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"�$K C� Z��[� K �� �>(! �L ��
 ,-
 ,��� >K� ��� ,-
 ���+ K �
 ,�&�� �+ C���� �� ld
�>��� C� wL�+ >K� ���

��$K C� C6%� >K� �>K ��:�� K �
 ,�&�� �]
 lf

�,-
 r(p) 	��� �
>(� "��[+�� a 
 r(�) = a > � >�%+ ��E

r(p) = −a
k
p+ a = a(�− p

k
)

�"�-� C� ��� R�$I �� Z���O2 4���
�6�� �2��&� �� �Y�� �2��&� �� r(p) ��
� �
�� ��

dp(t)

dt
= a(�− p(t)

K
)p(t)

�*��� (τ, ξ) ∈ D �3(� �L �
�� �>K�� ��-$�� D ��� �#$�O� �
� f(t, x) �]
 zb$����y S>S;S; !�U4
�,-
 H
$� Z� 4�
>) �
�
� zd�by ��2

 �
>(�

�>�%+ m$�� �bf� �
 b�� ��}� �� �R���


D�+ >K�� �$�$� L > � �]
 "���� C� d�[��:F�2 x �� ,��� D �� 
� f(t, x) .��� S<S;S; H��-�

∀(t, x), (t, y) ∈ D : |f(t, x)− f(t, y)| ≤ L|x− y|

b	
���
d��
������
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.
x= f(t, x) �
 C��L H
$� ϕ�(t) 
 ϕ�(t) 
 >K�� �[��:F�2 x �� ,���D �� f >�%+��E SLS;S; !�U4
ϕ�(τ) = ϕ�(τ) �+ >K�� �$�$� τ ∈ I 
 >%K�� 8>K e��&� I ��� 8��� �� ϕ�(t) 
 ϕ�(t) 
 >%K�� D ��

DR�$I 	�
 ��
∀t ∈ I; ϕ�(t) = ϕ�(t)

�>�%+ m$�� �bf� .��� b�bh ��}� �� �R���


C9����L Z� �
�
� τ ∈ D �3(� �L �]
 >%��� C� bC&J$� �[��:F�2 D �� 
� f SKS;S; H��-�
,-
 �[��:F�2 U �� f �+ >K�� τ ∈ U ⊂ D


 >%K�� D ��)�� �� .
x= f(t, x) 4���
�6�� �2��&� �
 H
$� 
� ϕ�(t) 
 ϕ�(t) >�%+ ��E SOS;S; !�U4

R�$I 	�
 �� >K�� C&J$� �[��:F�2 f >�%+ ��E �>%K�� 8>K e��&� I 8��� Z� �� 
� �L >�%+ ��E
R�$I 	�
 �� ϕ�(τ) = ϕ�(τ) �+ ��$V �� >K�� �$�$� τ ∈ I �]


∀t ∈ I ϕ�(t) = ϕ�(t)

�>�%+ m$�� �bf� .��� �
 b�bb ��}� �� �R���


D �
� 
 �$�$� x�, . . . , xd �� ,��� �f(t, x) �
[�
 B

 ����� Co[� R�(�:� �]
 SVS;S; !�U4
�,-
 C&J$� �[��:F�2 D �� f R�$I 	�
 �� >%K�� ��-$��

�>�%+ m$�� �bf� .��� �
 b�bd ��}� �� �R���


��L �#$�O� ��� A��� �� f �]
 �U%� 
 �]
 ,-
 D �� C&J$� �[��:F�2 f(t, x) .��� SMS;S; !�U4
�>K�� �[�:F�2 D 8��:E

�>�%+ m$�� �bf� .��� �
 b�bi ��}� �� �R���


�� 
� ��2

 �
>(� � �2��� 
 >K�� C&J$� �[��:F�2 D�� f >�%+ ��E ze2>%�2l������y S=S;S; !�U4
D"���] C� �_�

.
x= f(t, x)

ξ = x(τ)

b������� ��
������
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.�
$� �2���� �+ ��$V �� ,-
 �$�$� α > �

ϕ�(t) = ξ

ϕm(t) = ξ +

∫ t

τ

f(s, ϕm−�(s))ds

�U%� �� I �� ,?
$%�� �
�9�L {ϕm} �2���� 
 ,-
 8>K e��&� I = {τ − α < t < τ + α} 8��� �
�
�,-
 ��2

 �
>(� � �2��� 	�
 �
 H
$�

�>�%+ m$�� �bf� .��� �
 b�di ��}� �� �R���


�"���� C� 8�9�-� ��E ��}E 
� Ω �,-
 8>K e��&� Ω �� �+ .
x= f(x) �2��&� �� S;WS;S; H��-�

�>%��� C� 8�9�-� ��E ��$N� 
� Ω W�(� �
 8>��^] ��L H
$� 
 (Ω) 8�9�-� ��E ��}E

zb��Ky S;;S;S; H��-�
D>%��� C� ��K Z� 
� ��� n�
�K �� Φ : R× Ω −→ Ω .��� �>���9� �_� �� 
� Ω ⊆ Rd ��� �#$�O�

�,-
 ��-$�� R× Ω �
� Φ lb

�Φ(�, ξ) = ξ �ξ ∈ Ω �L �
�� ld

�ξ ∈ Ω 
 s, t ∈ R �L �
�� lf

Φ(t+ s, ξ) = Φ(t,Φ(s, ξ)).

C%7%� ξ ∈ Ω �L �
��⎧⎪⎨
⎪⎩

Φξ : R −→ Ω

Φξ(t) = Φ(t, ξ)

�,-
 Φξ(�) = ξ �� ,-
 zC%7%�y ,+�) ���� Z�
b����
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S;>S;S; 0�X�
Φ(t, x) =

⎛
⎝ ϕ�

t (x)

ϕ�
t (x)

⎞
⎠ =

⎛
⎝ x�e

−t

x�e
x�(e−t−�)

⎞
⎠

Φ : R×R� −→ R�

Φ(�, x) =

⎛
⎝ x�

x�

⎞
⎠ = x

Φ (t, ϕ(s, x)) = Φ

⎛
⎝t,
⎛
⎝ x�e

−s

x�e
x�(e−s−�)

⎞
⎠
⎞
⎠

=

⎛
⎝ x�e

−s.e−t(
x�e

x�(e−s−�)
)
.ex�e−s(e−t−�)

⎞
⎠

=

⎛
⎝ x�e

−(t+s)

x�e
x�(e−s−�)) + x�(e

−(s+t) − e−s)

⎞
⎠

=

⎛
⎝ x�e

−(t+s)

x�e
x�(e−(t+s)−�)

⎞
⎠ = Φ(t+ s, x)

D"�L� �
�� 
 Φ ∈ C�(R× Ω) �]
 S;<S;S; !6��

f(x) =
d

dt
Φ(t, x)|t=�

��2

 �
>(� �*��� H
$� Φ(t, x�) R�$I 	�
 �� �>K�� C� ��K �� ����

 ��
��� �
>�� �+
⎧⎨
⎩

.
x= f(x)

x(�) = x�

�,-


�x(�) = Φ(�, x�) = x� �O��� �� x(t) = Φ(t, x�) �R���
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.
x (t) = lim

s→�

Φ(t+ s, x�)− Φ(t, x�)

s

lim
s→�

=
Φ(s,Φ(t, x�))− Φ(�,Φ(t, x�))

s

lim
s−→�

=
Φ(s, x(t))− Φ(�, x(t))

s

=
d

dt
Φ(t, x(t))|t=� = f(x(t))

−→ .
x (t) = f(x(t))

e��&� R �� �L H
$� A��� 
 >K�� �
���� C&J$� �[��:F�2 W�K .
x= f(x) �2��&� �� �]
 S;LS;S; !6��

�,-
 ��K Z� Φ(t, ξ) = x(t, �, ξ) R�$I 	�
 �� >%K�� 8>K
�>�%+ m$�� �bf� .��� �
 d�d w�� �� �R���


�>K�� 8>K e��&� R �
� .
x= f(x) H
$� �L 
 >K�� Ω �� C&J$� �[��:F�2 f(x) �]
 S;KS;S; !6��

8�9�G
Φ(t, ξ) = x(t, o, ξ) = x(t, ξ)

�>K�� C� Ω �
� ��K Z�
8�9�-� ,7� E ⊆ RK �#$�O� ��� S;OS;S; H��-�

⎧⎨
⎩

.
x= f(x)

x(�) = x�

D�]
 "���� C� ���� 
�
∀x ∈ E =⇒ Φ(t, x) ∈ E, ∀t ∈ R

�z>��� C� E �#$�O� �� �:��L E W�(� �
 m
�K �� C�
$�y
C%&� �,-
 ���� A ,7� AX����� �� ����

 ��E�� "��&� 8��
 ��}E ��� �L S;VS;S; !6��

E = span {Wj} −→ 8��
 ��}E ���

AE ⊆ E −→ AnE ⊆ E ∀n
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'�����# !��Y� >S;
δ > � 
 ε > � �L �
�� �]
 >%��� C� �
>��� 
� dx

dt
= f(x) 8�9�-� �
 ξ 	+�- �3(� S;S>S; H��-�

D�+ ��$V �� >K�� �$�$�

if ||x− ξ|| < δ =⇒ ||Φ(t, x)− ξ|| < ε; ∀t ≥ �

�� x �L �
�� �+ >K�� �$�$� �
 γ > � �]
 �>%��� C� �
>����� 
� �G >K��� �
>��� ξ �� 8�9�-� �]

"�K�� ��K
� ||x− ξ|| < γ

lim
t−→∞

Φ(t, x) = ξ

�>%��� C� H0�� �3(� 
� ξ R�$I 	�
 ��
�>%��� C� ��-���- H0�� 
� ξ >K�� γ = ∞ �]


�>%��� C� C���O� �
>��� 
� �G >K�� H0�� 
 �
>��� ξ �3(� �]

�>%��� C� ��-���- C���O� �
>��� 
� �G >K�� ��-���- H0�� 
 �
>��� ξ �3(� �]


��E 
 ,-
 ��-$�� ��^� <�:� f �G �� �+ "���] C� �_� �� dx
dt

= f(x) �2��-
 �2��&� S>S>S; !�U4
DR�$I 	�
 �� >K�� 	+�- �3(� x∗ >�%+

�,-
 C���O� �
>��� x∗ �3(� 8�9�G >K�� f ′(x∗) < � �]
 lb

�,-
 �
>����� x∗ �3(� 8�9�G >K�� f ′(x∗) > � �]
 ld

�>�%+ m$�� �bf� .��� �� �R���


D>K�� ��K
� C6%� C(�() w�� A 8��
 ����(� A��� �]
 dx
dt

= Ax(t) C3? 8�9�-� �� S<S>S; !6��

∃M > �, C > �; ||eAtx�|| ≤Me−ct||x�|| ∀t ≥ �

�,-
 C���O� �
>��� 8�9�-� 	�
 �� 
>�� 
^2

�� 	�&� ,��� V : Ω� −→ R .��� Z� �>K�� P �
 ��� C9����L Z� Ω� "�%+ ��E SLS>S; H��-�
D�]
 �$K C� ��6] P

�x ∈ Ω� C���� �
�� zay
V (x) ≥ �.
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�>K�� x = P �]
 n(E 
 �]
 V (x) = � zby

zbP$�����2 Q
�y SKS>S; !�U4
C�[� R�(�:� �� .��� Z� V : Ω� −→ R 
 .

x= f(x) �
 p 	+�- �3(� C9����L Z� Ω� >�%+ ��E

 P �� 	�&� ,��� V �]
 �>K�� Ω� �� ��-$�� B

 �����

.

V (x) =
d

dt
V (φ(t, x)) ≤ �

�>K�� C� ,��� �
>��� ,��� �3(� Z� P 8�9�G >K�� Ω� ��
�,-
 ,��� C���O� �
>��� ,��� �3(� Z� �P 8�9�G �>K�� P �� 	�&� C6%� .

V 	�
 �� 8
/# �]


�>�%+ m$�� �bf� .��� �
 j�b ��}� �� �R���


�>K�� Ω� �
� ��-$�� B

 ����� C�[� R�(�:� �� .��� Z� V : Ω� −→ R >�%+ ��E SOS>S; !�U4
D�+ ��$V �� >K�� �$�$� Ω� �� B$�:� U ��� �#$�O� Z� �]


p ∈ ∂U zb

>%��L ,��� U �
� .

V (x) 
 V (x) zd

∂U ∩ Ω� �
� V (x) = � zf

�,��� ,��� �
>��� p 8�9�G

�>�%+ m$�� �bf� .��� �
 j�d ��}� �� �R���


D�+ ��$V �� >K�� �$�$� {tk} C(�() �
>#
 �
 �
 �2���� �]
 ,-
 w(ξ) �� q �3(� Z� SVS>S; H��-�

lim
k−→∞

tk = ∞, lim
k−→∞

x(tk, ξ) = q ∈ Ω�

�>��
���� ��� n�

� 8�9�G q ∈ w(ξ) �]
 SMS>S; !�U4

�,-
 w(ξ) �� [�� x(t, q) H
$� �
� �3(� �L ze2


�
���� w(ξ) = w(x(t, ξ)) 
 ,-
 w(x(t, ξ)) �� q �3(� �x(t, ξ) H
$� �
� �3(� �L �
�� zH
�,-


b���
������ �
����


