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1 ÛÊê
ñ�õÂ÷-�ó�� âþ¥��

�õÀÖõ 1.1ý�û¢Â�¤�î ö� ý�û üðÄþø Û�ó¢ �� �î ´¨� ¤�õ� ¤¢ �µ¨��� ý�ûâþ¥�� ßþÂµÞúõ ¥� üØþ 1ñ�õÂ÷ âþ¥��À÷���üÞ÷ ñ�õÂ÷ âþ¥�� �î À÷¤�¢ ü÷¤�Ö� �Àä �ûù¢�¢ âþ¥�� ý¢Â�¤�î Û��Æõ ¥� üÌã� ¤¢ �õ� ,¢¤�¢ ü÷�ø�Âêù¢�Ôµ¨� �ó�� ý�ûâþ¥�� ¥� ö���üõ �ûù¢�¢ �÷�ðßþ� ýÀ��ñÀõ ý�Â� .Àþ�Þ÷ ö��� �¤ �ûö� ´�¬�Ê¡ ��Þ��¤ �ø�Ôµõ �ó�� ý�ûâþ¥�� ö���üõ ö� ¥� ù¢�Ôµ¨� �� �î ¢�Þ÷ ö����¤ ý���Ìì (1985)ü��ó�¥� .¢�Þ÷ø üó�Ú� â���� ßµêÂð ÂÑ÷ ¤¢ �� ýø .´¡�¨ ÂÔ¬ ñ�� ö¤�Öµõ âþ¥�� â��� ×þ ø üó�Ú� â��� ×þ Í¨��üÚó�� Ý�Ñ�� ý�Â� ýÂµõ�¤�� ý�¤�¢ �î ,¢�Þ÷ ÓþÂã� �¤ 2ñ�õÂ÷-�ó�� âþ¥�� ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥��,3 üÚó�� °þ�Â® ¤¢ ´þ¢øÀ½õ ý�¤�¢ ,¢¤�¢ ñ�õÂ÷ âþ¥�� ���Èõ ü¬��¡ �î ñ�õÂ÷-�ó�� âþ¥�� .´¨�Normal1Skew-Normal2Skewness3
1



