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�õÀÖõ
¤¢ ü÷�ø�Âê ý�û¢Â�¤�î �î ´¨� ���®�þ¤ ¤¢ ý��µª¤ ö��õ ý�û�¡�ª ¥� üØþ ´�� � �ÎÖ÷ ý�þÂÑ÷:¥� À��¤�±ä �î ,´¨� ùÀÞä ý�ó�Æõ �¨ ý�¤�¢ �þÂÑ÷ ßþ� .¢¤�¢ ��Üä Âþ�¨ ��÷ ø ���®�þ¤´��� ý�ÎÖ÷ üÚ÷�Úþ ø ¢��ø :(i)´��� ¯�Ö÷ ý�ä�Þ¹õ ¤�µ¡�¨ :(ii)�ú÷� üþ�ÂÚÞû ø ´��� ¯�Ö÷ °þÂÖ� ý�û ©ø¤ :(iii)ø ×þÂµõ ý�û�Ìê ,×þ��ó���� ý�û�Ìê ¤¢ ��¹õ �µ±Æ÷ ý�¡�ªÂþ¥ �¨ ý�¤�¢ ß��»Þû �þÂÑ÷ ßþ�´��� ý�ÎÖ÷ ý��Ìì ø  �÷� � ­�±Ö÷� Û¬� ,¤ø�Â� ´��� ý�ÎÖ÷ ý��Ìì .´¨� �µÆÆð ý�û�Ìê.À÷�ªüõ ��Æ½õ �û�¡�ª ßþ� ¥� ×þ Âû ¥�è� ý�ÎÖ÷ø ý¢���� ý�û��Ìì °��Â� �� üØ¨¤��ý�Â� ýÂÊõ ø ü÷�÷�þ ö�÷�À�®�þ¤ ,´¨� ¤�¢¤�¡Â� ü÷��Ï ¤��Æ� ý�Ö��¨ ¥� ´��� ý�ÎÖ÷ ý�þÂÑ÷¥� ù¢�Ôµ¨� �� (p2;+1) ýù¥�� ýø¤ �¤ f(x) = x+(x2 )2 ´ª�Ú÷ ´��� ý�ÎÖ÷ ,p2 ¢Àä Õ�ì¢ ß�Þ¿�.À÷¢¥üõ °þÂÖ� ý¤�ÂØ� À�þ�Âê ©ø¤´��� ¯�Ö÷ ¶��±õ ¤¢ üÔÎä ý�ÎÖ÷ ,Àª ö��� 1920 ñ�¨ ¤¢ 1  �÷�� Í¨�� �î ´��� �ÎÖ÷ ý��Ìì�þ ø 2ÓóÀ��ó-¢¤�Ø�� ý��Ìì ö�»Þû Ýúõ ý�þ�Ìì ¥� ý¤��Æ� ��±�� ¤¢ ��Ìì ßþ� ¢Â�¤�î .Àª��üõ.´Æ�÷ ­�Þè� Û��ì ,3¤¢ø�ª ´��� ý�ÎÖ÷ ý��Ììü¨¤Â� ¢¤�õ ,�ú÷� ×�¨�î ¸þ�µ÷ ø ×þÂµõ ý�û�Ìê ýù¥�� ¤¢ ´��� ¯�Ö÷ ¢��ø ,�õ�÷ ö�þ�� ßþ� ¤¢.¢Â�ðüõ ¤�Âìýù¢¤ ¥� Â�ù¢ÂµÆð ý�ûù¢¤ ,´¨� üÏ�Æ±÷�Â�è ¯Âª Ý�Þã� �î ýÀþÀ� ý�û¯Âª üêÂãõ �� âì�ø ¤¢Bana
h1Pi
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ßþ� ý�Â�  �÷�� ´��� �ÎÖ÷ ��Ìì �ú÷� ´½� �î �¤ üÎþ�Âª ø ù¢Âî ¢�¹þ� üÏ�Æ±÷�Â�è ý�û´ª�Ú÷.Ý��îüõ ü¨¤Â� ,´¨� ¤�ÂìÂ� �û´ª�Ú÷ ¥� ÀþÀ� ý�ûù¢¤Ý�Þã� ñø� Ç¿� ¤¢ �Àµ�� �ø¢ ÛÊê ¤¢ ø Ýþ¥�¢Â�üõ ��óø� Ý�û�Ôõ ø üÜî Óþ¤�ã� üêÂãõ �� ñø� ÛÊê ¤¢Í¨�� ÂµÈ�� �î �¤ ´��� ¯�Ö÷ ý�þ�Ìì ø Ý��îüõ üêÂãõ �¤ (C) ¯Âª ��÷�� üÏ�Æ±÷�Â�è ¯Âª ¥� ý�ù¢�¨.Ý��î üõ ü¨¤Â� ,¢�� ùÀª ö��� üÏ�Æ±÷�Â�è ý�û ´ª�Ú÷ ý�Â� ,ÂÚþ¢ ö�÷�À�®�þ¤üÏ�Æ±÷�Â�è ¯Âª ¥� ÂÚþ¢ üÞ�Þã� âì�ø ¤¢ �î (C) ¯Âª ¥� üÞ�Þã� �� ,ÛÊê ß�Þû ¥� �ø¢ Ç¿� ¤¢´�� � ¯�Ö ÷ ý� þ�Ìì ¥� üÌã � �î ¢Â î À �û��¡ �ã ó�Îõ � � ÷ Ç¿� ßþ� ¤¢ .À þ�ª üõ � �ª� ,´¨�ÂÚþ¢ üÌã� ø ´¨� ¤�ÂìÂ� ��÷ ù¢¤ ßþ� ý�Â� (C) ¯Âª ý�¤�¢ ý�û ´ª�Ú÷ �þ ø üÏ�Æ±÷�Â�è ý�û´ª�Ú÷.