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"Z = hxj i; Cn = hxjxni; n 2 NCU= Q} RCQwY@|QwO xwQo QyV}=tv =Pr "CU=xn; (n 2 N)p=tQv Q=DU@
|=WwB |DN} Qty x=ov; ' R � S � F (X) u; QO xm G = hXjRiwH = hXjSi Qo = �[26, 4.2]� 5�2�1 xQ=Ro
GQ=N xwQo Qy Tmar=@ " Ker� = S nR w OQ=O |t xov C@=F =Q X R= w[a Qy xm} Qw]@ OQ=O OwHw � : G! H

"S � R u; QO xm OQ=O hXjSi Ovv=t |W}=tv G = hXjRi xwQo |DtUk
|Q=m |Qo}O x@ V}=tv l} p}O@D =yywQo x} Q_v QO w OW=@ xDW=O Ov=wD |t |irDNt |=yW}=tv G Ovv=t xwQo l}
s}vm ZQi " N = R R= |y=wNrO w[a r w OW=@ G x=wNrO xwQo |=Q@ |W}=tv hXjRi s}vm ZQi "CU= pw=ODt
V}=tv ZQi =@ ,=OOHt "Ovvm |t h} QaD =Q G xwQo hXjRi w hXjR0iV}=tv wO Qy xm CU= K[=w " R0 = R[ frg
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|t Q=Qk w OW=@ F R= |w[a w s}vm ZQi " x 62 X u; QO xm X 0 = X [ fxg s}yO |t Q=Qk G xwQo |=Q@ hXjRi
CN} Qm} G xwQo =@ hXjRiw hX 0jR0i xm OwW |t x_Lqt |v=U; x@ " r = x�1w u; QO xm R0 = R [ frg s}yO

% Cio u=wD |t QDk}kO CQwY@ "OvDUy
w[a w xm} Qw]@ w; r 2 F u; QO xm w F = hXj i ' G = hXjRi s}vm ZQi �[26, 4.5]� 6�2�1 xQ=Ro

CW=ov wO Qy x=ov; OW=@ X GQ=N x=wNrO |QYva y Qo = " r 2 R nR w CU= F R= |y=wNrO

X ! hXjR; ri

X ! hX; yjR; y�1wi

"O=O `}UwD G xvt=O =@ |=y}DN} Qm} x@ u=wD |t =Q
"OyO |t CUO x@ Qo}O |W}=tv x@ V}=tv l} p}O@D |=Q@ j} Q] Q=yJ =yv; |=yUwmat w p@k xQ=Ro |=y}DN} Qm}

%OvwW |t h} QaD Q} R CQwY@ w Ovt=v |t RD}� |D Cq}O@D =Q Cq}O@D u}=
w OvwW |t xO=O u=Wv R+; R�; X+; X� |=yDtqa =@ RD} � |D p}O@D Q=yJ 7�2�1 h} QaD

u; QO xm Ovm |t p}O@D hXjR; ri V}=tv x@ =Q hXjRi V}=tv w OwW |t xO}t=v x]@=Q uOQm xi=[= R+ p}O@D �1�
"r 2 R nR

u; QO xm Ovm |t p}O@D hXjR n frgiV}=tv x@ =Q hXjRiV}=tv w OwW |t xO}t=v x]@=Q l} hPL R� p}O@D �2�
"r 2 R \R n frg

Ovm |t p}O@D hX; yjR; y�1wiV}=tv x@ =Q hXjRiV}=tv w OwW |t xO}t=v Orwt l} uOQm xi=[= X+ p}O@D �3�
" y 62 X w w 2 F u; QO xm

Ovm |t p}O@D hX n fygjR n y�1wiV}=tv x@ =Q hXjRiV}=tv w OwW |t xO}t=v Orwt l} hPL X� p}O@D �4�
" CU= y pt=W xm CU= R QO |=x]@=Q =yvD y�1w w y 2 X; w 2 F (X n fyg) u; QO xm

|O=OaD uOQ@ Q=m@ =@ Qo = \ki w Qo = Ovvm |t h} QaD CN} Qm} |=yywQo 'ZwQit V}=tv wO �[26, 4.6]� 8�2�1 xQ=Ro
"OQm p}O@D |Qo}O x@ u=wD@ =Q V}=tv l} RD} � |D p}O@D |y=vDt

|t h} QaD |v=Um} |=yywQo OwHwt V}=tv wO s}yO u=Wv s}y=wN@ x=oQy xS} w@ OvO}it |Q=R@= RD} � |D Cq}O@D
"OwW |t xO=iDU= Cq}O@D u}= R= =yW}=tv uOQm QYDNt |=Q@ u}vJty "Ovvm

xawtHt =@ OwW |t xO=O u=Wv G0 Ctqa =@ xm G xwQo jDWt xwQoQ} R s}v=O |t "OW=@ x=wNrO |ywQo G s}vm ZQi
G p=tQv xwQoQ} R G0 s}v=O |t " G0 = hfg�lh�1ghjg; h 2 Ggi |va} OwW |t O}rwD G QY=va |=yQo[} waD xty
|r@; u; CtUk GQ=N xm CU= |r=tQv xwQoQ} R u} QDmJwm G0 u}=Q@ xwqa " CU= |r@; |ywQo Gab := G=G0 w CU=
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|t G -xOW |r@; ?re= =Q Gab "N � G0 Qo = \ki w Qo = CU= |r@; G=N x=ov; N EG Qo = QDk}kO CQ=@a x@ ' CU=
" CU= G xwQo |=}=B l} w Ovt=v

|=Q@ CU= sRq |y=o Qo}O hQ] R= "Ovm |t h} QaD =Q G Ovv=t |ywQo hXjRi Ovv=t V}=tv Qy xm CU= uWwQ
CQwY@ Q=m u}= |=Q@ pwtat VwQ "O=O x�=Q= |W}=tv ' CU= xOW |iQat O=R; V}=tv R= Q}e |k} Q]@ xm G Ovv=t |ywQo
=Q OvQ=QkQ@ G QO xm X QY=va ?UL Q@ |]@=wQ TBU w s}@=} |t G xwQo |=Q@ X Ovv=t |Orwt xawtHt =OD@= % CU= Q} R
|DN} Qty s}yO u=WvH = hXjRi Q=Qk =@ s}vm |t |aU 'OvDUy |i=m Gh} QaD |=Q@ \@=wQ u}= xmv}= ?=UDL= =@ xDWwv

" CU= |DN} Qm} 5"2"1 xQ=Ro |=WwB
Gab = x=ov; G = hXjRi Qo = " X = fx1; x2; : : : ; xrg; r 2 N s}vm ZQi �[26, 6.1]� 9�2�1 xQ=Ro

"C = f[xi; xj]j1 � i < j � rg u;QO xm hXjR;Ci
"jXj � jRj x=ov; OW=@ G |y=vDt xwQo R= |y=vDt |W}=tv G = hXjRi Qo = �[26, 6.2]� 10�2�1 xQ=Ro

Ovv=t xwQo l} |DU=m " jXj � jRj OOa R= CU= CQ=@a hXjRi Ovv=t |y=vDt V}=tv l} |DU=m 11�2�1 h} QaD
|t u=Wv def(G) Ctqa =@ =Q G xwQo |DU=m " xwQo u; |y=vDt |=yW}=tv xty |=y|DU=m st} Rm =t R= CU= CQ=@a G

"s}yO

QwW Qo@ Q[ w |Swrwtywm |=yywQo 3�1
Ovv=t |r@; |=yywQo |DN} Qty l} � "OW=@ A0 x@ A R= |DN} Qty�R l} � w xkrL l} R s}vm ZQi 1�3�1 xQ=Ro
��(f) CQwYv}= QOf 2 HomR(A0; B) Qo = %Ovm |t =kr= Q} R CQwY@ HomR(A;B) x@ HomR(A0; B) R= ��

|va} OQ=ov |t f(�(a)) x@ =Q A R= a Ovv=t w[a Qy xm CU= HomR(A;B) R= |w[a

��(f)(a) = f(�(a))

pwOt�R x@ A0 R= |DN} Qty�Rl} 
 Qo = " (�+�)� = ��+�� x=ov; OvW=@ A0 x@ A R= |DN} Qty�R wO � w � Qo =
(�
)� = 
��� s} Q=O CQwYv}= QO 'OW=@ A00 Qo}O

"OvDUy |DN} Qty� R p@k xQ=Ro |=y}DN} Qty 'OW=@ |�=H@=H |=xkrL R x=oQy xm OwW |t x_Lqt
Ovv=t xr=@vO l} 2�3�1 h} QaD

� � � �! Gn�1
fn�1�! Gn

fn�! Gn+1 �! � � �

Im(fn�1) = Ker(fn) s}W=@ xDW=O n Qy |=R= x@ x=oQy 'OvyO |t p}mWD j}kO xDWQ l} =y}DN} Qty�R w =yrwOt�R R=
" CU= 1"3"1 xQ=Ro xH}Dv Q} R x}[k
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xDWQ Qo = �[38, 2.40]� 3�3�1 x}[k
A f! B g! C ! 0

CU= j}kO =y}DN} Qty�R w =yrwOt�R R= Q} R xDWQ x=ov; 'OW=@ pwOt�R l} Y Qo = w OW=@ j}kO
0! HomR(C; Y ) g�! HomR(B; Y ) f�! HomR(A; Y );

"OwW |t h} QaD 1"3"1 xQ=Ro Ovv=t f � u; QO xm
xDWQ Qo = �[38, 2.38]� 4�3�1 x}[k

0! A f! B g! C

CW=O s}y=wN =Q =y}DN} Qty�R w =yrwOt�R R= Q} R j}kO xDWQ x=ov; OW=@ j}kO
0! HomR(X;A) f�! HomR(X;B) g�! HomR(X;C);

"OwW |t h} QaD f � =@ x@=Wt |k} Q]@ f� u; QO xm
(
P
ngg)n = (

P
ng)n Qr=mU= ?Q[ =@ CiQo Q_v QO pwOt�� l} u=wva@ =Q Z u=wD |t "� = ZG s}vm ZQi

"Ovt=v |t |y}O@ pwOt�� =Q Z '\}=QW u}= CLD "
O=R; uWwrwRQ di |=y}DN} Qty�� w (i = 0; 1; 2; : : :) Xi O=R; |=yrwOt�� pt=W X Ovv=t xr=@vO l} 5�3�1 h} QaD

xDWQ x=oQy OwW |t xO}t=v Z |=Q@
X : � � � �! Xn

dn�! Xn�1 �! � � � �! X1 d1�! X0 d0�! Z �! 0
"OW=@ j}kO

w pwOt�� l} A s}vm ZQi 6�3�1 h} QaD
X : � � � �! Xn

dn�! Xn�1 �! � � � �! X1 d1�! X0 d0�! Z �! 0
CW=O s}y=wN =Q =yv; |DN} Qty w |r@; |=yywQo R= Q} R xr=@vO CQwYv}= QO "OW=@ Z O=R; uWwrwRQ l}
� � �  � Hom�(X1; A)

d�1 � Hom�(X0; A)
d�0 � Hom�(Z; A) � 0

5"3"1 xQ=Ro x@ xHwD =@ "CU= di \UwD xOW =kr= |=|DN} Qty d�i : HomR(Xi�1; A) �! HomR(Xi; A) u; QO xm
|DtUk GQ=N xwQo " Imd�i � Kerd�i+1 u}=Q@=v@ d�i+1d�i = 0 OwW |t xH}Dv