2 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê� �� ´÷¢��µ¨�-t üó�Ú� â��� ý¤�ÁÚþ�� �� (2007)ö�¤�ØÞû ø �õ�ð .´¨�û�¢ üØþ¤�� ø 4üðÀ�Èî�¤ (StN)5ñ�õÂ÷-t �ó�� âþ¥�� (1985)ü��ó�¥� ��Ìì ¤¢ ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� â��� ø ý¢�¥� ��¤¢âþ¥�� �� ´±Æ÷ üðÀ�Èî ø üÚó�� Âµã�¨ø ý�û¢Â� ø Â�´ÔÜî ý�û�¢ ý�¤�¢ âþ¥�� ßþ� .À÷¢Âî üêÂãõ.´¨� ñ�õÂ÷-�ó��âþ¥�� �� Å³¨ ,¢¢Âðüõ ���¤� �ó�� ý�ûâþ¥�� ù¢��÷�¡ ´¡�¨ ý�û©ø¤ �õ�÷ ö�þ�� ßþ� ñø� ÛÊê ¤¢ö� ÂÚþ¢ «��¡ ü¡Â� ø ¤ø�µÈð Àó�õ â��� ,âþ¥�� â��� ,âþ¥�� ßþ� ¥� ý¥�¨ ��±ª ù�½÷ ø ñ�õÂ÷-�ó�����¤� ñ�õÂ÷-�ó�� âþ¥�� ü¨��Öõ-ü÷�Øõ ù¢��÷�¡ ý�ûÂµõ�¤�� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ¢¤ø�Â� ø ùÀª ��ª�â��� ,âþ¥�� ßþ� ¥� ý¥�¨ ��±ª ù�½÷ Å³¨ ,¢¢Âðüõ ÓþÂã� ñ�õÂ÷-t �ó�� âþ¥�� �ø¢ ÛÊê ¤¢ .¢�ªüõ.¢Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ ø ���¤� ö� ÂÚþ¢ ý�ûüðÄþø ü¡Â� ø ÂÈ�ê á�Ï� ÅþÂ��õ ,�û¤ø�µÈð ,âþ¥��âþ¥�� ü¨��Öõ-ü÷�Øõ ù¢��÷�¡ ý�ûÂµõ�¤�� ¢¤ø�Â� �� üþ�Þ�µ¨¤¢ ÝÞ�Æî�õ ©ø¤ ¥� ù¢�Ôµ¨� �� ß��»Þû,ñ�õÂ÷-�ó�� âþ¥�� ý�Â� ¢���õ ý�ûÝ�Þã� ¥� ßµêÂð ùÀþ� �� ��¨ ÛÊê ¤¢ .Ýþ¥�¢Â�üõ ñ�õÂ÷-t �ó��¢¤ø�Â� �� ø Ýþ�ù¢�¢ ¤�Âì ü¨¤Â� ¢¤�õ ø ���¤� ñ�õÂ÷-t �ó�� âþ¥�� ý�Â� �¤ ýÀþÀ� ø ���Èõ ý�ûÝ�Þã�ø ñ�õÂ ÷-t �ó�� âþ¥� � ¥� ù¢�Ô µ¨� � � �¤�ú� ÛÊê ¤¢ .Ýþ�� µ¡�¢Â � �ûâþ¥� � ¥� ×þ Âû ý�ûÂµõ�¤� �(V)��þ¢�÷�ø ,(Ni)ÛØ�÷ Ûõ�ª ´Ô÷ ß�Ú�¨ ���Üê ý�ûù¢�¢ ýÀ�±óÀõ �� ö� ý�Â� ùÀª ���¤� ý�ûÝ�Þã�ýÂ�ð�¹�µ÷ ø ¶½� �� �úµ÷� ¤¢ .Ýþ��µ¡�¢Â� ö�ð¢�ª ���� ö�û��ð ø ����¨¤ ¤¢ (NiV ) �ú÷� ´±Æ÷ ø.´¨� ùÀª �µ¡�¢Â�Kurtosis4Skew t-Normal5



3 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê�ó�� ý�ûâþ¥�� 2.1¤�Âì ü¨¤Â� ¢¤�õ �ûö� ý�ûüðÄþø ¥� ü¡Â� ø �ó�� ý�ûâþ¥�� ù¢��÷�¡ ¢�¹þ� ý�ûù��ª Ç¿� ßþ� ¤¢.À�îüõ ö��� �¤ ö¤�Öµõ üó�Ú� ø âþ¥�� â���� §�¨� Â� �ó�� âþ¥�� ×þ ´¡�¨ ù�½÷ Âþ¥ Ýó .¢Â�ðüõâþ¥�� â��� ×þ G ,ÂÔ¬ ñ�� ö¤�Öµõ üó�Ú� â��� ×þ f0 �Ø�þ� ­Âê �� (2005 ,ü��ó�¥�) 1 Ýóù�Ú÷� ,Àª�� ¢Âê â��� ×þ W ø ÂÔ¬ ñ�� ö¤�Öµõ üó�Ú� â��� �� ,6�µ¨��� �fÖÜÎõf(y) = 2f0(y)G(W (y)): (1.2.1).´¨� üó�Ú� â��� ×þ.R +1�1 2f0(y)G(W (y)) = 1 ¢�ª ù¢�¢ ö�È÷ ´¨� üê�î f(y) â�� � ö¢�� ´±·õ �� ���� � � :ö�ûÂ�,��®øÂÔõ �� ���� �� .À÷�ÛÖµÆõ üê¢�Ê� ý�ûÂ�çµõ Y � G0 ø X � f0 À��î ­Âê ¤�Ñ�õ ßþ� ý�Â�:Ýþ¤�¢ ßþ�Â���� .À�ª��üõ X d=�X ø Y d=� YW (X) d=W (�X) d=�W (X)Y �W (X) d=� Y �W (�X):ù�Ú÷� ,Àª�� Z � Y �W (X) Âð� ß��»ÞûF�Z(z) = P (�Z � z)= P (�Y +W (X) � z)= P (Y �W (X) � z)= FZ(z) Absolutely Continuous6



