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�õÀÖõ

ô�Þ� ´Æ÷��� ñ¢�ð . ¢Âî ���¤� �¤ ¢�¡ ´�õ�Þ��÷ éøÂãõ ý�þ�Ìì 4ñ¢�ð �¤�î 1931 ñ�¨ ¤¢

.À�î Àî ÂÚþ¢ �¤�±ä �� �þ , Àû¢ Çþ�Þ÷ üã�±Ï ¢�Àä� �� ×þ �� ×þ �¤�¬ �� �¤ ÕÎ�õ Ǳ��ª�

� � . ¢Âî ��±�� ø ö�� � �¤ ëÀ¬ ýÂþÁ�� ÷ ÓþÂã� ý ��Ìì üØ¨¤�� ¢ÂÔó� 1936 ¤¢ Å³¨

ý�û ñÀõ ¢¤�õ ¤¢ ëÀ¬ ô�úÔõ , �÷�ÿ� ��Æ� ¢¤�À÷�µ¨��÷ ý�û ñÀõ ¢¤�õ ¤¢ Ç÷�¢ ´êÂÈ��

ÛÊê ¤¢ �î , Àª ëÀ¬ ©ÂµÆð «�¡ ¤�Ï �� �þ �®¤� §�î ÓþÂã� ¶ä�� , ¢¤�À÷�µ¨��÷

üµ¨¤¢ ëÀ¬ ©ÂµÆð ×þ üÜî ¤�Ï �� . ¢�¢ Ý�û��¡ ¼�®�� �ú÷� ¢¤�õ ¤¢ ÂµÈ�� ô¤�ú�

. À�î üõ ü¨¤Â� �÷�ÿ� ��Æ� ñÀõ ×þ ¤¢ �¤ �û ñ�õÂê

¯�± �¤� �î , ¢Âî ü¨¤Â� �¤ ùÀ�î� üµÈð¥� � ¤�Ï �� ý�û ñÀõ 1963 ¤¢ ö�Æ�� ��¤ ô�û�Â ��

� î ¢Â î ´ �� � Õ þÂÏ ß þ� ¥� . ¢¤�¢ ¢��ø ëÀ¬ ý�û©Â µÆ ð ø � û ñÀ õ ß þ� ß � � ü¬�¡

. À÷ÂþÁ��÷ ÓþÂã� ëÀ¬ ý�û©ÂµÆð

ÂÔ¬ ÛÊê ¤¢ . Àª Àû��¡ ü¨¤Â� ÛÊê ¸�� ¤¢ Û�ÊÔ� �� ë�ê ¶��±õ �õ�÷ ö�þ�� ßþ� ¤¢

�� ö� ©ÂµÆð ø ñ¢�ð ý¤�ÁðÀî ¶½±õ ñø� ÛÊê ¤¢. ¢�ª üõ ö�� � �� óø� Ý�û�Ôõ ü¡Â�

Óþ¤�ã� ø �÷�ÿ� ��Æ� ý�û ñÀõ ü¨¤Â� �� ôø¢ ÛÊê . ´Ôð Ý�û��¡ �¤ ¢¤�À÷�µ¨��÷ ý�ûñÀõ

.Ý��î üõ �ÂÎõ �¤ �÷�ÿ� ��Æ� ý�Â� Ù��¨Âê ô�¨ ÛÊê ¤¢ . ¢¥�¢Â� üõ �þÂÑ÷ ßþ� ¤¢ ü¬�¡

Kurt Godel4
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2 �õÀÖõ

ô¤�ú� ÛÊê ¤¢ ô�¹÷�Â¨ ø . Àþ� üõ ¤�î �� �þ�Ìì ��±�� ý�Â� ô¤�ú� ÛÊê ¤¢ Ù��¨Âê ©ø¤

. ¢Âî Ý�û��¡ ��±�� ø �ÂÎõ ÓÜµ¿õ ý�úªø¤ �� �¤ ëÀ¬ ýÂþÁ��÷ ÓþÂã� ý ��Ìì



ÂÔ¬ ÛÊê

��óø� Ý�û�Ôõ

�ú÷� �� �õ�÷ ö�þ�� ßþ� ö�þ�� �� �î , ¢Âî Ý�û��¡ ö���ä �¤ üÞ�û�Ôõ ø Óþ¤�ã� ÛÊê ßþ� ¤¢

.Ýþ¤�¢ ¤�îøÂ¨

.( ´¨� ¤�ÂìÂ� ... ø ´�õ�Þ� ø ´½¬ ý�þ�Ìì Å� ) Ý�µÆû ñø� �±�Âõ ÕÎ�õ ¤¢ �õ

:¥� ´¨� �¤�±ä �î Àª�� üõ �÷�ÿ� ��Æ� ö��¥ ,ÂÑ÷ ¢¤�õ ö��¥

ø¢ â���� : ø + , üþ�� ø¢ ý�Î��¤ ×þ < , �û ´��� 1 ø 0 ö� ¤¢ �î LA = f0;1; <;+; :g

.À�µÆû üþ��

¤¢ �µ±ó� .À�û¢ üõ Çþ�Þ÷ PA �� �¤ ö� �î , ´¨� �÷�ÿ� ��Æ� ý¤�ÿ� , �õ ÂÑ÷ ¢¤�õ ý¤�ÿ�

¼�®�� �ú÷� �� â��¤ �î Ý��î üõ ¤�î PA ¥� üþ�û â�¨�� �þ PA� ý¤�ÿ� �� Ã�÷ ¢¤��õ üÌã�

:¢�¢ Ý�û��¡

:¥� À��¤�±ä PA� ý¤�ÿ� ñ�¬�

1) 8x; y; z((x+ y) + z = x + (y + z)) + ýÂþÁ� ´îÂª

2) 8x; y(x+ y = y + x) + üþ�¹���

3) 8x; y; z((x:y):z = x:(y:z)) : ýÂþÁ� ´îÂª

3



4 ��óø� Ý�û�Ôõ .0 ÛÊê

4) 8x; y(x:y = y:x) : üþ�¹���

5) 8x; y; z(x:(y + z) = x:y + x:z) + ¤¢ : ýÂþÁ� âþ¥��

6) 8x(x + 0 = x ^ x:0 = 0)

7) 8x(x:1 = x)

8) 8x; y; z(((x < y) ^ (y < z))! x < z)

9) 8x(:x < x)

10) 8x; y(x < y _ y < x _ x = y)

11) 8x; y; z(x < y ! x + z < y + z)

12) 8x; y; z((0 < z ^ x < y)! x:z < y:z)

13) 8x; y(x < y ! 9z x + z = y)

14) 0 < 1 ^ 8x(0 < x! 1 � x)

15) 8x(0 � x)

.À�þ�ð üõ Ã�÷ �µÆÆð °�Âõ ý�û �ÖÜ� ´±·õ ´ÞÆì ý¤�ÿ� �¤ PA�

:�ÂÖµ¨� Û¬� ùø�ã� PA� ý¤�ÿ� ¥� ´¨� �¤�±ä PA ý¤�ÿ�

ö��� LA ö��¥ ¤¢ '(x; �y) ñ�õÂê Âû ý�Â� �î , ´¨� ñ�¬� ¥� �ä�Þ¹õ ×þ âì�ø ¤¢ �ÂÖµ¨� Û¬�

: �î À�î üõ

8�y (('(0; �y) ^ 8x ('(x; �y)! '(x + 1; �y))) �! 8x '(x; �y))

.Ý�û¢ üõ Çþ�Þ÷ I' �� �¤ ë�ê �ÜÞ�

.´¨� ¢Àä ßþÂµØ��î Û¬� Û·õ üþ�û ñ¢�ãõ ý�¤�¢ �ÂÖµ¨� Û¬�



5 ��óø� Ý�û�Ôõ .0 ÛÊê

:�î À�î üõ ö��� '(x; y) ñ�õÂê Âû ý�Â� ¢Àä ßþÂµØ��î Û¬�

8y ((9x '(x; y)) �! 9z (('(z; y) ^ 8w (w < z ! :'(w; y))))

.¢�ª �ã��Âõ [4] �� Û¬� ø¢ ßþ� ö¢�� ñ¢�ãõ ��±�� ý�Â�

¢�Àä� ý�ä�Þ¹õ ! ö� ¤¢ �î Ý þÂ � ð üõ ÂÑ÷ ¤¢ �¤ IN = (!;0;1; <;+; :) ¤� µ¡�¨ �LA

Û�ó¢ �� ßþ� Â��� � .´¨� ÂÑ÷ Àõ ! ¤¢ üó�Þãõ < , : , +ø üã�±Ï ¢�Àä� 1 ø 0 , üã�±Ï

.IN j= PA �î Àþ¢ ö��� üõ üã�±Ï ¢�Àä� «��¡

.Ý�õ�÷ üõ �÷�ÿ� ��Æ� ¢¤�À÷�µ¨� ñÀõ �¤ IN

ý�Â� 5Ýó�Ø¨�-Ýþ�ûö�ó üÈþ�Ãê� ��Ìì Â���� ´¨� üû��µõ ñ��þ¢¤�î ý�¤�¢ LA ö�� �¹�þ� ¤¢

[1] . ´¨� k ñ��þ¢¤�î ¥� üóÀõ ý�¤�¢ PA , @0 � � ñ��þ¢¤�î Âû

.´Æû Ã�÷ @0 ¥� ÂµÈ�� ý�û ñ��þ¢¤�î �� ýÂÚþ¢ ý�û ñÀõ ý�¤�¢ IN Ã� �� PA ßþ�Â����

.Ý�þ�ð PA ¢¤�À÷�µ¨� �÷ ñÀõ , Àª�±÷ ´¿þÂØþ IN �� �î PA ñÀõ Âû ��

:Ý�û¢ üõ ¤�Âì n 2 ! Âû ý�Â� :¢�¢¤�Âì

n = 1 + 1+ : : :+ 1| {z }
¤�� n

; 0 = 0

Çþ� Þ ÷ M ö� Þ û � � �¤ ö� À ª� � PA ñÀ õM = (M;0;1;+; :; <) Â ð� :¢�¢¤�Â ì

.Ý�û¢üõ

M �� IN ¥� f Û·õ öÀ÷�È÷ ×þ Ý��î üõ ´��� , Àª�� ù��¿ó¢ M j= PA Ý��î üõ Âê ñ��

� Âð� . jLj = � ø Àª�� L ö��¥ ¤¢ �û �ÜÞ� ¥� ¤�ð¥�¨ ý� �ä�Þ¹õ � À��î Âê :Ýó�Ø¨�-Ýþ�ûö�ó ��Ìì5

.¢¤�¢ � ñ��þ¢¤�î �� üóÀõ � , � � � ñ��þ¢¤�î Âû ý�Â� ù�ð ö� Àª�� �µª�¢ üû��µõ�÷ üóÀõ



6 ��óø� Ý�û�Ôõ .0 ÛÊê

: ´¨� ¢���õ

f : IN �!M

8n 2 ! : f(n) = n

:¢Âî ´��� ö��� üõ �Âþ¥ ´¨� öÀ÷�È÷ ×þ f

8n;m 2 ! :

n = m() PA ` n = m

PA ` n +m = n +m

PA ` n:m = n:m

n < m =) PA ` n < m

PA ` 8x (x � n �! x = 0 _ x = 1 _ : : : _ x = n)

.´¨� ¢���õ [4] ¤¢ ë�ê °ó�Îõ ��±��

�� ´êÂð ÂÑ÷ ¤¢ M Û·õ PA ñÀõ Âû ´¡�¨ Âþ¥ ö���ä �� �¤ IN ö��� üõ Å� :¢�¢¤�Âì

.´êÂð üØþ Ýû �� �¤ n ø n 2M ,n 2 ! Âû ý�Â� �î �¤�¬ ßþ�

�ª�� À÷��� üÞ÷ ë�ê f Å� ,´¨� ´¿þÂØþ Â�è IN �� ü�ãþ ,Àª�� ¢¤�À÷�µ¨��÷ M j= PA Âð�

.Ý�þ�ð M ¢¤�À÷�µ¨��÷ �Ìä M � f(IN) �Ìä Âû �� .Àª��

�ê�®� ¥� ø LA � L �î L Û·õ üþ�û ö��¥ ù¤��¤¢ ´¨� ßØÞõ �õ�÷ ö�þ�� ßþ� ñ�Ï ¤¢

,Àª�� ùÀª Û�ØÈ� LA �� ( üþ�¹Øþ ñ�Þ½õ «�Ê¡ ��) üó�Þ½õ ¢�Þ÷ ý¢�Àã� ö¢Âî

ý�ä�Þ¹õ ý�ê�®� � � PA� ¥� �î ý� ý¤�ÿ � �L , PA�(L) ¥� � õ ¤�Ñ�õ .¢�ª ´±½¬

. Àª�� üõ , ´¨� ùÀõ� ¢��ø �� L ý�µê�þ â�¨�� ö��¥ ý�û ñ�õÂê ý�Â� �ÂÖµ¨� ñ�¬�



7 ��óø� Ý�û�Ôõ .0 ÛÊê

ö�È÷ (M;X) � � �¤ ö� ¤� µ¡�¨ �L ×þ ö¢�¢ ö�È ÷ ý�Â � ,Àª� � L = LA [ fXg Âð� �f · õ

.´¨� L ö��¥ ¤¢ X ñ�Þ½õÂ�±ã� X � M ø ´¨� ¤�µ¡�¨ -LA ×þ M ö� ¤¢ �î , Ý�û¢üõ

:Ýþ¥�¢Â� üõ ü¨�¨� ô�úÔõ À�� ÓþÂã� �� ö�þ�� ¤¢

,X � Mn �ä�Þ¹õ .Àª�� ´¡�¨ �L ×þ M ø ù��¿ó¢ ö��¥ ×þ L Âð� .1 ÓþÂã�

�� Àª�� ¢���õ a 2 M ø '(x; y) ñ�õÂê �L �î ü�¤�¬ ¤¢ Ý�õ� ÷ Â þÁ�ÓþÂã� �¤ (n 2 !)

:�î ý¤�Ï

X = fx 2 M j M j= '(x; a)g

.Ý�þ�ð Âµõ�¤�� �¤ a

. Ý�õ�÷ ÂþÁ� �÷ ÓþÂã� �¤ X �¤�¬ ßþ� Â�è ¤¢

A ýø¤ �¤ a 2 M Â Ê � ä , À ª� � A � M ø ´ ¡� ¨ �L ×þ M Â ð� .2 Ó þÂ ã �

�� Àª�� ¢���õ (Âµõ�¤� � ö���ä ��) b 2 A ø '(x; y) ñ�õÂê �L ù�ð Âû ,Ý�þ�ð ÂþÁ�ÓþÂã�

:�î ý¤�Ï

1) M j= '(a; b)

2) M j= 8x ('(x; b)! x = a)

N Ý � þ� ð ü õ . À � ª� � ù�� ¿ ó¢ ´ ¡� ¨ �L ø¢ N ø M Ý � � î Â ê .3 Ó þÂ ã �

Ý � Æ þ� ÷ ü õ ø ´ ¨� N ¥� ü �� õÀ Ö õ ´ ¡� ¨ Â þ¥ M � þ , ´ ¨� M ¥� ü �� õÀ Ö õ â � ¨� �
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� µ ª�¢ �a 2 M Â û ø '(�x) ñ� õÂ ê �L Â û ý�Â � �f � ÷� � , M � N �f ø� ù� ðÂ û , M � N