Hn(G;A) = Kerd�i+1=Imd�i

"Ov} wo � x@ C@Uv A pwOt |Swrwtywm xwQo u}t=�n =Q
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w OwW |t XNWt G w A \UwD OQi@ QYLvt Qw]@ Hn(G;A) |Swrwtywm xwQo �[45, 7.21]� 7�3�1 x}[k
" CU= O=R; uWwrwRQ ?=NDv= R= pkDUt

g Ovv=t w[a Qy |=R= x@ s}vm ZQi u}vJty "OvW=@ |r@; xwQo l} w x=wNrO xwQo l} ?}DQD@ A w G s}vm ZQi
xm} Qw]@ OW=@ xDW=O OwHw ag Ovv=t A R= |OQi@ QYLvt w[a 'A R= a w[a Qy w G R=

(ab)g = agbg (a; b 2 A; g 2 G)

(ax)y = axy (a 2 A; x; y 2 G)

a1 = a (a 2 A);

"� CU= pwOt�ZG l} A Qo}O CQ=@a@ =}�Ovm |t pta A Q@ G s}�wo CQwYv}= QO
l} "s}t=v |t u}Jwm� n l} =Q A |wD x@ G xwQo R= xNUv n s}kDUt ?Q[rY=L R= f Ovv=t CW=ov l}
pk=OL u; QO xm (g1; : : : ; gn) Ovv=t G QY=va R= |�=D�n Qy |=R= x@ x=oQy s}�wo xOW p=tQv =Q f Ovv=t u}Jwm�n
=@ xm xOW p=tQv |=y u}Jwm�n xty xawtHt " f(g1; g2; : : : ; gn) = 1 s}W=@ xDW=O 'OW=@ G |v=ty QYva gi l}
s}yO |t Q=Qk 'n = 0 xm |DQwY QO "OyO |t |r@; |ywQo p}mWD `@=wD ?Q[ =@ x=Qty 'OwW |t xO=O u=Wv Cn(G;A)

=@ xOW h} QaD CW=ov uwvm = " C0(G;A) = A

(dk+1f)(g1; : : : ; gk+1) = f(g2; : : : ; gk+1)

�
kY
i=1

f(g1; : : : ; gigi+1; : : : ; gk+1)(�1)i(f(g1; : : : ; gk)(�1)k+1
)gk+1

w Bn(G;A) = Im dn s}yO |t Q=Qk " dk+1 : Ck(G;A) ! Ck+1(G;A) Ovv=t Ovm |t h} QaD |=|DN} Qty
" s}t=v |t pm}=Uwm�n w |QOv=@ wm�n ?}DQD x@ =Q Zn(G;A) w Bn(G;A) QY=va w Zn(G;A) = Ker dn+1

x; y 2 G Qy |=R= x@ ' f(xy) = f(x)yf(y) Qo = \ki w Qo = f 2 Z1(G;A) CQwYv}= QO 'n = 1 s}vm ZQi
" s}t=v |t `]=kDt |DN} Qty l} =Q |DW=ov u}vJ "

OwHw u=vJ a 2 A w[a =yv; |=R= x@ xm CU= f : G! A Ovv=t |a@=wD pt=W B1(G;A) 'h} QaD x@ xHwD =@
|y}O@ A Q@ G pta Qo = u}=Q@=v@ "Ovt=v |t |rY= `]=kDt |DN} Qty =Q |DW=ov u}vJ " f(g) = a(a�1)g xm OW=@ xDW=O

" CU= |m} Hom(G;A) |va} A x@ G R= |=y}DN} Qty xty xawtHt =@ H1(G;A) 'OW=@
' x; y; z 2 G Qy |=R= x@ Qo = \ki w Qo = f 2 Z2(G;A) CQwYv}= QO n = 2 s}vm |t ZQi uwvm =

f(x; y)zf(xy; z) = f(y; z)f(x; yz)

xDW=O x; y 2 G Qy |=R= x@ xm OW=@ xDW=O OwHw u=vJ t : G! A `@=D Qo = \ki w Qo = f 2 B2(G;A) u}vJty w
s}W=@