4 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê:Ýþ¤�¢ �¹�µ÷ ¤¢ Àª��üõ ö¤�Öµõ ÂÔ¬ ñ�� Z � Y �W (X) üê¢�Ê� Â�çµõ ßþ�Â����12 = P (Y �W (X) � 0)= Z +1�1 P (Y �W (X) � 0jX = x)f0(x)dx= Z +1�1 G(W (x))f0(x)dx .À÷�ªüõ Û¬�� ?? Ýó ¥� Âþ¥ ¸þ�µ÷üê¢�Ê�Â � ç µ õ ù�Ú ÷� ,À �ª� � ÛÖ µÆõ üê¢�Ê� ý�ûÂ � ç µ õ Y � G0 ø X � f0 Â ð� 1.2.1 �¹�µ÷.´¨� (??) �Âê �� üó�Ú� â��� ý�¤�¢ Z � XjY < W (X):Ýþ¤�¢ P (Y �W (X)) = P (Y �W (X) � 0) = 12 �Ø�þ� �� ���� �� :ö�ûÂ�P (Z � z) = P (X � zjY < W (X))= P (X � z; Y < W (X))P (Y < W (X))= 2P (X � z; Y < W (X))= 2 Z +1�1 P (X � z; Y < W (X)jX = x)f0(x)dx= 2 Z z�1 f0(x)G(W (x))dx (2.2.1).¢�ªüõ ��±�� ÝØ� z �� ´±Æ÷ (??) �Î��¤ ¥� ýÂ�ðÕµÈõ��üê¢�Ê�Â�çµõ ù�Ú÷� ,À�ª�� ÛÖµÆõ üê¢�Ê� ý�ûÂ�çµõ Y � G0 ,X � f0 �Ø÷� ­Âê �� 2.2.1 �¹�µ÷Z = 8><>: X Y �W (X)�X Y > W (X)



5 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê.´¨� (??) �Âê �� üó�Ú� â��� ý�¤�¢:ö�ûÂ�P (Z � z) = P (X � z; Y �W (X)) + P (�X � z; Y > W (X))= Z 1�1 P (X � z; Y �W (X)jX = x)f0(x)dx+ Z 1�1 P (�X � z; Y > W (X)jX = x)f0(x)dx= Z z�1 P (Y �W (X)jX = x)f0(x)dx+ Z +1�z P (Y > W (X)jX = x)f0(x)dx= Z z�1G(W (x))f0(x)dx+ Z +1�z [1�G(W (x))℄f0(x)dx= Z z�1G(W (x))f0(x)dx+ Z z�1[1�G(W (�x))℄f0(x)dx.¢�ªüõ ��±�� ÝØ� z �� ´±Æ÷ ë�ê �Î��¤ ¥� ýÂ�ðÕµÈõ ��.�(Z) d=�(X) ù�Ú ÷� ,Àª� � üû��¿ó¢ �ø¥ â �� � �(:)ø X � f0 ,Z � f À� � î ­Âê 3.2.1 �¹�µ÷.jZj d=jXj Ý�û¢ ö�È÷ ´¨� üê�î ßþ�Â���� .Àª��üõ �(X) = �(jXj) ,´¨� �ø¥ üã��� � ö�� :ö�ûÂ�ù�Ú÷� ,À�ª�� jZj ø jXj üó�Ú� â��� ùÀ�û¢ ö�È÷ °��Â� �� gjZj(t) ø gjXj(t) À��î ­ÂêgjXj(t) = f0(t) + f0(�t)= 2f0(t) ß��»ÞûgjZj(t) = f(t) + f(�t)= 2f0(t)G(W (t)) + 2f0(�t)G(W (�t))= 2f0(t)G(W (t)) + 2f0(t)G(�W (t))