M j= '(�a)() N j= '(�a) :Ý�ª��

â�¨�� N Ý�þ�ð üõ . À�ª� � ù��¿ó¢ ´¡�¨ �L ø¢ N ø M Ý��î Âê .4 ÓþÂã�

, ´¡�¨Âþ¥ ×þ ö���ä �� M � N �f ø� ù�ðÂû , M �e N Ý�Æþ�÷ üõ ø , ´¨� M ¥� üþ�úµ÷�

. Àª�� a 2M ù�ð ö� , N j= a � b ø b 2M Âð� a; b 2 N Âû ý�Â� �f�÷��

â�¨� � �¤ N , À�ª� � ¤�Â ìÂ � M �e N ø M � N Âð� , ë�ê ÓþÂã � ø¢ ��®øÂÔõ � �

. M �e N Ý�Æþ�÷ üõ ø Ý�õ�÷ M üþ�úµ÷� ü��õÀÖõ

©ÂµÆð N Ý�þ�ð üõ . À�ª�� ù��¿ó¢ ´¡�¨ �L ø¢ N ø M Ý��îÂê .5 ÓþÂã�

�f�÷�� , ´¡�¨Âþ¥ ×þ ö���ä �� M � N �f ø� ù�ðÂû , M �cf N Ý�Æþ�÷ üõ ø ´¨� M ö�þ��Ýû

.N j= a � b �î ý¤�Ï �� Àª�� ¢���õ ý� b 2M , a 2 N Âû ý�Â�

D � M ø M j= PA Â ð� , ´¨� ¤�Â ìÂ � ¢Àä ßþÂ µØ��î Û¬� ö�� PA ý¤� ÿ � ¤¢

Ý�û¢ üõ ¤�Âì ü�ãþ .¢Âî °�Âõ üþ�ÂÖµ¨� �¤�¬ �� �¤ D ý�Ìä� ö��� üõ ,Àª�� ÂþÁ� ÓþÂã�

D �Ìä ßþÂµØ��î d+ ¥� ¤�Ñ�õ ,Àª�� ù��¿ó¢ d Ý��î üõ Âê ø D �Ìä ßþÂµØ��î = d0

.(Àª�±÷ ¢���õ D ¤¢ d+ ´¨� ßØÞõ �µ±ó� ) M j= d < d+ �î ´¨�

ü�ãþ .¢Âî ÓþÂã� üþ�ÂÖ¨� �¤�¬ �� D ý ��õ�¢ �� ýÂþÁ� ÓþÂã� â���� ö��� üõ �¹�µ÷¤¢

ý�Â� Ý��î üõ Âê Å³¨ ,Ý��î üõ ÓþÂã� �¤ f(d0) �Àµ�� D ý ��õ�¢ �� f â��� ý�Â� �f ·õ

ñ�Þä� ô�Þ� ßþ�Â���� .Ý��î üõ ÓþÂã� �¤ f(d+) ö� ýø¤ ¥� ø ùÀª ÓþÂã� f(d) ,ù��¿ó¢d 2 D
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.À÷ÂþÁ� ÓþÂã� ë�ê



1 ÛÊê

ý¤�Áð Àî

ø � û ñ� õÂ ê ,��Þ� ,� û ôÂ � ý�Â � ñ¢� ð ý¤�Á ð Àî � î ´¨� ß þ� � õ éÀû ÛÊê ß þ� ¤¢

ô� ÷ � � Í ��ø ¤ ø â ��� � ý�Â � � ÷� ÿ � ��Æ� ¤¢ ýÀ þÀ� ô�úÔ õ ß � �»Þû .Ý � � î ö� � � �¤ ...

ý�û ñÀõ ¤¢ �¤ ý¤�Áð Àî ö��� üõ ö� ÕþÂÏ ¥� �î ,Ý��î ö���ä üµÈð¥��ÂþÁ���±��¤�Ï��

.´¨� [5] ø [4] ÛÊê ßþ� ¤¢ üÜ¬� â��Âõ . ¢�¢ â�¨�� �÷�ÿ� ��Æ� ¢¤�À÷�µ¨��÷

üµÈð¥�� Í��ø ¤ ø â���� 1.1

1 � k ø üã�±Ï ¢�Àä� �ä�Þ¹õ ! ö� ¤¢ �î) A � !k üµÈð¥�� �Î��¤ ×þ ¥� �õ �î üµìø

�þ Âð �±¨�½õ ×þ �î ´¨� ßþ� �õ ¤�Ñ�õ ,Ý��î üõ ´±½¬ (´¨� ù��¿ó¢ üã�±Ï ¢Àä ×þ

¤¢ .a =2 A �þ a 2 A �þ� �î Àþ�ð üõ �õ �� �a 2 !k üþ�� k ¢¤�õ ¤¢ �î , ´¨� ¢���õ Ýµþ¤�Úó�

:Àõ� Àû��¡ ö� Õ�ì¢ ÓþÂã� Âþ¥

10
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�¤�±ä XR : !n ! ! ý�Ê¿Èõ â��� (n � 1) ,R � !n ý�Î��¤ ý�Â� 1.1.1 ÓþÂã�

:¥� ´¨�

XR(�a) =

8<
: 0 �a 2 R

1 �a =2 R

!n ¥� â���� ù¢��÷�¡ ßþÂµØ��î ,(ÂþÁ� �±¨�½õ �þ) üµÈð¥�� â���� ýù¢��÷�¡ 2.1.1 ÓþÂã�

:�î ý¤�Ï �� , ´¨� (ù��¿ó¢ n � 1 ý�Â�) ! ��

: ý �Î��®�� 1 � i � n ø n � 1 Âû ý�Â� Ini Ç�Øê� ø X< , : , + â���� (i

Ini : !n �! !

(x1; : : : ; xn) 7! xi

.À÷� üµÈð¥��

â��� ù�ð ö� ,À�ª�� üµÈð¥�� G : !k �! ! ø H1; : : : ; Hk : !
n �! ! â���� Âð� (°�îÂ�) (ii

.´¨� üµÈð¥�� F (�a) = G(H1(�a); : : : ; Hk(�a)) ý�Î��® �� F : !n �! !

, �a 2 !n Âû ý�Â� �î ý¤�Ï �� , Àª�� üµÈð¥�� G : !n+1 �! ! Âð� (ý¥�¨ ���Þî) (iii

ý�Î��® �� F : !n �! ! â��� ù�ð ö� , G(�a; x) = 0 �î Àª�� ¢���õ ý� x 2 !

F (�a) = �x(G(�a; x) = 0) (= G(�a; x) = 0�î x 2 ! ßþÂµØ��î )

.´¨� üµÈð¥��

ö� ý�Ê¿Èõ â��� ù�ðÂû , Ý�þ�ð üµÈð¥�� �¤ (k � 1) R � !k ý�Î��¤ 3.1.1 ÓþÂã�

.Àª�� üµÈð¥��
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üµÈð¥�� P ^Q ø P _ Q;:P ù�ð ö� À�ª�� üµÈð¥�� Í��ø ¤ P;Q � !n Âð� 1.1.1 ����

[5].À÷�

IN ¤¢ üµÈð¥�� ý�û�ä�Þ¹õ ýÂþÁ� ÓþÂã� 2.1

¢���õ ¤�¨ Âû �î ü�¤�¬ ¤¢ , Ý�þ�ð �0 �¤ LA � L ö��¥ ¤¢ �(�x) ñ�õÂê 1.2.1 ÓþÂã�

�(�x) ¤¢ �î Àª�� 9 �þ 8 ¤�¨ ø¢ ¥� üØþ Q Âð� ü�ãþ , Àª�� ¤�À÷�Âî (¢��ø �¤�¬ ¤¢) ö� ¤¢

¥� ¤�Ñ�õ ø ´¨� ôÂ� �L×þ t ö� ¤¢ �î Àª�� Qx < t(: : :) �¤�¬ �� ¤�¬ ö� , ùÀª Âû�Ò

�¤�¬ �� ý¢��ø ¤�¨ ý�Â� ø 8x (x < t! : : :) �¤�¬ �� ü÷�ú� ¤�¨ ý�Â� Qx < t(: : :)

.´¨� 9x (x < t ^ : : :)

�� ñ�� �0 = �0 = �0 Ý�û¢ üõ ¤�Âì n = 0 ý�Â� .LA � L Ý��îÂê 2.2.1 ÓþÂã�

: Ý��î üõ ÓþÂã� �¤ �n+1 ø �n+1 Ýû �� ù�ÂÞû ø üþ�ÂÖµ¨� �¤�¬

ö� ¤¢ �î Àª�� 9y �(�x; y) �¤�¬ �� ù�ðÂû , Ý�þ�ð �n+1 �¤  (�x) ñ�õÂê �L ,n � 1 ý�Â�

.�(�x; y) 2 �n

.�(�x; y) 2 �n ö� ¤¢ �î Àª�� 8y �(�x; y) �¤�¬ �� ù�ðÂû , Ý�þ�ð �n+1 �¤  (�x) �fú��Èõ
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�n ñ�õÂê ×þ ��  (�x) Û·õ üó�õÂê ø Ýþ¢�� T Û·õ ý¤�ÿ� �L×þ ¤¢ �õ Âð� 1.2.1 ����

T ` 8�x (�(�x)$  (�x)) :Ý�µª�¢ ü�ãþ , ¢�� ñ¢�ãõ T ¤¢ �(�x) Û·õ

.�n ý�Â� �fú��Èõ . (�x) 2 �n(T ) Ý�þ�ð üõ ù�ð ö�

. (�x) 2 �n(T ) Ý�þ�ð üõ ù�ð ö� ,¢��  (�x) 2 �n(T ) \ �n(T ) Âð�

M j= 8�x (�(�x)$  (�x)) ø Ýþ¢�� M Û·õ ´¡�¨ �L×þ ¤¢ Âð�

.�n ø �n ý�Â� �fú��Èõ . (�x) 2 �n(M) Ý�þ�ð üõ ù�ð ö�

ø ´¨� L ö��¥ ý�û ñ�õÂê ô�Þ� �� Â��Â� ø [1n=0�n = [1n=0�n �î ¢Âî ´��� ö��� üõ

�0 $ �1 $ �2 $ : : :

�0 $ �1 $ �2 $ : : :

.´¨� ¢���õ [4] ¤¢ �ú÷� ��±�� �î ¢¤ø� Ýû��¡ ��±�� öøÀ� �¤ üþ�þ�Ìì �õ�¢� ¤¢

ö� ¤¢ �î) X� : !n ! ! â��� ù�ð ö� Àª�� LA ¤¢ ñ�õÂê-�0 ×þ �(�x) Âð� 3.2.1 ��Ìì

ý�Î��® �� (´¨� �(�x) ñ�õÂê ¤¢ x ý�û �Ôó�õ ¢�Àã� n

X�(�a) =

8<
: 1 IN j= �(�a)

0 IN j= :�(�a)

.´¨� üµÈð¥��

.À÷� üµÈð¥�� ,PA ¢¤�À÷�µ¨� ñÀõ ÂþÁ� ÓþÂã�-�0 ý�û�ä�Þ¹õ Âþ¥ 4.2.1 �¹�µ÷
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IN = (!; :;+; <;0;1) :ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ PA ��Æ� ¢¤�À÷�µ¨� ñÀõ : ��±��

ÂþÁ� ÓþÂã� , (Âµõ�¤�� ö���ä ��) �a 2 !n �î �(x; �a) ñ�õÂê ��0�� IN ¤¢ A � ! Ý��î Âê

.´¨� üµÈð¥�� :A Ý�î ´��� ´Æ�ê�î 1.1.1 �µØ÷ Â���� .Àª��

X:A(m) =

8<
: 1 m =2 :A, m 2 A, IN j= �(m; �a)

0 m 2 :A, m =2 A, IN j= :�(m; �a)

= X�(m; �a)

üµÈð¥�� A ,[5] ´��� â��� ö¢�� üµÈð¥�� ø üµÈð¥�� â��� ÓþÂã� ,3.2.1 ��Ìì Â���� �¹�µ÷ ¤¢

