Âû ¤¢

:¢Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ô�ÂÔ¬ �±�Âõ ý�û���� ¤�µ¡�¨ ß��ã�
,(CPM) ´��� â���� üÚµÔª� ý�û©ø¤ �þ üþ��Ø� ´��� ý�û°þÂÖ�(1



.(LPM) üÎ¡ â���� üÚµÔª� ý�û©ø¤�þ üþ��Ø� üÎ¡ â����(2
üÜ�Ü½� ý�û�¤�¬ ý�¤�¢ ö� �� ¯��Âõ ����¬� ø ô�ÂÔ¬ �±�Âõ ý�û���� ë�ê ©ø¤ ø¢ Âû ¤¢
üþ�Â�� ´äÂ¨ ý�¤�¢ ,��±¨�½õ ¢�Àã� ö¢�� Ýî Â� ùø�ä CPM ý�û©ø¤ ¤¢ ¢��ø ßþ� �� ,À�ª��üõ
üÚµÔª� ����¬� ¥� üþ�û©ø¤ �� Ý�Þã� Û�ó¢ ßþ� �î À�ª��üõ LPM ý�û©ø¤ �� ´±Æ÷ üþ���
��±¨�½õ Â���b� §�¨� Â� ý¢Àä ý�ûü¨¤Â� ß��»Þû .Àª��üõ ô�ÂÔ¬ �±�Âõ ý�û���� §�¨� Â� ���
´�a½�¤� �û©ø¤ ßþ� ¥� �±�Âõ ×þ ýø¤ ô�ð Âû ý�Â�� ö�õ¥ �Àõ �b þ�� Â� CPU ýÂ���³õ�î ©¥�¢Â� ø

.À�îüõ ��±�� �¤ CPM ý�û©ø¤
ÂÚ�þ¢øÂª ��¢�ãõ Û� ¤¢ ,ÝÑ�õ ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Û��Æõ Û� Â� ùø�ä CPM ý�û©ø¤
.À÷ø¤üõ ¤�î �� ùÀª ´Ô� ÂÚ�þ¢øÂª ��¢�ãõ ¥� üþ�ûÝµÆ�¨ ø ü÷�ó�î Û�Æ÷�µ � â���� � � üÔ�Ï
¤�µ¡�¨ ,�þ�Ãõ ßþ� �� . ´¨� ¤�À÷�Âî ý¦Â÷� üÚµÆ��ø ý�Î¡ �î ¢�¢ ö�È÷ ö���üõ �û©ø¤ ßþ� §�¨�Â�
ý�û�õ�÷Â� ¥� ù¢�Ôµ¨� �� ö���üõ �î Àª��üõ üþ�ùÀ�»�� üÜ�Ü½� À÷ø¤ ý�¤�¢ �û©ø¤ ßþ� ü��±¨�½õ

.( MATSLISE ý¤�Ãê�ôÂ÷ �µÆ� )¢Âî éÂÏÂ� �¤ â÷�õ ßþ� ü��±¨�½õ
ý�û�±�Âõ ý�¤�¢ �î CPM ¥� ýÀþÀ� ý�û©ø¤ �� ¯�±�¤� ¤¢ üþ�û×��Ø� ø Ý�û�Ôõ �õ�÷ö�þ�� ßþ� ¤¢
ø Ûþø��ó-ô¤�µª� Û��Æõ ý¢Àä Û� ´ú� ¤¢ �¤ À�ª��üõ {18, 16} ø {16, 14}, {14, 12} ý���
�� üÔ�Ï ÂÚ�þ¢øÂª ��¢�ãõ �û©ø¤ ßþ� �Ü�¨ø �� ß��»Þû .Ý��îüõ ���¤� ýÀã� ×þ ÝÑ�õ ÂÚ�þ¢øÂª
Íþ�Âª ¤¢ À÷� ÓþÂã� ©�¡ üã���� R(r) ø S(r) ö� ¤¢ �î �¤ V (r) =

S(r)
r

+ R(r) Û�Æ÷�µ� â���
.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ r→∞ ø r→0 ùÄþø
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265 . . . . . . . . . . . . . . . . . . . . . . . . . . MATLAB ü��±¨�½õ ö��¥ 1.4

266 . . . . . . . . . . . . . . . . . . . . . . . . MATSLISE ý¤�Ãê�ôÂ÷ �µÆ� 2.4
271 . . . . . . . . . . Ûþø��ó ÛþÀ±� ø ýÀ��Ý�ÆÖ� ¤�µ¡�¨ :ñø� �Ü�Âõ 1.2.4
275 . . . . . . . . . . . . . . . . . . ùÄþø ¤�ÀÖõ �±¨�½õ :ôø¢ �Ü�Âõ 2.2.4
277 . . . . . . . . . . . . . . . . . . ùÄþø â���� �±¨�½õ :ô�¨ �Ü�Âõ 3.2.4