6 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê= 2f0(t)[G(W (t)) +G(�W (t))℄ù�Ú÷� ,G(x) +G(�x) = 1 ö��gjZj(t) = 2f0(t)= gjXj(t):ü ó� Ú � â �� � ,(1985) ü � � ó�¥� .¢Â î W (�) â �� � ß þ� Ú þ� � ö�� �ü õ �¤ ý¢À ã µ õ â ��� �´ó�� �î �ûâþ¥�� ¥� ù¢��÷�¡ ßþ� .¢�Þ÷ üêÂãõ � üÖ�Ö� Âþ¢�Öõ ý�¥� �� �¤ f(y;�) = 2f(y)G(�y).À�µÆû �ó�� � 6= 0ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� ø ö¤�Öµõ � = 0 ý�¥� �� À�ª��üõ W (y) = �y «�¡â��� ¤¢ ÓÜµ¿õ üó�Ú� â���� ø ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� â��� ý¤�ÁÚþ�� �� (2007) ö�¤�ØÞû ø �õ�ð�¤ ù¢��÷�¡ ßþ� ¥� âþ¥�� �¨ �¹�þ� ¤¢ .À÷¢Âî ���¤� �¤ 7 ñ�õÂ÷-ö¤�Öµõ-�ó�� ý�ûâþ¥�� §�î f(y;�).Ýþ�ù¢�Þ÷ Ý¨¤ �ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ �ûö� ¤�¢�Þ÷ ø ���¤��� ö� üó�Ú� â��� ù�ðÂû ,´¨� 8ñ�õÂ÷-×�µÆ¹ó �ó�� âþ¥�� ý�¤�¢ X üê¢�Ê� Â�çµõ 1 ÓþÂã��¤�¬fX(x;�) = 2e�x(1+ e�x)2�(�x); �1 < x <1; � 2 R (3.2.1).´¨� üÚó�� Âµõ�¤�� � ö� ¤¢ �î ,Àª���î ¤�Î÷�Þû .Àû¢üõ ö�È÷ � ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ ñ�õÂ÷-×�µÆ¹ó �ó�� üó�Ú� â��� ?? ÛØª.¢�ªüõ ù¢ø�ê� ö� üðÀ�Èî �� ø �µ¨�î âþ¥�� ö¤�Ö� ¥� �Çþ��ê� �� ¢�ªüõ �Ñ��õSkew-Symmetri
-Normal7Skew Logisti
-Normal8



7 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê

�ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� ñ�õÂ÷-×�µÆ¹ó �ó�� üó�Ú� â��� :1.2.1 ÛØª�¤�¬ �� ö� üó�Ú� â��� ù�ðÂû ,´¨� 9ñ�õÂ÷-§��� �ó�� âþ¥�� ý�¤�¢ X üê¢�Ê� Â�çµõ 2 ÓþÂã�fX(x;�) = 12e�jxj2 �(�x); �1 < x <1; � 2 R (4.2.1).´¨� üÚó�� Âµõ�¤�� � ö� ¤¢ �î ,Àª��.Àû¢üõ ö�È÷ �ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ ñ�õÂ÷-§��� �ó�� üó�Ú� â��� ?? ÛØª�� ö� üó�Ú� â��� ù�ðÂû ,´¨� 10ñ�õÂ÷-´¡���Øþ �ó�� âþ¥�� ý�¤�¢ X üê¢�Ê� Â�çµõ 3 ÓþÂã��¤�¬fX(x;�) = 1h�(�x) � h � x � h; � 2 R (5.2.1)Skew Lapla
e-Normal9Skew Uniform-Normal10



8 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê

�ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� ñ�õÂ÷-§��� �ó�� üó�Ú� â��� :2.2.1 ÛØª.´¨� üÚó�� Âµõ�¤�� � ö� ¤¢ �î ,Àª��.Àû¢üõ ö�È÷ �ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ ñ�õÂ÷-´¡���Øþ �ó�� üó�Ú� â��� ?? ÛØªüó�Ú� â��� ×þ Í¨�� ùÀª �µ¡�¨ 11ö¤�Öµõ-�ó�� ý�ûâþ¥�� ù¢��÷�¡ (2004) ö�¤�ØÞû ø Ù÷�øßþ� üêÂãõ �� ¥�¨-�ó�� â��� ÓþÂã� ¥� Å� �¹�þ� ¤¢ .À÷¢Âî üêÂãõ �¤ 12¥�¨ �ó�� â��� ×þ ø ö¤�Öµõ.Ýþ¥�¢Â�üõ �ûâþ¥�� ¥� ù¢��÷�¡ù�ðÂû ,¢�ªüõ ùÀ�õ�÷ ¥�¨�ó�� â��� ,� : R! [0;1℄ â��� :(¥�¨ �ó�� â���) 4 ÓþÂã��(x) + �(�x) = 1 ; x 2 R:.Àª��üÞ÷ âþ¥�� â��� ×þ �fõ��ó� �(:) â��� �î ¢�ª ����Skew-Symmetri
 distribution11Skewing Fun
tion12