f(x; y) = t(y)t(xy)�1t(x)y
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1 �! x=Dwm w j}kO xDWQ R= CU= CQ=@a Q \UwD K `}UwD l} "OvW=@ xwQo Kw Q s}vm ZQi 8�3�1 h} QaD
" K �! E �! Q �! 1

xm OW=@ G\UwD A R= |a}UwD 1 �! A i�! E ��! G �! 1 w A = hY jSi ' G = hXjRi s}vm ZQi
|=Q@ x̂� = x xm} Qw]@ OW=@ E QO A |=Q@ |r=UQwUv=QD X̂ = fx̂jx 2 Xg s}vm ZQi " CU= pwtW CW=ov i u; QO
xOt; CUO@ x̂ =@ xZ} waD =@ r R= xm X̂ QO |= xtrm R= OW=@ CQ=@a r̂ s}vm ZQi 'R R= r Qy |=R= x@ xwqa@ "X R= x Qy
w r̂ 2 Ker� = A s} Q=O ' r 2 R Qy |=R= x@ u}=Q@=v@ 'CU= |v=ty w[a � \UwD G QO r̂ xtrm Qy Q} wYD p=L " CU=
Q_vOQwt xtrm ur s}vm |t ZQi xm CWwv Y QY=va ?UL Q@ u=wD |t =Q R R= r Qy 'OwW |t O}rwD Y \UwD A uwJ
w y 2 Y u; QO xm x̂�1yx̂ GwORt Qy =Pr CU= p=tQv E QO A uwJ " R̂ = fr̂u�1

r jr 2 Rg s}yO |t Q=Qk "OW=@
Q=Qk =@ "wx;y Ovv=t Y QO CU= |= xtrm u}=Q@=v@ w CU= A pwtWt 'x̂ 2 X̂

T = fx̂�1yx̂wx;yjx 2 X; y 2 Y g;

% CW=O s}y=wN =Q Q} R xH}Dv
OQ=O Q} R CQwY@ |W}=tv E xwQo q=@ C=tqa =@ �[26, 10.1]� 9�3�1 xQ=Ro

E = hX̂; Y jR̂; S; T i:

1! K j! F q! w 1! K i! E p! Q! 1 Ovv=t `}UwD wO "OvW=@ xwQo Q w K s}vm ZQi 10�3�1 h} QaD
"OwW |�=H@=H Q} R s=Qo =}O xm} Qw]@ OW=@ xDW=O OwHw � : E ! F Ovv=t |=|DN} Qty x=oQy Ov} wo RQ= sy =Q Q! 1

1 �! K i�! E p�! Q �! 1
1Q�1K

? ??1 �! K j�! F q�! Q �! 1;
"OvDUy RQ= sy |=ya}UwD F w E s}�wo |t |oO=U |=Q@ CU= pw=ODt

Qr=mU= ?Q[ xm} Qw]@ Ovm |t p}O@D pwOt�ZQl} x@ =Qv;K |wQ Q pta CQwYv}= QO OW=@ |r@; |ywQoK Qo =
" a 2 K w x 2 Q Qy |=R= x@ xa = ax %OwW |t h} QaD Q} R CQwY@

u=vJ j : Q! E |DN} Qty x=oQy s}�wo |vOW =OH =Q 1 �! K i�! E p�! Q �! 1 `}UwD 11�3�1 h} QaD
Ctqa =@ w Ovt=v |t Q \UwD K s}kDUt s}v ?Q[rY=L =Q E xwQo Cr=L u}= QO " pj = idQ xm OW=@ xDW=O OwHw

"OvyO |t u=Wv K oQ

" i(K) � Z(E) x=oQy s}t=v |RmQt =Q 1 �! K i�! E p�! Q �! 1 `}UwD 12�3�1 h} QaD
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xr}Uw@ K |=ya}UwD |RQ= sy |=y xOQ xty xawtHt e(Q;K) w xOw@ pwOt�Q l} K s}vm ZQi 13�3�1 x}[k
Ovv=t OQ=O OwHw e(Q;K) |=[a= w H2(Q;K) QY=va u}@ |m} x@ l} Q_=vD x=ov; "OW=@ Q