¢�Þ÷ ¤�ÂìÂ� ,üÎþ�Âª ¢�¹þ� �� ö���üõ �¤ �þ�Ìì ¥�¯��Âõ ý�þ�Ìì ø (E) ¯Âª ��÷ �� üÏ�Æ±÷�Â�è ¯Âª ¥� Ý�ÖµÆõÂ�è üÞ�Þã� ,�ø¢ ÛÊê ¥� ��¨ Ç¿� ¤¢.¢�ªüõ üêÂãõ ,ö� ý�¤�¢ ý�û´ª�Ú÷ ù¢¤ ��Âû ö�þ�� ¤¢ ø ¢�ªüõ �ãó�Îõ üÏ�Æ±÷�Â�è ¯Âª �� ø Ýû �� ÀþÀ� ý�û¯Âª ßþ� ý�Î��¤ Ç¿� Âû ¤¢.¢�ªüõ ö��� ��÷ üîÂµÈõ ´��� �ÎÖ÷ ý��Ìì ,Ç¿�.Àª��üõ ℄3[ â�Âõ Â� ü�µ±õ �f�ÀÞä �õ�÷ö�þ�� ßþ� ©¤�Ú÷ ø ßþøÀ�
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1 ÛÊê
Óþ¤�ã� ø ��õÀÖõ

ö��� ,À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ü�� ÛÊê ¶��±õ ¤¢ �î �¤ üÞ�û�Ôõ ø Óþ¤�ã� ¥� ü¡Â� ÛÊê ßþ� ¤¢.Ý��îüõ×þ �¤ � .Àª�� ö� ý�û�ä�Þ¹õÂþ¥ ¥� ý�ù¢��÷�¡ � ø ù��¿ó¢ ý��ä�Þ¹õ X À��î­Âê .1.1 ÓþÂã�:Ý�ª�� �µª�¢ ù�ðÂû ,À�õ�÷ X ýø¤ ý��ó����.;; X 2 � .1.Àª�� � ¥� ý�Ìä ,� ý�Ìä� ¥� ù��¿ó¢ á�Þµ�� Âû .2.Àª�� � ¥� ý�Ìä ,� ý�Ìä� ¥� üû��µõ í�Âµª� Âû .3ö�È÷ (X; �) �� ø À�õ�÷üõ ×þ��ó���� ý�Ìê �¤ Àª�� ùÀª ÓþÂã� � ý��ó���� ö� ýø¤ �î X ý�Ìê.À�û¢üõ×þÂµõ ý�û�Ìê �� ùÀ�÷��¡ ö¢�� ��ª� ­Âê �� .À÷� ×þÂµõ ý�û�Ìê ,×þ��ó���� ý�û�Ìê ßþÂµóø�Àµõ.Ý��îüõ �Ôµî� üÜ¬� ý�ûÓþÂã� ö��� �� ÍÖê ,ö� ý�ûüðÄþø ø¤¢ d â��� x; y; z 2 X Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ X Â� Âµõ ×þ d : X �X ! R â��� .2.1 ÓþÂã�:À�î ëÀ¬ Âþ¥ Íþ�Âª.x = y Âð� �ú�� ø Âð� d(x; y) = 0 ø d(x; y) � 0 .(Óó�.d(x; y) = d(y; x) .(�1



2 Óþ¤�ã� ø ��õÀÖõ.d(x; y) � d(x; z) + d(z; y) .(�.À�õ�÷üõ ×þÂµõ ý�Ìê ×þ �¤ (X; d) °�Âõ ´Ô� ,Àª�� X ¤¢ Âµõ ×þ d Âð�¥� ý��ÎÖ÷ �� X ¤¢ üª�î ý�ó�±÷¢ Âû ù�ðÂû ,À�õ�÷üõ Ûõ�î �¤ (X; d) ×þÂµõ ý�Ìê .3.1 ÓþÂã�.Àª�� �ÂÚÞû ö�X ¤¢ jj:jj : X ! R À�÷�õ üµª�Ú÷ ù�ðÂû ,À�þ�ð ¤�ÀõÂ÷ ý�Ìê ×þ �¤ X ý¤�¢Â� ý�Ìê .4.1 ÓþÂã�:Àª�� Âþ¥ «��¡ ý�¤�¢ x; y 2 X Âû ý�Â� ø Àª�� ùÀª ÓþÂã�,x = 0 Âð� �ú�� ø Âð� jjxjj = 0 ø jjxjj � 0 .(Óó�),jjaxjj = jaj jjxjj ,a 2 F Âû ý�Â� .(�).jjx+ yjj � jjxjj+ jjyjj .(�)¤�ÀõÂ÷ ý�Ìê Âû �Áó .À�îüõ ëÀ¬ ö¢�� Âµõ Íþ�Âª ¤¢ d ,d(x; y) = jjx� yjjÓþÂã� �� 5.1 �µØ÷.´¨� ×þÂµõ ý�Ìê ×þjjT jj �� �¤ T �Â÷ .Àª�� Y ¤�ÀõÂ÷ ý�Ìê �� X ¤�ÀõÂ÷ ý�Ìê ¥� üµª�Ú÷ T À��î­Âê .6.1 ÓþÂã�À��îüõ ÓþÂã� Âþ¥ �¤�¬ �� ø ù¢�¢ ö�È÷jjT jj = supf jTxj j x 2 X; jjxjj = 1g:ù�ðÂû ,À�õ�÷ üÎ¡ �¤ T : X ! Y ´ª�Ú÷ .À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ Y ø X À��î ­Âê .7.1 ÓþÂã�.T (ax + y) = aT (x) + T (y) Ý�ª�� �µª�¢ a 2 F Âû ø x; y 2 X Âû ý�Â�¥� °�Âõ ´Ô� Âû �� ù�ðÂû ,À�õ�÷ üÜ¡�¢ �Â® ý�Ìê �¤ H ÍÜµ¿õ ý¤�¢Â� ý�Ìê .8.1 ÓþÂã�,Àª�� ùÀª ¯��Âõ ,À�õ�÷ "üÜ¡�¢ �ÂÌÜ¬��' �¤ ö� �î < x; y > ÍÜµ¿õ ¢Àä ,H ¤¢ y ø x ý�û¤�¢Â�À�ª�� ¤�ÂìÂ� Âþ¥ Àä��ì �îý¤�Ï��,x = 0 Âð� �ú�� ø Âð� < x; x >= 0 ø < x; x >� 0 .(Óó�(.´¨� ÍÜµ¿õ �ø¢�õ ÂÚ÷�È÷¤�� ´õ�ä) ,< x; y >= < y; x > .(�



3 Óþ¤�ã� ø ��õÀÖõ,< ax; y >= a < x; y > ,a 2 F Âû ý�Â� .(�.< x+ y; z >=< x; z > + < y; z > ,x; y; z 2 H Âû ý�Â� .(¢�¤� ¬ � � x; y 2 H Â û ý�Â � � î d Â µ õ � � H ü Ü ¡�¢ �Â ® ý� Ì ê .9.1 ÓþÂã�,Àª�� Ûõ�î d Âµõ �� H ù�ðÂû .´¨� ×þÂµõ ý�Ìê ×þ ,¢�ªüõ ÓþÂã� d(x; y) =< x� y; x� y >12.¢�ªüõ ùÀ�õ�÷ 1 �Â±Ü�û ý�Ìê�¤� ¬ � � x; y 2 X Â û ý�Â � � î �Â ÷ ¥� Û ¬� � Â µ õ� � X ¤�À õÂ ÷ ý� Ì ê Â û .10.1 ÓþÂã� �÷�� ý�Ìê �¤ Ûõ�î ¤�ÀõÂ÷ ý�Ìê .´¨� ×þÂµõ ý�Ìê ×þ ,¢�ªüõ ÓþÂã� d(x; y) = jjx � yjj.À�õ�÷.´¨� ��÷  �÷�� ý�Ìê ×þ ,�Â±Ü�û ý�Ìê Âû 11.1 �µØ÷.´¨�  �÷�� üþ�Ìê ¢�¡ , �÷�� ý�Ìê ¥� �µÆ� ý�ä�Þ¹õÂþ¥ Âû 12.1 �µØ÷
,À�õ�÷ x 2 X �� (�Â÷ ¤¢ �ÂÚÞû) ý�ì ý�ÂÚÞû ,X ¤�ÀõÂ÷ ý�Ìê ¤¢ �¤ fxng ý�ó�±÷¢ .13.1 ÓþÂã�.limn!1 jjxn � xjj = 0 ù�ðÂû�î ý¤�Ï�� ,Àª�� X ýÂµõ ý�Ìê ýù¢ÂÈê ý�û�ä�Þ¹õÂþ¥ ¥� ý��þ�¢Âð fK�g ù�ðÂû 14.1 ù¤��ð.¢�� Àû��¡ üú��÷ \�K� ù�Ú÷� ,Àª�� üú��÷ �ú÷� ¥� üû��µõ ý�þ�¢ÂðÂþ¥ Âû í�Âµª�� .℄48 ý�½Ô¬ ,9[ �� À��î á��¤ ��±�� ý�Â� .��±��ø t 2 [0;1℄ Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ �À½õ ý�ä�Þ¹õ ×þ C � Rk ý�ä�Þ¹õ .15.1 ÓþÂã�.tx + (1� t)y 2 C Ý�ª�� �µª�¢ x; y 2 C Âû ý�Â�Hilbert1



4 Óþ¤�ã� ø ��õÀÖõø jjxjj � 1 ,x 6= y �î x; y 2 C Âû ý�Â� ù�ðÂû ,À�õ�÷ À�î� �À½õ �¤ C ý�ä�Þ¹õ .16.1 ÓþÂã�Ý�ª�� �µª�¢ jjyjj � 1jjx+ y2 jj < 1:üþ Æ ,� 2 (0;2℄ Âû ý�Â� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ 1(UC) ´¡���Øþ �À½õ C ý�ä�Þ¹õ .17.1 ÓþÂã�Ý�ª�� �µª�¢ jjx� yjj > � ø jjyjj � 1 ,jjxjj � 1 �î x; y 2 X Âû ý�Â� �î ý¤�Ï �� Àª�� ¢���õ ´±·õjjx+ y2 jj � Æ:ùÀ�õ� ÷ ,2 (UCED) Â�Æõ Âû ¤¢ ´¡���Ø þ �À½õ ý�ä�Þ¹õ ×þ C ý�ä�Þ¹õ .18.1 ÓþÂã�z ø � �� �µÆ��ø ø ´±·õ üþ Æ ö��µ� jjzjj = 1 �î z 2 C Âû ý�Â� ø � 2 (0;2℄ Âû ý�Â� ù�ðÂû ,¢�ªüõx� y 2 f tz j t 2 [�2;��℄[ [�;2℄g ø jjxjj � 1 ,jjyjj � 1 �î x; y 2 C Âû ý�Â� �î ý¤�Ï �� ´ê�þÝ�ª�� �µª�¢jjx+ y2 jj � 1� Æ:.´¨� Â�Æõ Âû ¤¢ ´¡���Øþ �À½õ ý�ä�Þ¹õ ×þ ,À��ø á�ãª �� ùÂþ�¢ 19.1 ñ�·õ
ý�ä�Þ¹õ Âû ø ´¨� ��÷ Â�Æõ Âû ¤¢ ´¡���Øþ �À½õ ,´¡���Øþ �À½õ ý�ä�Þ¹õ Âû 20.1 ù¤��ð.Àª��üõ ��÷ À�î� �À½õ ,Â�Æõ Âû ¤¢ ´¡���Øþ �À½õ� .℄2[ �� À��î á��¤ ��±�� ý�Â� .��±��×þ �¤ T : X ! R ¤�ÀÖõ üÖ�Ö� â��� .Àª�� �À½õ ý��ä�Þ¹õ X �î À��î ­Âê .21.1 ÓþÂã�Ý�ª�� �µª�¢ � 2 [0;1℄ Âû ø x; y 2 X Âû ý�Â� ù�ðÂû ,À�õ�÷ �À½õ â���T (�x+ (1� �)y) � �Tx+ (1� �)Ty: Uniformly Convex1Uniformly Convex in Every Dire
tion2



5 Óþ¤�ã� ø ��õÀÖõ
â��� ×þ �¤ T : X ! R ¤�ÀÖõ üÖ�Ö� â��� .Àª�� �À½õ ý��ä�Þ¹õ X À��î­Âê .22.1 ÓþÂã�Ý�ª�� �µª�¢ � 2 (0;1) Âû ý�Â� ø x 6= y �î x; y 2 X Âû ý�Â� ù�ðÂû ,À�õ�÷ �À½õ �À�î�T (�x+ (1� �)y) < �Tx + (1� �)Ty:â��� ×þ T : X ! R ¤�ÀÖõ üÖ�Ö� â��� .Àª�� �À½õ ý��ä�Þ¹õ X À��î ­Âê .23.1 ÓþÂã�Ý�ª�� �µª�¢ � 2 [0;1℄ Âû ý�Â� ø x; y 2 X Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ �À½õ ü¨øø�ðT (�x+ (1� �)y) � maxfT (x); T (y)g:â��� ×þ T : X ! R ¤�ÀÖõ üÖ�Ö� â��� .Àª�� �À½õ ý��ä�Þ¹õ X À��î ­Âê .24.1 ÓþÂã��µª�¢ � 2 (0;1) Âû ý�Â� ø x 6= y �î x; y 2 X Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ À�î� �À½õ ü¨øø�ðÝ�ª��T (�x+ (1� �)y) < maxfT (x); T (y)g:¤¢ f â�� � .À þÂ �Ú � ÂÑ÷ ¤¢ �¤ f : X ! R [ f+1;�1g ø X ×þ��ó� �� � ý�Ìê .25.1 ÓþÂã�x0 ¥� U üÚþ�ÆÞû � > 0 Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ üþ��� ý�µ¨���Ý�÷ x0 2 X ù��¿ó¢ ý�ÎÖ÷Ý�ª�� �µª�¢ x 2 U Âû ý�Â� �î ý¤�Ï �� ,Àª�� �µª�¢ ¢��øf(x) � f(x0) + �:ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ x0 2 X ¤¢ üþ��� ý�µ¨���Ý�÷ f ,Àª�� ×þÂµõ ý�Ìê X Âð� ùÄþ��lim supx!x0 f(x) � f(x0):.Àª�� üþ��� ý�µ¨���Ý�÷ x 2 X Âû ¤¢ ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ üþ��� ý�µ¨���Ý�÷ f â���



6 Óþ¤�ã� ø ��õÀÖõX ×þ��ó� �� � ý�Ìê Â� f (�µê� þ´ã¨ø üÖ�Ö� � þ) üÖ�Ö� â�� � ,°µî ¥� ü¡Â� ¤¢ 26.1 ùÂÊ±�¥�� fx 2 Xjf(x) < ag ý�ä�Þ¹õ ,a 2 R Âû ý�Â� Âð� �ú�� ø Âð� ,¢�ªüõ ùÀ�õ�÷ üþ��� ý�µ¨���Ý�÷.(℄53 ý�½Ô¬ ,8[�� À��î �ã��Âõ) .Àª��¤¢ f â�� � .À þÂ �Ú � ÂÑ÷ ¤¢ �¤ f : X ! R [ f+1;�1g ø X ×þ��ó� �� � ý�Ìê .27.1 ÓþÂã�x0 ¥� U üÚþ�ÆÞû � > 0 Âû ý�Â� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ü��þ�� ý�µ¨���Ý�÷ ,x0 2 X ù��¿ó¢ ý�ÎÖ÷Ý�ª�� �µª�¢ x 2 U Âû ý�Â� �î ý¤�Ï �� ,Àª�� �µª�¢ ¢��øf(x) � f(x0)� �:ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ü��þ�� ý�µ¨���Ý�÷ x0 2 X ¤¢ f â���,Àª�� ×þÂµõ ý�Ìê X Âð� ùÄþ��lim infx!x0 f(x) � f(x0).Àª�� ü��þ�� ý�µ¨���Ý�÷ x 2 X Âû ¤¢ ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ü��þ�� ý�µ¨���Ý�÷ f â���X ×þ�� ó� �� � ý�Ìê Â � f (� µ ê� þ´ã¨ø üÖ � Ö� � þ) üÖ � Ö� â �� � ,°µî ü¡Â � ¤¢ 28.1 ùÂÊ±�¥�� fx 2 Xjf(x) > ag ý�ä�Þ¹õ ,a 2 R Âû ý�Â� Âð� �ú�� ø Âð� ,¢�ªüõ ùÀ�õ�÷ ü��þ�� ý�µ¨���Ý�÷.(℄53 ý�½Ô¬ ,8[�� À��î �ã��Âõ) .Àª��ü��þ�� �µ¨���Ý�÷ Ýû ø üþ��� �µ¨���Ý�÷ Ýû Âð� �ú�� ø Âð� ´¨� �µ¨��� ,üÖ�Ö� â��� ×þ 29.1 �µØ÷.Àª��ø âÞ� ÛÞä ø Àª�� ¤�ÂìÂ� ö� ¤¢ ��÷ ý¤�¢Â� ý�Ìê«��¡ �î X ×þ��ó���� ý�Ìê .30.1 ÓþÂã�.¢�ªüõ ùÀ�õ�÷ 1 (TV S)×þ��ó���� ý¤�¢Â� ý�Ìê �¤ ,Àª�� �µ¨��� ö� ¤¢ �Â®Topologi
al Ve
tor Spa
e 1



7 Óþ¤�ã� ø ��õÀÖõ�¤ X ý�Ìê ö�ðø¢ �¤�¬ ßþ� ¤¢ ,Àª� � üû��¿ó¢ ý¤�¢Â � ý�Ìê X À��î ­Âê .31.1 ÓþÂã�.À�û¢üõ ö�È÷ X� ¢�Þ÷ �� ø ù¢Âî ÓþÂã� � : X ! F ¤�À÷�Âî ø üÎ¡ ý�û×ã��� ��Þ� ý�ä�Þ¹õ.´¨� ý¤�¢Â� ý�Ìê ×þ ¢�¡ ,Âþ¥ �Â® ø âÞ� ÓþÂã� �� X ý¤�¢Â� ý�Ìê ö�ðø¢8�; ' 2 X�; 8x 2 X (�+ ')(x) = �(x) + '(x)8� 2 X�; 8x 2 X; 8a 2 F (a�)(x) = a�(x)ßþÂµØ��î �¤�¬ ßþ� ¤¢ .Àª�� ×þ��ó���� ý¤�¢Â� ý�Ìê ×þ X �î À��î ­Âê .32.1 ÓþÂã�� � ø À � õ� ÷üõ Ó�ã® ý�� ó� �� � �¤ Àª� � � µ¨� � � ö� � � ´±Æ ÷ l 2 X � Âû �î ,X ýø¤ ý�� ó� �� �.