9 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê

�ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� ñ�õÂ÷-´¡���Øþ �ó�� üó�Ú� â��� :3.2.1 ÛØªâ��� ×þ � ø ÂÔ¬ ñ�� ö¤�Öµõ üó�Ú� â��� ×þ f À��î ­Âê (2004 ,ö�¤�ØÞû ø Ù÷�ø) 5 ÓþÂã��� ö� üó�Ú� â��� ù�ðÂû ,À�þ�ð ö¤�Öµõ-�ó�� âþ¥�� ý�¤�¢ �¤ X üê¢�Ê� Â�çµõ .À�ª�� ¥�¨�ó��.Àª�� 2f(x)�(x) �¤�¬ö¢� � ü ó� Ú� â �� � �� ± �� ý�Â � .¢� ªüõ ù¢�¢ Çþ� Þ ÷ SS(f; �) �¤�¬ � � ö¤� Ö µ õ-� ó�� â þ¥� �ßþ� ý�Â � .R +1�1 2f(x)�(x) = 1 Ý�û¢ ö�È÷ ´¨� üê�î ö� ö¢� � ´±·õ � � ��� � � � ,2f(x)�(x):Ýþ¤�¢ ¤�Ñ�õZ +1�1 f(x)�(x)dx = Z 0�1 f(x)�(x)dx+ Z +10 f(x)�(x)dx= Z +10 f(x)(1� �(x))dx + Z +10 f(x)�(x)dx= Z +10 f(x)dx= 12 �Âû ý�¥� �� �õ� ,´¨� ö¤�Öµõ ø ùÀª ÛþÀ±� f �� SS(f; �) âþ¥�� üó�Ú� â��� ù�Ú÷� ,Àª�� �(x) = 12Âð�.´¨� �ó�� âþ¥�� ßþ� üó�Ú� â��� � ´��� Â�è â���



10 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê¤�Âì ù¢�Ôµ¨� ¢¤�õ �õ�¢� ¤¢ �î ,´¨� ùÀª ���¤� ö¤�Öµõ-�ó�� ý�ûâþ¥�� ´�¬�¡ ø¢ Âþ¥ ý�þ�Ìì ¤¢.¢Â�ðüõ¥� �ø¥ â��� Âû âþ¥�� ,Àª�� Z � SS(f; �) Âð� (�ø¥ â���� âþ¥�� üþ�¢¤ø�÷ ´�¬�¡) 1.2.1 ��Ìì.¢¤�À÷ üÚµÆ� � ¥�¨�ó�� â��� �� ,�(Z) À�÷�õ ,Z�õ .À÷¢Âî ���¤� �(Z) üê¢�Ê� Â�çµõ �Ê¿Èõ â��� §�¨�Â� �¤ ��Ìì ��±�� ,(2004) ö�¤�ØÞû ø Ù÷�ø.Ý��îüõ ö��� ��Ìì ßþ� ý�Â� ýÂÚþ¢ ö�ûÂ� �¹�þ� ¤¢Ý þ¤�¢ �(�) ö¢� � �ø¥ Â �� � � .À ª� � jZj üê¢�Ê � Â � ç µ õ ü ó� Ú� â �� � gjZj(t) À � � î ­Â ê :ö� ûÂ �ßþ� ý�Â� .¢¤�À÷ üÚµÆ� � ¥�¨ �ó�� â��� �� gjZj(t) Ý�û¢ ö�È÷ ´¨� üê�î ßþ�Â���� .�(Z) = �(jZj):Ýþ¤�¢ ¤�Ñ�õgjZj(t) = 2f(t)�(t) + 2f(�t)�(�t)= 2f(t)(�(t) + �(�t))= 2f(t)I(t>0)
¥�¨ �ó�� â��� ×þ �(x) ø ÂÔ¬ ñ�� ö¤�Öµõ üó�Ú� â���� f2(x)ø f1(x) À��î ­Âê 2.2.1 ��Ìì:´¨� ¤�ÂìÂ� Âþ¥ Û¬��ê ý�Â� �(f1; f2) = �(2�f1;2�f2) �Î��¤ �¤�Ê�þ� ¤¢ ,Àª���1(f1; f2) = Z 1�1[f1(x)� f2(x)℄ ln(f1(x)f2(x))dx; ýÂÔ� �Ü¬�ê�2(f1; f2) = Z 1�1qf1(x)f2(x)dx; �þ¤������ �Ü¬�ê�3(f1; f2) = Z 1�1 11f1(x) + 1f2(x) dx; ×�÷�õ¤�û �Ü¬�ê



11 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê
�4(f1; f2) = Z 1�1 f1(x) ln( 2f1(x)f1(x) + f2(x) )dx; Ù÷�ø ø üó Å÷�� ¤�þ¢�5(f1; f2) = Z 1�1 f1(x) ln(f1(x)f2(x) )dx; ÂÜ±�ó-×±ó�î Å÷�� ¤�þ¢.¢�ª �ã��Âõ (1386) ý¤�ð¢�þ �õ�÷ ö�þ�� �� ÂÜ±�ó-×±ó�î Å÷�� ¤�þ¢ �Ü¬�ê ��±�� ý�Â� :ö�ûÂ�.´¨� ÂþÁ� ö�Øõ� Û¬��ê ��Ö� ý�Â� ���Èõ ¤�Ï �� ö�ûÂ�ö¤�Öµõ-�ó�� ý�ûâþ¥�� ù¢��÷�¡ ¥� üê¢�Ê� ý�ûÂ�çµõ ´¡�¨ ý�Â� üªø¤ (2004) ö�¤�ØÞû ø Ù÷�ø.¢¢Âðüõ ö��� Âþ¥ ��Ìì °ó�ì ¤¢ ö� ��±�� �¹�þ� ¤¢ �î ,À÷¢Âî ö���ù�Ú÷� ,À�ª�� ÛÖµÆõ Ýû ¥� U � U(0;1) ø Y � f(y) üê¢�Ê� ý�ûÂ�çµõ À��î ­Âê 3.2.1 ��ÌìX = 8><>: Y U � �(Y )�Y U > �(Y ) .Àª��üõ SS(f; �) âþ¥�� ý�¤�¢:ö�ûÂ�fX(x) = P (U � �(Y )jY = x)f(x) + P (U > �(Y )j � Y = x)f(�x)= P (U � �(x))f(x) + P (U > �(�x))f(�x)= �(x)f(x) + [1� �(�x)℄f(x) ;�(x) + �(�x) = 1= 2�(x)f(x):�ó�� ý�ûâþ¥�� §�î ���Èõ ö¤�Öµõ-�ó�� ý�ûâþ¥�� §�î À÷¢�¢ ö�È÷ (2004 ) ö�¤�ØÞû ø Ù÷�ø.´¨� (1985)ü��ó�¥� Í¨�� ùÀª ÓþÂã�
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� üÚó�� Âµõ�¤�� ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� ñ�õÂ÷-�ó�� üó�Ú� â��� :4.3.1 ÛØªùÂ�çµõ ×þ ñ�õÂ÷-�ó�� âþ¥�� 3.1ø âþ¥�� â���� ßµêÂð ÂÑ÷ ¤¢ �� Àþ¢Âð ÓþÂã� (1985)ü��ó�¥� Í¨�� ¤�� ß�óø� �î ñ�õÂ÷-�ó�� âþ¥��.Àþ�üõ ´¨À� W (X) = �X ø ?? Ýó ¤¢ ¢¤�À÷�µ¨� ñ�õÂ÷ üó�Ú��� ö� üó�Ú� â��� ù�ðÂû ,´¨� ñ�õÂ÷ �ó�� âþ¥�� ý�¤�¢ Z üê¢�Ê� Â�çµõ (1985 ,ü��ó�¥�) 6 ÓþÂã��¤�¬fZ(z;�) = 2�(z)�(�z); �1 < z <1; � 2 R13 (ÛØª)üÚó�� Âµõ�¤�� � ø ¢¤�À÷�µ¨� ñ�õÂ÷ âþ¥�� ø üó�Ú� â���� °��Â� �� � ø � ö� ¤¢ �î ,Àª��.Ý�û¢üõ Çþ�Þ÷ Z � SN(�) �¤�¬ �� �¤ âþ¥�� ßþ� .´¨�Shape parameter13



13 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊêùÀû�Èõ �î ¤�Î÷�Þû .Àû¢üõ ö�È÷ � ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ ñ�õÂ÷-�ó�� üó�Ú� â��� ?? ÛØª�� ø ²� �� �ó�� � üÔ�õ Âþ¢�Öõ ý�¥� �� ,´¨�¤ �� �ó�� � ´±·õ Âþ¢�Öõ ý�¥� �� âþ¥�� ßþ� ¢�ªüõ.À���õ Çþ��ê� üÚó�� ö���õ j�jÇþ��ê� �� ß��»Þû .´¨� ö¤�Öµõ � = 0 ý�¥�ùÂ�çµõ ×þ ñ�õÂ÷-�ó�� âþ¥�� ý�ûüðÄþø 1.3.1ø �Ø÷�Â� ,(1996)�ó�ø��¢ ø ü��ó�¥� ,(1986)ü��ó�¥� Í¨�� ö� ý�ûüðÄþø ø ñ�õÂ÷-�ó�� âþ¥��¥� ü¡Â� Ç¿� ßþ� ¤¢ .´¨� ùÀª �µêÂð ¤�Âì ü¨¤Â� ¢¤�õ (2004)��ð��� ø ü��ó�¥� ,(2001)ý¢.¢�ªüõ ¤øÂõ âþ¥�� ßþ� ý�ûüðÄþø:�¤�Ê�þ� ¤¢ .Àª�� Z � SN(�) üê¢�Ê� Â�çµõ À��î ­Âê.Z � N(0;1) ù�Ú÷� � = 0 Âð� :Óó�:� Z � SN(��) :�.À�µÆû 14ñ�õÂ÷-Ý�÷ âþ¥�� �� âþ¥�� Ýû jXj ø jZj ù�Ú÷� X � N(0;1) üê¢�Ê� Â�çµõÂð� :�.Z2 � �21 :¢lim�!+1 fZ(z;�) = 2�(z)I(x>0) : ûlim�!�1 fZ(z;�) = 2�(z)I(x<0) :ø(1985 ,ü��ó�¥�).´¨� 15ýÀõ ×� �fþ�ì ´��� �×þ ý�¥� �� ñ�õÂ÷ �ó�� âþ¥�� â��� :¥ø X1 = min(U; V ) ,¢¤�À ÷� µ ¨� ñ� õÂ ÷ â þ¥� � ¥� Û Ö µ Æ õ ü ê¢� Ê � Â � ç µ õ ø¢ V ø U Â ð� :�.À�ª��üõ jX1j d=jX2j ø X2 � SN(1) ,X1 � SN(�1) ù�Ú÷� ,À�ª�� X2 = max(U; V )Half Normal Distribution14Strongly Unimodal15