� .´¨�

ý�ä�Þ¹õÂ þ¥ Âû ´Ôð ö�� � üÞ÷ ü�ã þ , ´Æ� ÷ ¤�Â ìÂ � �f õøÃ ó ë�ê �¹�µ ÷ ÅØäÂ�

[4] .´¨� ÂþÁ� ÓþÂã� -�0 , ! ¥� üµÈð¥��

üµÈð¥�� f ù�ð ö� .k � 1 ø ù��¿ó¢ â��� ×þ f : !k �! ! Ý��î Âê 5.2.1 ��Ìì

ÓþÂã� Â þ¥ �¤�¬ �� ø Ý�û¢ üõ ö�È÷ �f � � �¤ ö� �î ,f â�� � é�Âð Âð� ÍÖê ø Âð� ´¨�

.Àª�� ÂþÁ� ÓþÂã� IN ¤¢ �1 ñ�õÂê ×þ Í¨�� ,¢�ªüõ

�f = f(�x; y) j �x 2 !
k ; y 2 ! ; f(�x) = yg

×þ Í¨�� Âð� ÍÖê ø Âð� ´¨� üµÈð¥�� (k � 1 ý�Â�) A � !k ý�Î��¤ 6.2.1 ��Ìì

.Àª�� ÂþÁ� ÓþÂã� IN ¤¢ �1 ñ�õÂê

�� ´ª�Áð Ýû��¡ ��±�� öøÀ� �¤ ö� �î � ��Ìì ô�÷ �� ñ¢�ð éøÂãõ ��Ìì �� �¤ Ç¿� ßþ�

¤�µ÷�î ý¥�¨ �ø¥ â��� üêÂãõ �� �Àµ�� .´¨� ¢���õ [4] ¤¢ ��Ìì ßþ� ��±�� .ÝþÂ� üõ ö�þ��
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:Ýþ¥�¢Â�üõ

:Ý��î üõ ÓþÂã� M j= PA Ý��î Âê 7.2.1 ÓþÂã�

h; i :M2 �!M

8x; y 2M : hx; yi =
(x+ y + 1)(x + y)

2
+ 2

.´¨� ×þ � � ×þ ø �ª� � ,Ó þÂ ã � ©�¡ â �� � ß þ� � î ¢Â î ´�� � ö�� � üõ PA ý¤� ÿ � ¤¢

×þ �� ×þ �� ×þ �¤�¬ �� �¤ Mn ¥� üþ�� n Âû �î À�î üõ ×Þî �õ �� â��� ßþ� ß��»Þû

� � ÂÒ� � µõ �Ìä , À�ª� � ù��¿ó¢ a0; a1; : : : ; an 2 M Âð� ü�ã þ , Ý� �î ÂÒ� � µõ M ¥� �Ìä

.ha0; ha1; h: : : ; han�1; anii : : :ii ¥� ´¨� �¤�±ä M ¤¢ (a0; : : : ; an)

� � ß þ¢�Þ ÷ �¤�¬ � � �¤ ö� �î ´¨� ¢���õ �(x; y; z) ,�0 ñ�õÂ ê �LA 8.2.1 ��Ìì

:Ýþ¤�¢ n 2 ! ø M Û·õ PA ñÀõ Âû ý�Â� �î ý¤�Ï �� ,Ý�û¢ üõ ö�È÷ (x)y = z �¤�¬

8x0; x1; : : : ; xn�1 2M 9u 2 M s:t

8i < n : M j= (u)i = xi

PA ¤¢ ýÂþÁ� Çþ�Þ÷ 3.1

�¹�þ� ¤¢ ,Ý�û¢ ¯�±�¤� PA ý¤�ÿ� �� �¤ (�Î��¤ �þ) â��� ×þ ö¢�� üµÈð¥�� ô�úÔõ �Ø÷� ý�Â�

:Ý��î üõ ÓþÂã� �¤ ýÂþÁ� Çþ�Þ÷ ô�÷ �� üõ�úÔõ