À�û¢üõ ö�È÷ �(X;X�) ¢�Þ÷,À ª� � ö� ¥� ý�� ä� Þ¹ õÂ þ¥ V ø ×þ�� ó� �� � ý¤�¢Â � ý�Ì ê ×þ X À � � î ­Â ê .33.1 ÓþÂã��� ´±Æ÷ °��Â� �� V ù�ðÂû ,À�õ�÷ ù¢ÂÈê Ó�ã® ø ¤�À÷�Âî Ó�ã® ,�µÆ� Ó�ã® �¤ V ý�ä�Þ¹õ.Àª�� ù¢ÂÈê ø ¤�À÷�Âî ,�µÆ� ,Ó�ã® ý��ó����ý�ó�±÷¢ .Àª�� ö� ¤¢ ý��ó�±÷¢ fxng ø ×þ��ó���� ý¤�¢Â� ý�Ìê ×þ X À��î ­Âê .34.1 ÓþÂã�Ý�ª�� �µª�¢ f 2 X� Âû ý�Â� ù�ðÂû ,À�õ�÷ x 2 X �� �ÂÚÞûÓ�ã® �¤ fxnglimn!1 f xn = f x:´ª� Ú ÷ .À ª� � ö� ¥� ü ú �� ÷ ý�� ä� Þ¹ õÂ þ¥ C ø  � ÷� � ý�Ì ê X À � � î ­Â ê .35.1 ÓþÂã�Ý�ª�� �µª�¢ x; y 2 C Âû ý�Â� ù�ðÂû ,À�þ�ð üÏ�Æ±÷� Â�è ´ª�Ú÷ �¤ T : C ! XjjTx� Tyjj � jjx� yjj:.´¨� �µ¨��� ,üÏ�Æ±÷�Â�è ´ª�Ú÷ Âû 36.1 ù¤��ðù��¿ó¢ üÏ�Æ±÷� Â�è ´ª�Ú÷ .Àª�� ö� ¥� üú��÷ ý��ä�Þ¹õÂþ¥ C ø  �÷�� ý�Ìê X À��î ­Âê .��±��ßþ� ¤¢ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ (0; �℄ ¤¢ üû��¿ó¢ ¢Àä �¤ Æ ,� > 0 Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ T : C ! X´ª�¢ Ý�û��¡ jjx� yjj < Æ �î x; y 2 CÂû ý�Â� �¤�¬



8 Óþ¤�ã� ø ��õÀÖõjjTx� Tyjj � jjx� yjj < Æ � �:� .´¨� �µ¨��� C ýø¤ T ßþ�Â���� .jjTx� Tyjj < � �Áó.À�µÆ�÷ üÏ�Æ±÷�Â�è ,�µ¨���Â�è â���� 37.1 �¹�µ÷â��� ×þ �¤ f : X ! Y â��� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (Y; dY ) ø (X; dX) ×þÂµõ ý�û�Ìê .38.1 ÓþÂã�Ý�ª�� �µª�¢ ,x; y 2 X Âû ý�Â� �î ý¤�Ï �� ,Àª�� �µª�¢ ¢��ø k À�÷�õ üµ��� ù�ðÂû ,À�õ�÷ 1�µ�ª ²�ód(f(x); f(y)) � k d(x; y):.¢�ªüõ ùÀ�õ�÷ f ý�Â� �µ�ª ²�ó ´��� k ."´¨� Lip: â��� ×þ f' À�þ�ðüõ ¤�Êµ¡� �� ø.´¨� �µ¨��� ´¡���Øþ ¤�Ï �� Lip: â��� Âû 39.1 �µØ÷.Àª��üõ k = 1 �µ�ª ²�ó ´��� �� Lip: â��� ×þ üÏ�Æ±÷�Â�è ´ª�Ú÷ Âû 40.1 �µØ÷T ´ª�Ú÷ ´��� �ÎÖ÷ �¤ x 2 X ý�ÎÖ÷ ,Àª�� X ýø¤ ´ª�Ú÷¢�¡ ×þ T À��î­Âê .41.1 ÓþÂã�.À�û¢üõ ö�È÷ F (T ) �� �¤ T ´ª�Ú÷ ´��� ¯�Ö÷ ý�ä�Þ¹õ .T (x) = x ù�ðÂû ,À�õ�÷ø Ûõ�î ×þÂµõ ý�Ìê (X; d) À��î­Âê .(­�±Ö÷� ý��Ìì �þ  �÷�� ´��� �ÎÖ÷ ý��Ìì) 42.1 ��Ìì.¢¤�¢ ´��� ý�ÎÖ÷ ×þ �Ö�ì¢ f �¤�¬ ßþ� ¤¢ .Àª�� üÏ�Æ±÷�Â�è f : X ! X â���� ℄276 ý�½Ô¬ ,7[ �� À��î á��¤ ��±�� ý�Â� .��±���� ù��¿ó¢ üµª�Ú÷ T : C ! X ø ö� ¥� ý��ä�Þ¹õÂþ¥ C ø  �÷�� ý�Ìê X À��î ­Âê .43.1 ÓþÂã�ø z 2 F (T )Âû ý�Â� ù�ðÂû ,À�õ�÷ üÏ�Æ±÷�Â�èü¨øø�ð �¤ T ´ª�Ú÷ .Àª�� F (T )´��� ¯�Ö÷ ý�ä�Þ¹õ.jjTx� zjj � jjx� zjj Ý�ª�� �µª�¢ x 2 C ÂûR.Lips