4 °ó�Îõ ´¨Âúê

285 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Â�¤�î üØ�ê�Âð �Î¨�ø 3.4
286 . . . . . . . . . . . . . . . . . . . . . . �ÜÿÆõ ��Ê¿Èõ ùÂ¹�� 1.3.4
287 . . . . . . . . . . . . . . . . . . . . . . . . . ùÄþø Âþ¢�Öõ ùÂ¹�� 2.3.4
288 . . . . . . . . . . . . . . . . . . . . . ùÄþø â���� Ý¨¤ ø �±¨�½õ 3.3.4
291 . . . . . . . . . . . . . . . . . . . . ù¥�� ÓÊ÷ �� Û�ÜÖ� À�þ�Âê 4.3.4
294 . . . . . . . . . . . . . . . . . . . . . . . . �ûÂµõ�¤�� ¥� ù¢�Ôµ¨� 5.3.4

298 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÂ�ð�¹�µ÷ ø �Þ��¡ 4.4

299 ��¢�ú�È�� ø ýÂ�ð�¹�µ÷ 5
320 â��Âõ
329 �õ�÷ù¦�ø
343 �û´¨���



5 °ó�Îõ ´¨Âúê



�ûñøÀ� ´¨Âúê
86 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . ýÃîÂõ Û®�Ô� ©ø¤ ý�û�Î¡ ø ùÄþø Âþ¢�Öõ 1.2 ñøÀ�
88 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . øÂõ��÷ ©ø¤ ý�û�Î¡ ø ùÄþø Âþ¢�Öõ 2.2 ñøÀ�
91 �½Ô¬ . . . . . . . . . . ö�¨¢¤�»þ¤ ü���÷øÂ� ©ø¤ ¤�ÂØ� ¤��ø¢ ¥� Û¬�� ùÄþø ¤�ÀÖõ ø¢ 3.2 ñøÀ�
92 �½Ô¬ . . . . . . . . . . . . . . . . . ö�¨¢¤�»þ¤ ü���÷øÂ� ¥� Û¬�� ý�û�Î¡ ø ùÄþø Âþ¢�Öõ 4.2 ñøÀ�
96 �½Ô¬ . . . . . . . . . . . . . . . . . ý¢Àä ü±÷�¹õ ©ø¤ ¥� Û¬�� ý�û�Î¡ ø ùÄþø Âþ¢�Öõ 5.2 ñøÀ�
104 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . ü��Â��ç� ©ø¤ ¥� Û¬�� ý�û�Î¡ ø ùÄþø Âþ¢�Öõ 6.2 ñøÀ�
109 �½Ô¬ . . . ü��Â��ç� ø øÂõ��÷ ,ý¢Àä ü±÷�¹õ ý�û©ø¤ ý�û�Î¡ ß�� ý��Æþ�Öõ 7.2 ñøÀ�
142 �½Ô¬ ´��� ü÷��õ �ÎÖ÷ á�÷ ¥� üþ��Ø� °þÂÖ� ¥� Û¬�� ùÄþø ¤�ÀÖõ ø¢ ý�û�Î¡ 8.2 ñøÀ�
204 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��µõ �ÜÿÆõ ¥� �ø�Ôµõ ùÄþø ¤�ÀÖõ Çª 1.3 ñøÀ�
246 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��µõ �ÜÿÆõ ý�Â� ���� ¤�Èµ÷� 2.3 ñøÀ�
248 �½Ô¬ . . . . . . . . . . . . . ö�Æî�¨ -§¢øø �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ ´Ôû 3.3 ñøÀ�
249 �½Ô¬ . . . . . . . . . (β = 20) Å÷�ø� -üê�î �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ �÷ 4.3 ñøÀ�
249 �½Ô¬ . . . . . . . . . (β = 20) Å÷�ø� -üê�î �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ �÷ 5.3 ñøÀ�
250 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . ��µõ �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ Çª 6.3 ñøÀ�
251 �½Ô¬ . . . . . . . . . . . . . . . . Ûþø��ó-ô¤�µª� �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ ¸�� 7.3 ñøÀ�
252 �½Ô¬ . . . . . . . . . . . . . . Ûþø��ó -ô¤�µª� �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ Çª 8.3 ñøÀ�
253 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . ß�� �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ Çª 9.3 ñøÀ�
255 �½Ô¬ . . . . . . . . . . . . . . . ��µõ ÂÚ�þ¢øÂª �ÜÿÆõ ¥� ��� �±�Âõ ùÄþø Âþ¢�Öõ �±¨�½õ 10.3 ñøÀ�
258 �½Ô¬ . . . . . . . . . (` = 1) ö¦ø¤À�û Ý�� �ó�Æõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ Çª 11.3 ñøÀ�
259 �½Ô¬ . . . (` = 1) ö¦ø¤À�û Ý�� �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø ¤�ÀÖõ ø¢ ø ´Æ�� 12.3 ñøÀ�
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7 �ûñøÀ� ´¨Âúê

269 �½Ô¬ ý¤�Ãê�ôÂ÷ ý�û�µÆ� Í¨�� ùÀª Û¬�� ùÄþø ¤�ÀÖõ Çª ý�û�Î¡ �Æþ�Öõ 1.4 ñøÀ�
277 �½Ô¬ . . ö¦ø¤À�û ø ��µõ Û��Æõ ¥� ùÄþø Âþ¢�Öõ �±¨�½õ ý�Â� ¥��÷ ¢¤�õ ý�ûö�õ¥ 2.4 ñøÀ�



�ûÛØª ´¨Âúê
21 �½Ô¬ . . . . . . . . . . . . . . . . Ûþø��ó -ô¤�µª� Û�Æ÷�ÂÔþ¢ ��¢�ãõ �þÂÑ÷ À�ÞÈ÷�¢ ø¢ 1.1 ÅØä
30 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −y′′ = λy �ÜÿÆõ ¥� ñø� ùÄþø â��� ¤�ú� 2.1 ÛØª
61 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÂÚ�þ¢øÂª ßþø¤� üÈþÂ�� ö�ÀØþÃ�ê 3.1 ÅØä
63 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ûöøÂµØó� üó�Þµ�� âþ¥�� 4.1 ÛØª
64 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . ö¦ø¤À�û Ý�� ý�Â� �ûöøÂµØó� üó�Þµ�� Ýî�Â� 5.1 ÛØª
65 �½Ô¬ . . . . . . . . . . . . . . ö¦ø¤À�û Ý�� ¥� ñ�µ��¤� À�� ý�Â� �ûöøÂµØó� üó�Þµ�� Ýî�Â� 6.1 ÛØª
77 �½Ô¬ . . . ��Êµ¿õ �bÀ±õ ñ�� ö¦ø¤À�û Ý�� ¥� V (x) = 2/x2 − 1/x Û�Æ÷�µ� â��� 7.1 ÛØª
102 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÎ¡ üû�î â���� 1.2 ÛØª
117 �½Ô¬ . . . . . . . . y(0) = y(π) = 0 �� −y′′ = Ey �ÜÿÆõ ý�Â� ü���Â� ©ø¤ À�þ�Âê 2.2 ÛØª
121 �½Ô¬ . . . . . . . . . . . . . . . . . . (E = λ) ø −y′′ = Ey �ÜÿÆõ ý�Â� Õ��Î� ôÀä â��� 3.2 ÛØª
132 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ß�� �ÜÿÆõ ý�Â� ÂêøÂ� â���� 4.2 ÛØª
134 �½Ô¬ . . . . . . . . . . . . . . Å÷�ø� -üê�î ø ß�� Û��Æõ ý�Â� ü¨��ÖõÂ�è ÂêøÂ� â���� 5.2 ÛØª
136 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . f(x) â��� ¥� üþ��Ø� ´��� ü÷��õ �ÎÖ÷ °þÂÖ� ×þ 6.2 ÛØª
158 �½Ô¬ . . . . . β = 20 �� üþ��Ø� ´��� °þÂÖ� ø Å÷�ø� -üê�î �ÜÿÆõ Û�Æ÷�µ� â��� 7.2 ÛØª
173 �½Ô¬ . . . . . . . . . . . . . . . ´��� üÚµÔª� ý�û©ø¤ ý�Â� η0(z) ø ξ(z) üÜ¬� â���� 1.3 ÛØª
182 �½Ô¬ . . . . . . . . . . . . . . ´��� üÚµÔª� ý�û©ø¤ ý�Â� η2(z) ø η1(z) üÜ¬� â���� 2.3 ÛØª
204 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ��µõ �ÜÿÆõ Û�Æ÷�µ� â��� 3.3 ÛØª
237 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . c15(z) °þÂ® â��� 4.3 ÛØª
243 �½Ô¬ . CPM{12, 10}©ø¤ �Ü�¨ø �� ��µõ Û�Æ÷�µ� â��� ¥� üþ��Ø� ´��� °þÂÖ� 5.3 ÛØª
244 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . ��µõ �ÜÿÆõ Û�Æ÷�µ� â��� ¥� üþ��Ø� ´��� °þÂÖ� 6.3 ÛØª
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9 �ûÛØª ´¨Âúê

245 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . β = 20 �� Å÷�ø� -üê�î �ÜÿÆõ Û�Æ÷�µ� â��� 7.3 ÛØª
259 �½Ô¬ . . . . . . . . . . . . . ö¦ø¤À�û Ý�� �ÜÿÆõ Û�Æ÷�µ� â��� ø ùÄþø â���� ø ùÄþø Âþ¢�Öõ 8.3 ÛØª
261 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . WKB Íþ�Âª ¥� ù¢�Ôµ¨� �� b∗ ¤�ÀÖõ ß��ã� 9.3 ÛØª
280 �½Ô¬ . . Å÷�ø� -üê�î Û�Æ÷�µ� ý�Â� MATSLISE Í¨�� ýÀ��¥�Âê� ¥� üÞ�¨Â� 1.4 ÛØª
282 �½Ô¬ . . . . . . . . . . . . . . . β = 30 �� Å÷�ø� -üê�î Û�Æ÷�µ� ý�Â� y4(x) ùÄþø â��� 2.4 ÛØª
283 �½Ô¬ . . . . . . . . . . . . . . . . . . . . β ÓÜµ¿õ Âþ¢�Öõ ý�Â� Å÷�ø� -üê�î Û�Æ÷�µ� â��� 3.4 ÛØª
287 �½Ô¬ . Å÷�ø� -üê�î �ÜÿÆõ ý�Â� MATSLISE GUI ��Ê¿Èõ ý¢ø¤ø ùÂ¹�� 4.4 ÛØª
288 �½Ô¬ . . . . . Å÷�ø� -üê�î �ÜÿÆõ ý�Â� MATSLISE GUI ¥� ùÄþø Âþ¢�Öõ ùÂ¹�� 5.4 ÛØª
289 �½Ô¬ . . . . MATSLISE GUI ¤¢ Å÷�ø� -üê�î �ÜÿÆõ ¥� y8(x) ùÄþø â��� ùÂ¹�� 6.4 ÛØª
290 �½Ô¬ . . . . . . . . . MATSLISE GUI ¤¢ Å÷�ø� -üê�î �ÜÿÆõ ¥� ùÄþø â���� ùÂ¹�� 7.4 ÛØª
293 �½Ô¬ . . . . . . . . . . . . . Ýû �� ×þ¢Ã÷ ùÄþø Âþ¢�Öõ �ÜÿÆõ ¥� ùÀª �±¨�½õ ùÄþø â���� 8.4 ÛØª
294 �½Ô¬ . . . . . . . . . . . . Ýû �� ×þ¢Ã÷ ùÄþø Âþ¢�Öõ �ÜÿÆõ ¤¢ HRR À�þ�Âê ¥� ù¢�Ôµ¨� 9.4 ÛØª
296 �½Ô¬ . . . . . . . . . . . . . MATSLISE GUI ¤¢ Å÷�ø� -üê�î Û�Æ÷�µ� â��� ùÂ¹�� 10.4 ÛØª
297 �½Ô¬ . . MATSLISE GUI ¤¢ Å÷�ø� -üê�î �ÜÿÆõ ¥� ùÄþø Âþ¢�Öõ Ý¨¤ ùÂ¹�� 11.4 ÛØª
298 �½Ô¬ . . MATSLISE GUI ¤¢ Å÷�ø� -üê�î �ÜÿÆõ ¥� y2(x) ùÄþø â��� ùÂ¹�� 12.4 ÛØª



�ûÝµþ¤�Úó� ´¨Âúê
148 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . . . . . ü���Â� À�þ�Âê ¥� ù¢�Ôµ¨� �� §øÂ� ©ø¤ 1.2 Ýµþ¤�Úó�
213 �½Ô¬ . . . . . . . . . . . . . . . . . . . . . . . CPM ý�û©ø¤ ¥� ù¢�Ôµ¨� �� ü���Â� À�þ�Âê 1.3 Ýµþ¤�Úó�
224 �½Ô¬ . . . . CPM ý�û©ø¤ �Ü�¨ø �� λmax ø λmin ö��õ ùÄþø Âþ¢�Öõ �±¨�½õ 2.3 Ýµþ¤�Úó�
226 �½Ô¬ . CPM ý�û©ø¤ ¤¢ ß���÷ ý¤�ÂØ� À�þ�Âê ý�Â� λ ��óø� ¤�ÀÖõ �±¨�½õ 3.3 Ýµþ¤�Úó�
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11 �õÀÖõ

�õÀÖõ

ßþ� ¥� üã�¨ø ù¢¤ �î À÷�ªüõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ Û� �� Â¹�õ üã�±Ï ý�ûùÀþÀ� ö¢Âî �ó�õÂê
Ý�Ñä ´êÂÈ�� �Øþ¤�Ï �� À�µÆû ö� �Ü�¨ø �� °þÂÖ� Û��ì �þ ø ôø¢ �±�Âõ �ó¢�ãõ �¤�¬ �� ,��¢�ãõ
«�¡ ý�û´ó�� ¥� üØþ .´Æ÷�¢ ��¢�ãõ �þÂÑ÷ ö�þÀõ Àþ�� �¤ Â�¡� öÂì ø¢ ¤¢ �þ�� ø ü¨À�úõ ô�Üä

Ûþø��ó-ô¤�µª� �ó¢�ãõ ,ôø¢ �±�Âõ ��¢�ãõ

− d

dx
[p(x)

dy(x)
dx

] + q(x)y(x) = λw(x)y(x), x ∈ [a, b]

�¤�¬ �� Ûþø��ó ��þÀ±� �� �¤ ö� ö���üõ ,Àª�� ü±¨��õ Íþ�Âª ý�¤�¢ �î üÜ�Æ÷�ÂÔþ¢ �ó¢�ãõ .´¨�
ñ�õ¤�÷ Ûþø��ó-ô¤�µª� �ó¢�ãõ

−y′′ + q(x)y = λy, x ∈ [a, b]

¶��±õ ¤¢ �î Àª��üõ ô�µ÷��î ×þÃ�ê üµ�±Æ÷Â�è ��¢�ãõ ßþÂ�ü¨�¨� ¥� üØþ �ó¢�ãõ ßþ� .¢Âî ö���
×�÷�Øõ .´¨� éøÂãõ ÂÚ�þ¢øÂª �ó¢�ãõ �� üÞ�� ø üõ�µ÷��î ô�Æ�� üõ�Þ� ¥� ���õ� Ç¿� ø ¤�Èµ÷�
.´¨� ý¤øÂ® �ú÷� ý�ûù¢�� ø üÞ�� ý�û�µÆû ø �ûñ�Øó�õ ø �ûÝ�� «��¡ ü¨¤Â� ý�Â� ô�µ÷��î
×�¨�î ×þÃ�ê ùb¢øÀ½õ ¥� �¤�¡ ,Ã���÷ ø Ýî ôÂ� �� ×��î üÜ�¡ ô�Æ�� ü¨¤Â� �î üþ�¹÷� ¥�
Ó�Ï ß��»Þû .¢�ªüõ ü¨¤Â� ø ¶½� ö¤Àõ ø ÀþÀ� ×þÃ�ê ¤¢ Û��Æõ ßþ� ÂÏ�¡ ß�Þû �� Àª��üõ
Ûþø��ó-ô¤�µª� �ÜÿÆõ �� ö��� Û��ì ÂÚþ¢ ô�Üä ø ô�µ÷��î ×�÷�Øõ ø ×þÂ�ê Ýúõ Û��Æõ ¥� üã�¨ø
ôø¢ �±�Âõ ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ ��õ �ó¢�ãõ ñ�·õ ¤�Ï �� ,À�µÆû ÂÚ�þ¢øÂª ø
¢Âî ÛþÀ±� Ûþø��ó-ô¤�µª� �ÜÿÆõ �� �¤ ö� ö���üõ �ûÂ��çµõ ý¥�¨�À� ©ø¤ ¥� ù¢�Ôµ¨� �� �î Àª��üõ
ü÷�ø�Âê ¢Â�¤�î ÂÚþ¢ ô�Üä ¤¢ �î ÛÆ� ø Ä÷�Âð� Û�Æ÷�ÂÔþ¢ ��¢�ãõ Â�Ñ÷ ÂÚþ¢ ��¢�ãõ ¥� ý¤��Æ� ø
¤ø¢ ý�ûöøÂµØó� ´ó�� ø ¤�µê¤ .À�µÆû ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� ��¢�ãõ �� ö��� Û��ì ,À÷¤�¢



12 �õÀÖõ

Ûþø��ó-ô¤�µª� ��¢�ãõ �ãó�Îõ �� �Áó .À÷�ªüõ ö��� (üÔ�Ï)ÂÚ�þ¢øÂª ��¢�ãõ �� ü÷��Â� �µÆû
ø Ûþø�� ó-ô¤�µª� Û��Æõ .¢Âî ü¨¤Â� �¤ ý¢Â�¤�î Û��Æõ ¥� üã�¨ø Ó�Ï ö���üõ ÂÚ� þ¢øÂª ø
ßþÀ�� ø �ó�Öõ ø °ÜÎõ �ûÀ¬ ñ�� �� �� �Øþ¤�Ï �� ù¢�� ß�ÖÖa½õ ���� ¢¤�õ ¥��Âþ¢ ¥� ÂÚ�þ¢øÂª
ö� �� Í±�Âõ ùÄþø â���� ø ùÄþø Âþ¢�Öõ üõ�Þä �þÂÑ÷ �Øþ¤�Ï �� ´¨� ùÀª �µª�÷ ���õ¥ ßþ� ¤¢ ��µî

.´¨� ßþ�÷ ü®�þ¤ ý�ûÇ¿� ßþÂµÖ�Þä ¥� üØþ
°þÂÖ� éÀû ø ù¢�� ô�Üãõ V (x) ø q(x) Û�Æ÷�µ� â���� ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Ý�ÖµÆõ Û��Æõ ¤¢
üØþÃ�ê �ÜÿÆõ ¤¢ �f ·õ .´¨� (��õ â����) yk(x) ùÄþø â���� �� ¯��Âõ (ý¦Â÷� ��Î¨) λk ùÄþø Âþ¢�Öõ
ô�k¼Î¨ Å÷�îÂê ùÀ�û¢ ö�È÷ �ûλk (×�¨�î ×þÃ�ê ¤¢ ö�¨�÷ �ÜÿÆõ ßþÂ�ù¢�¨) ¾÷ ©�ã�¤�
1877 ñ�¨ ¤¢ ÂÜþø�¢¤�÷�ÿó ø üó�÷Â� Û�÷�¢ �î Àª áøÂª �¹÷� ¥� ��ãó�Îõ ßþ� �ÞÈ�Â¨ .À�ª��üõ
�Ü�¨ø �� �¤ (...ø �À¬ ©�ã�¤� ,Ù÷ø� �þ ñøÀ÷�� �� ��±ª ý�úÞµÆ�¨ À�÷�õ) ý¤�� ��ª�ã�¤� Û��Æõ
Å�Æ÷�Âê Ãó¤�� §�î�¦ ý�úõ�÷ �� ý�Æ÷�Âê À�ÞÈ÷�¢ ø¢ Í¨�� �î Ûþø��ó -ô¤�µª� ×�¨�î �ó¢�ãõ
×�¨�î ×þÃ�ê ¤¢ ,¢�� ùÀª �ÂÎõ (1809-1882) Ûþø��ó é¥¦ ø (1803-1855) ô¤�µª�
Í¨�ø� ¤¢ ¤�� ß�óø� ý�Â� (1887-1961) ÂÚ�þ¢øÂª ßþø¤� üÈþÂ�� ö�ÀØþÃ�ê �ûÀã� .À÷¢Âî ö���
,ô�µ ÷��î Û��Æõ ¤¢ �ûÝ�� ø �ûñ�Øó�õ ×�÷�Øõ ý¤�ÿ � ô� ÷ � � ý�� ó�Öõ ö�� �ä ´½� 1920 ñ�¨
�ûöøÂµØó� ¥� ��õ �� ��±ª ý�û´�¬�¡ ýø¤ �î ¢Âî ¶½� �¤ ù¢�õ üÚ÷�ðø¢ ´ã�±Ï ¥� üþ�û¤�µ¡�¨
ý�� �� (¤�µ�ð ý�û�µª¤ ß�ä) Ý��ì ý�ú��õ À�÷�Þû �ûöøÂµØó� ¤�µê¤ ùÀû�Èõ �� ø� .Àªüõ ÃîÂÞµõ
ñÀõ ×þ ÂÚ�þ¢øÂª .¢�¢ ¼�®�� üþ�ûÇþ�õ¥� Í¨�� �¤ ü�ø�Ôµõ ý�ûý¦Â÷� ��Î¨ ,ù¤£ ý�ûÂ�Æõ
¤¢ (�ûöøÂµØó� Ýî�Â� ñ�Þµ��) �ûöøÂµØó� ö�Øõ ö¢�¢ ¼�®�� ý�Â� ü��õ ���®�þ¤ §�¨� Â� �¤ ü®�þ¤
Âû �î À÷�ªüõ Û¬�� üþ�ú���� ,Ý�� ×þ ý�Â� ÂÚ�þ¢øÂª �ó¢�ãõ Û� ¥� .¢�¢ �ã¨�� �¤ ù¤£ Ý�� ×þ
ÂÚ�þ¢øÂª �ó¢�ãõ �Øþ¤�Î� .Àª��üõ ù¤£ ×þ Ý�� ¥� �ø�Ôµõ ñ�µ��¤� ×þ �� Õ��Îõ �ú���� ßþ� ¥� ô�Àî
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ñ�Þµ�� �ØÜ� ,À�µîÂ� ¤¢ �µÆû ¤ø¢ �� �ûöøÂµØó� �÷�Ú� �î Àû¢üÞ÷ ¼�®�� �fÖ�ì¢ �úó�µ��¤� ßþ� ý�Â�
.À�îüõ ö��� �¤ (ö��øÂ�) �µÆû ¤ø¢ �� ß�ãõ ö�Øõ ×þ ¤¢ �ú÷� ¢��ø Ýî�Â�

�� ù¤��Þû �ûö� ý�Î¡ ß�Þ¿� ø ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Û��Æõ ý�Â� ùÄþø Âþ¢�Öõ °þÂÖ� �ÜÿÆõ
ý¢Àãµõ ý�û©ø¤ Âþ¢�Öõ ßþ� �±¨�½õ ý�Â� �Øþ¤�Î� ´¨� �µêÂð ¤�Âì ¶½� ¢¤�õ ù¢ÂµÆð �¤�¬
ù¥�� ¤¢ üÚµÔª� °þÂÖ� ý�û©ø¤ ¥� üØþ (PPM) üþ��Ø� üÚµÔª� ý�û©ø¤ .´¨� ùÀª ¢�ú�È��
Â� ý¢�þ¥ ¤��Æ� Â���b � ý�¤�¢ �î ´¨� üÎ¡ ôø¢ �±�Âõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý�Â� ×þÃ�ê ø ü®�þ¤
ýø¤ ö� ����¬� ø üÚµÔª� Â���b � ´½� â���� ßþ� �Øþ¤�Î� Àª��üõ V (x) ø q(x) Û�Æ÷�µ� â����
�� �¤ â���� ßþ� ¥� Û¬�� ��¢�ãõ ö���üõ ø ùÀª â�Âõ Û�Æ÷�µ� â���� �� ÛþÀ±� ù¥�� Âþ¥ �þ ù¥�� ×þ
ý�Â� �¤ üþ��Ø� üÚµÔª� ý�û©ø¤ 1970 ñ�¨ ¤¢ ¤�� ß�óø� ý�Â� ø ¤�ÆØþ� .¢Âî Û� ý¢Àä �¤�¬

�ó�Öõ ø¢ üÏ ÂÚ�þ¢øÂª Û��Æõ ý¢Àä Û�
1)Ixaru, L.Gr., Choosing step sizes for perturbative methods of solving the Schrodinger

equation, Comput, Phys Commun 36, (1980), 170-181.

2) Ixaru, L.Gr., Perturbative numerical methods for the Schrodinger equation, Comput,

Phys Commun 20, (1980), 97-112.

ý�û°þÂÖ� ¥� Û¬�� ý�ûüÚµÔª� �µ¨¢ ø¢ �� �¤ �û©ø¤ ßþ� Ç��µî ¤¢ �ûÀã� �î ¢Âî ¢�ú�È��
Û�Æ÷�ÂÔþ¢ ��¢�ãõ üÜî ý�û´ó�� ý�Â� (LPM)üÎ¡ â���� ¥� Û¬�� ý�ûüÚµÔª� ø (CPM)´���
üÜþ�¢ Õ±Ï LPM ý�û©ø¤ Â� CPM ý�û©ø¤ �î üþ�¹÷� ¥� .¢�¢ Ý�Þã� ø ��¬� üÎ¡ ôø¢ �±�Âõ
ý¤�ÿ� ¤¢ �õ� .Ýþ¥�¢Â�üõ CPM ý�û©ø¤ �� ÛÊÔõ ¤�Ï �� �õ�÷ö�þ� � ßþ� ¤¢ �Áó ¢¤�¢ ´�a½�¤�
¥� üÌã� .¢�ªüõ ùÀ÷¥ üê�Â½÷� ß�Þ¿� ×þ üÜ¬� �ó¢�ãõ ���� ø â�Âõ �ó¢�ãõ ���� ö��õ üÚµÔª�
���� �� À÷���üõ üÜ¬� �ó¢�ãõ ���� ¥� ÂµÈ�� °þÂÖ� ´ì¢ ö¢¤ø� ´¨À� ý�Â� üÚµÔª� ����¬�
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°þÂÖ� ���� ¤¢ ö¢�¢¤�Âì �Ü�¨ø �� üÚµÔª� °þÂÖ� ùÃ�Ú÷� ´Ö�Ö� ¤¢ .¢�ª �ê�®� â�Âõ �ó¢�ãõ
¢�Àã� ×þ ùø�ã� �ÜÿÆõ °þÂÖ� ¥� üþ��Ø� ô�ÂÔ¬ �±�Âõ ���� ×þ ÂÏ�¡ ß�Þû �� ,¢�ªüõ ö���
Âû Àì�ê Âð� üµ� ,À�îüõ �±¨�½õ �¤ y ¥� ýÂµÈ� � °þÂÖ� ´ì¢ ,���� ß�Þû ¥� ����Î¬� ¥�
�±�Âõ ý�û©ø¤ ¥� üØþ ý��ó�Öõ üÏ 1999 ñ�¨ ¤¢ ø¤�ÆØþ� .Ý�ª�� üÚµÔª� ����Î¬� �÷�ð
ý�û©ø¤ �� ÅîøÀóc Í¨�� ©ø¤ ßþ� �ûÀã� �î ¢Âî üêÂãõ �¤ CPM{12,10} ü�ãþ CPM ý���

. ´ê�þ Ý�Þã� CPM{18,16} ø CPM{16,14} ,CPM{14,12}

�� ¯�±�¤� ¤¢ ��óø� Ý�û�Ôõ ø °ó�Îõ Ýû� ñø� ÛÊê ¤¢ .Àª��üõ ÛÊê ¸�� Â� ÛÞµÈõ �õ�÷ö�þ�� ßþ�
¥��÷ ¢¤�õ ü�� ý�ûÛÊê ¤¢ �î �ú÷� ß���õ Ûþø��ó ��þÀ±� ø ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Û��Æõ
ùÄþø Âþ¢�Öõ °þÂÖ� ý�Â� ñ�Þãõ ý¢Àä ý�û©ø¤ �� ôø¢ ÛÊê .´¨� ùÀª ý¤ø� âÞ� ,¢�� À�û��¡
ö���üõ �î ¢¥�¢Â�üõ ,´¨� ù¢�� �ÂÎõ Â�¡� ý�û�û¢ ¤¢ �î ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Û��Æõ
,�û©ø¤ ßþ� �� ¯�±�¤� ¤¢ ö�¨¢¤�»þ¤ ü���÷øÂ� ø üû��µõ Â¬��ä ,üû��µõ ��®�Ô� ý�û©ø¤ ��
°þÂÖ� ý�û©ø¤ ,ö� ÂêøÂ� ��þÀ±� ø ü���Â� ý�û©ø¤ ,�û©ø¤ ßþ� ¤�ÂØ� ø ü��Â��ç� ý�û©ø¤
�õ�÷ ö�þ�� ßþ� ¥� ÛÊê ßþÂ� üÜ¬� ö���ä �� �î ô�¨ ÛÊê .¢Âî ù¤�ª� PPM ý�û©ø¤ ø °þ�Â®
ý�û�±�Âõø (CPM) ´��� üÚµÔª� ý�û©ø¤ �� ¯�±�¤� ¤¢ üþ�û�Î¡ ø �û¤�µ¡�¨ �� Àª��üõ �ÂÎõ
ø ü���Â� ý�û©ø¤ ø ÂÚ�þ¢øÂª �ÜÿÆõ Û�Æ÷�µ� â��� ¥� üþ��Ø� ´��� ý�û°þÂÖ� §�¨� Â� ö� ���
�� ö¦ø¤À�û Ý�� �ÜÿÆõ �� ÛÊê ßþ� Â¡� ¤¢ .´¨� ùÀª ù¤�ª� �û©ø¤ ßþ� �� ¯��Âõ ÂêøÂ� ��þÀ±�
ßþ� �� ¯�±�¤� ¤¢ üÔ�Ï ÂÚ�þ¢øÂª �ÜÿÆõ Û� ù�½÷ ø üÞ�� ×þÃ�ê ¤¢ ý¢Â�¤�î �ÜÿÆõ ×þ ö���ä
�õ� ÷Â � ô¤�ú� ÛÊê ¤¢ .´¨� ùÀª ���¤� ´�� � üÚµÔª� ý�� � �± �Âõ ý�û©ø¤ ¥� ù¢�Ô µ¨� � � Ý ��
üÆþ�÷ �õ�÷Â� Í�½õ ¤¢ �î ÂÚ�þ¢øÂª ø Ûþø��ó-ô¤�µª� Û��Æõ Û� ý�Â� MATSLISE ü��±¨�½õ
Â� (GUI) Â�¤�î üØ�ê�Âð �Î¨�ø ø ü��±¨�½õ ��¤�µ¨¢ Ç¿� ø¢ ¤¢ ´¨� ùÀª �µª�÷ MATLAB