� : H2(Q;K) �! e(Q;K)

u}= Q@ xwqa
" CU= Q xr}Uw@ K |RmQt |=ya}UwD |RQ= sy |=yUqm xawtHt e(Q;K) x=ov; OW=@ |y}O@ K Q@ Q pta Qo = �1

"OQ=ov |t |vOW =OH |=ya}UwD |RQ= sy xOQ x@ =Q QiY � �2
xm}DQwY QO CU= uQ=kDt f s}�wo " f 2 Z2(G;A) w OvW=@ |r@; |=yywQo A w G s}vm ZQi uwvm =
Q} R xwQo Q} R =Pr ' CU= uQ=kDt g x=ov; g 2 B2(G;A) Qo = CU= |y}O@ "G R= y w x Qy |=R= x@ f(x; y) = f(y; x)

% s} Q=O =Q H2(G;A) R=
14�3�1 h} QaD

Ext(G;A) = ff 2 H2(G;A)jf is symmetricg;
" CU= Z2(G;A) QO f |RQ= sy xOQ f u; QO xm

QY=va w G xr}Uw@ A |r@; |=ya}UwD |RQ= sy |=yUqm u}@ |m} x@ l} Q_=vD xm OwW |t |UQQ@ |v=U; x@
�[28, 1.4.2] x@ O}vm xaH=Qt p=Ft |=Q@�" CU= Q=QkQ@ Ext(G;A)

Ovv=t Z |=Q@ |O=R; uWwrwRQ 15�3�1 xDmv

� � � �! Bn
dn�! Bn�1 �! � � � �! B1 d1�! B0 d�! Z �! 0;

|atH xwQo =@ Hom(Bn; A) ' A Ovv=t pwOt�� Qy |=R= x@ xm} Qw]@ OwW |t xOv=wN OQ=Ov=DU= uWwrwRQ xm OQ=O OwHw
s} Q=O '|Swrwtywm xwQo u}t=�n h} QaD x@ xHwD =@ u}=Q@=v@ �[45] x@ OwW xaH=Qt p=Ft |=Q@� CU= CN} Qm} Cn(G;A)

:Hn(G;A) = Zn(G;A)=Bn(G;A)

Qw]@ G s}vm ZQi xwqa@ "OW=@ QiY=v \rDNt O=Oa= |@ Q[ xwQo C� w |y=vDt |ywQo G s}vm ZQi 16�3�1 h} QaD
=@ w xO}t=v G xwQo QwW Qo@ Q[ =Q |y}O@ pta x@ C@Uv H2(G;C�) |Swrwtywm xwQo u}twO "Ovm pta C� Q@ |y}O@

" s}yO |t u=Wv M(G) Ctqa
V=x@DQt xm CU= |y=vDt |ywQo M(G) xm CU= xOW xO=O u=Wv " CU= |r@; |ywQo M(G) ' h} QaD x@ =v@

�[28] x@ OwW xaH=Qt�"Ovm |t O=a =Q G x@DQt
%OQ=O OwHw xwQo l} QwW Qo@ Q[ h} QaD |=Q@ |Qo}O j} Q]
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h} QaD M(G) = (F 0 \ R)=[F;R] CQwY@ G QwW Qo@ Q[ ' G = hXjRi |y=vDt xwQo |=Q@ 17�3�1 h} QaD
"F = F (X) QO R p=tQv Q=DU@ R= CUDQ=@a R u; QO xm OwW |t

G xwQo QwW Qo@ Q[ xm OQm C@=F �O}v}@@ =Q [41]� QwW ' 1907 p=U QO
"OQ=O |oDU@ G xwQo x@ \ki w xDW=Ov |oDU@ hXjRiV}=tv x@ |va} CU= G xwQo |=}=B �1
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