hitz1



9 Óþ¤�ã� ø ��õÀÖõ´ª�Ú÷ �¤�¬ ßþ� ¤¢ .Àª�� ö�¥� ý��ä�Þ¹õÂþ¥ C ø  �÷� � ý�Ìê X À��î ­Âê .44.1 ÓþÂã��µª�¢ ù�ðÂû ,À�õ�÷ À�î� üÏ�Æ±÷�Â�è ü¨øø�ð ´ª�Ú÷ �¤ F (T ) ´��� ¯�Ö÷ ý�ä�Þ¹õ �� T : C ! XÝ�ª��8z 2 F (T ) ; 8x 2 C ; jjTx� zjj < jjx� zjj:üµª�Ú÷ T : C ! Xø ö� ¥� üú�� ÷ ý�ä�Þ¹õÂþ¥ C ø  �÷� � ý�Ìê X À��î­Âê .45.1 ÓþÂã�ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ C ¤¢ T ý�Â� 1(a:f:p:s)ü±þÂÖ� ´��� �ÎÖ÷ ý�ó�±÷¢ fxng ý�ó�±÷¢ .Àª�� ù��¿ó¢.limn!1 jjxn � Txnjj = 0ý�þ�Ìì ¥� ý¤��Æ� ��±�� ¤¢ ý¢�þ¥ ¢Â�¤�î Ýó ßþ� .À÷�ù¢�Þ÷ ��±�� ø ö��� ,3 íÂ�î ø 2 Û��ÿð �¤ Âþ¥ Ýó.¢¤�¢ ,�õ�÷ö�þ�� ßþ� ¤¢ ùÀª ù¢¤ø� ´��� �ÎÖ÷Âû ý�¥� � � �î À�µÆû X  �÷� � ý�Ìê ¤¢ ý¤�À÷�Âî ý�û�ó� ± ÷¢ fzng ø fwng À��î ­Âê 46.1 Ýó´¨� ¤�ÂìÂ� �ú÷� ý�Â� Âþ¥ Í��ø ¤ n 2 N Âû ý�Â� ø � 2 (0;1).jjwn+1 � wnjj � jjzn+1 � znjj ø zn+1 = �wn + (1� �)zn�¤�¬ ßþ� ¤¢limn!1 jjwn � znjj = 0:� .℄6[ �� À��î á��¤ ��±�� ý�Â� .��±��¤�À ÷�Â î ø �À½ õ ,� µ Æ � ,ü ú �� ÷ ý� ä� Þ ¹ õÂ þ¥ C ø  � ÷� � ý�Ì ê X À � � î ­Â ê 47.1 ù¤��ð.´¨� ü±þÂÖ� ´��� �ÎÖ÷ ý�ó�±÷¢ ý�¤�¢ T �¤�¬ ßþ� ¤¢ ,Àª�� üÏ�Æ±÷�Â�è üµª�Ú÷ T : C ! CøC ö¢�� �À½õ �� ������ ø ´¨�  �÷�� ¢�¡ �Áó ø X  �÷�� ý�Ìê ¥� �µÆ� ý��ä�Þ¹õÂþ¥ C .��±��¢Âî ÓþÂã� Âþ¥ �¤�¬ �� x1 2 C ­Âê �� n 2 N Âû ø � 2 (0;1) Âû ý�Â� �¤ fxng ý�ó�±÷¢ ö���üõxn+1 = �Txn + (1� �)xn: approximate �xed point sequen
e1Geobel2Kirk3



10 Óþ¤�ã� ø ��õÀÖõÝþ¤�¢ n 2 N Âû ý�Â� �Áó ,´¨� üÏ�Æ±÷�Â�è ´ª�Ú÷ ×þ T ö�� øjjTxn+1 � Txnjj � jjxn+1 � xnjj:Ýó Â���� �¹�µ÷ ¤¢ ø À÷¤�À÷�Âî fTxng ø fxng ý�ó�±÷¢ ø¢ ßþ�Â���� ø ¤�À÷�Âî ý��ä�Þ¹õ C üêÂÏ ¥�,46.1limn!1 jjxn � Txnjj = 0� .Àª��üõ C ¤¢ T ý�Â� ü±þÂÖ� ´��� �ÎÖ÷ ý�ó�±÷¢ ×þ fxng �î Àû¢üõ ö�È÷ ßþ� øø X ¥� �À½ õ ø � µ Æ � ,ü ú �� ÷ ý� ä� Þ¹ õÂ þ¥ C ø  � ÷� � ý�Ì ê X À � � î ­Â ê .48.1 ÓþÂã�1(a:f:p:p)ü±þÂÖ� ´��� �ÎÖ÷ ´�¬�¡ ý�¤�¢ C ý�ä�Þ¹õ .Àª�� üÏ�Æ±÷�Â�è üµª�Ú÷ T : C ! Cù�ðÂû ,´¨�inffjjx� Txjj ; x 2 Cg = 0:.Àª�� X  �÷�� ý�Ìê ¥� ¤�À÷�Âî ø �µÆ� ,�À½õ ,üú��÷ ý�ä�Þ¹õÂþ¥ C À��î ­Âê .49.1 ÓþÂã�ý�¤�¢ ,T : C ! C üÏ�Æ±÷�Â�è ´ª�Ú÷ Âû ù�ðÂû ,¢¤�¢ 2(FPP )´��� �ÎÖ÷ ´�¬�¡ X ý�Ìê À�þ�ð.Àª�� ´��� �ÎÖ÷.Àª�� X  �÷�� ý�Ìê ¥� ù¢ÂÈê Ó�ã® ø �À½õ ,üú��÷ ý�ä�Þ¹õÂþ¥ C À��î­Âê .50.1 ÓþÂã�üÏ�Æ ± ÷�Â � è ´ª�Ú ÷ Â û ù� ðÂ û ,¢¤�¢ 3(WFPP ) Ó�ã® ´�� � �ÎÖ ÷ ´�¬�¡ X ý�Ìê À � þ� ð.Àª�� ´��� �ÎÖ÷ ý�¤�¢ ,T : C ! C��)Àª�� �µª�¢ ü±¨��õ ¤�µ¡�¨ ö� �Â÷ �î ü�¤�¬ ¤¢  �÷�� ý�Ìê Âû �î Àþ¢ Ý�û��¡ ýÀã� ÛÊê ¤¢.´¨� Ó�ã® ´��� �ÎÖ÷ ´�¬�¡ ý�¤�¢ ý�Ìê ×þ ,(Àª�� ´¡���Øþ �À½õ ý�Ìê X ,ñ�·õ ö���äapproximate �xed point property1Fixed Point Property2Weak Fixed Point Property3



11 Óþ¤�ã� ø ��õÀÖõ� î ´ ¨� x = fxng À � ÷� õ Í Ü µ ¿ õ ý� û� ó� ± ÷¢ ý� Þ û ý� Ì ê lP ý� Ì ê .51.1 ÓþÂã�ü�¤�±ä �� .jjxjjP = (P1n=1 jxnjP ) 1P < 1lP = ffxng j jjxn jjP = ( 1Xn=1 jxn jP) 1P < 1 ; n 2 N g�î X ¤¢ fxng ý�ó�±÷¢ Âû ý�Â� ù�ðÂû ,À�þ�ð 1 ñ���ø� ´�¬�¡ ý�¤�¢ �¤ X ý�Ìê .52.1 ÓþÂã�Àª�� ¤�ÂìÂ� y 6= z �î y 2 X Âû ý�¥� ��Âþ¥ ý�Î��¤ ,´¨� z �� �ÂÚÞû Ó�ã®lim infn!1 jjxn � zjj < lim infn!1 jjxn � yjj:´�¬�¡ ý�¤�¢ ,(1 � p < 1)�û lp ø üû��µõ Àã� ��  �÷�� ý�û�Ìê ,�Â±Ü�û ý�û�Ìê 53.1 ñ�·õ.À�µÆû ñ���ø�.Àª�� C ýø¤ üµª�Ú÷ T ø M � C ø X  �÷�� ý�Ìê ¥� ý�ä�Þ¹õÂþ¥ C À��î ­Âê .54.1 ÓþÂã�.Tx 2M Ý�ª�� �µª�¢ x 2M Âû ý�Â� ù�ðÂû À�õ�÷ ´��� -T �¤ M ý�ä�Þ¹õù�ðÂû ,Àª��üõ C ý�ä�Þ¹õ ýø¤ ´±·õ ñ�Þ���õ üþ�¹��� ý�¤�¢ T ´ª�Ú÷ .55.1 ÓþÂã�inffjjx� Txjj ; x 2 Cg > 0:¥� üÚþ�ÆÞû Âû ý�¥� �� ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ fxng ý�ó�±÷¢2 Âµ¨�î ý�ÎÖ÷ a ý�ÎÖ÷ .56.1 ÓþÂã��� Àª�� �µª�¢ ¢��ø m 2 N ü�¤�±ä �� .¢Â�Ú� ¤�Âì U ¤¢ fxng ý�ó�±÷¢ ¥� �ÜÞ� üû��µõ�÷ ,U À�÷�õ a.xn 2 U Ý�ª�� �µª�¢ n � m �î n 2 N Âû ý�Â� �î ý¤�Ï.Àª�� �ÂÚÞû a �� ö� ¥� ý��ó�±÷¢Âþ¥ Âð� �ú�� ø Âð� ´¨� fxng ý�ó�±÷¢ Âµ¨�î ý�ÎÖ÷ a 57.1 ��ÌìüÚþ�ÆÞû ¤¢ ö� ý�ÜÞ� üû��µõ�÷ �Áó ,Àª�� �ÂÚÞû a �� �î Àª�� ¢���õ fxnjg ý�ó�±÷¢Âþ¥ Âð� .��±��üû��µõ�÷ �î ´ª�¢ ö��� ß��� ö���üõ �Áó ,fxnjg � fxng ö�� ø ¢Â�ðüõ ¤�Âì U À�÷�õ a ¥� üû��¿ó¢Zdzislow. Opial1Cluster2