14 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê:Ýþ¤�¢ � À�� ��±�� ý�Â� .´¨� üúþÀ� � = 0 ý¤�ÁÚþ�� �� Óó� À�� ��±�� :ö�ûÂ�f�Z(z) = fZ(�z)= 2�(�z)�(�(�z))= 2�(z)�((��)z):Ý�û¢ ö�È÷ ´¨� üê�î ßþ�Â���� .À�ª��üõ âþ¥�� Ýû jZj ø jXj ?? ��Ìì �� ���� �� ,� À�� ��±�� ý�Â�.´¨� ñ�õÂ÷-Ý�÷ âþ¥�� ý�¤�¢ Y = jXjfY (y) = fX(y) + fX(�y)= 2�(y)I(Y�0):´¨� � ¥� �µ¨��� üã��� � ö�� , û À�� ��±�� ý�Â� .´¨� ¼®�ø ?? �¹�µ÷ �� ���� �� ¢ À�� ��±��:Ýþ¤�¢lim�!+1�(�z) = �( lim�!+1�z)= 8>>>><>>>>: 1 z > 012 z = 00 z < 0 ßþ�Â����lim�!+1 fZ(z;�) = lim�!+12�(z)�(�z)= 2�(z) lim�!+1�(�z)= 2�(z)I(z > 0)



15 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê:Ýþ¤�¢ ���Èõ ¤�Ï �� ø À�� ��±�� ý�Â�lim�!�1�(�z) = �( lim�!�1�z)= 8>>>><>>>>: 0 z > 012 z = 01 z < 0 ßþ�Â����lim�!�1 fZ(z;�) = lim�!�12�(z)�(�z)= �(z) lim�!�1�(�z)= 2�(z)I(z < 0):
â��� Âû �� ö� Ç»�� Û¬�� ù�ðÂû ¢�ª üõ ùÀ�õ�÷ ýÀõ ×� �fþ�ì F (x) âþ¥�� â��� 1.3.1 ÓþÂã�.Àª�� ýÀõ ×� üã��� ÂÚþ¢ ýÀõ ×� âþ¥��â��� Ýµþ¤�Úó Âð� �ú�� ø Âð� Àª��üõ ýÀõ ×� �fþ�ì F ùÀ�û�±��÷ âþ¥�� â��� �î ¢�¢ ö�È÷ (1968)ß�ó¤�î�¤�±ä �� �þ Àª�� 16ÂãÖõ üã��� , R ba f(x)dx = 1 �Øþ¤�Î� ,(a,b) �Ü¬�ê Âû ¤¢ ö� ÂÒ��µõ üó�Ú�.Àª�� üÔ�õ ©���õ�¢ Âþ¢�Öõ ��Þ� ý�¥� �� ö� üó�Ú� â��� Ýµþ¤�Úó �ø¢ ÕµÈõ ÂÚþ¢:Ýþ¤�¢ ¥ À�� ��±�� ý�Â� ßþ�Â�����2�z2 ln fZ(z; �) = �2�z2 fln2+ ln�(z) + ln(�(�z))g= �2�z2 ln�(z) + �2�z2 ln�(�z) Con
ave Fun
tion16



16 ñ�õÂ÷-�ó�� âþ¥�� .1 ÛÊê
= ��z f�z�(z)�(z) g+ ��z f��(�z)�(�z) g= �1+ �f�z�2�(�z)�(�z)�2(�z) � ��2(�z)�2(�z) g= �1+ ��2�(�z)�(�z) f�(�z)�(�z) + �zg´± · õ f �(�z)�(�z) + �zg �¤� ± ä � î Ý � û¢ ö� È ÷ ´ ¨� ü ê� î ë� ê �¤� ± ä ö¢� � ü Ô � õ �� ± �� ý�Â �ù� Ú ÷� À ª� � �z � 0 Â ð� ,À ÷�´ ± · õ ù¤�� Þ û ¢¤�À ÷� µ ¨� ñ� õÂ ÷ â þ¥� � ø ü ó� Ú � â ��� � ö� � .´¨�:Ýþ¤�¢ t = ��z Â�çµõ Â��ç� �� ,Àª�� �z < 0 Âð� ñ�� .´¨�f �(�z)�(�z) + �zg � 0�(�z) = �(��z) = �(t)�(�z) = 1� �(��z) = 1� �(t)�(�z)�(�z) + �z = �(t)1� �(t) � t > 0:Ýþ¤�¢ (2007 ,í�¤�ª)17Û�õ ýø�Æõ�÷ Â���� �Âþ¥tt2 + 1�(t) � 1� �(t) � 1t �(t) ÂÚþ¢ �¤�±ä �� �þt � �(t)1� �(t) : (6.3.1)�� ù�Ú÷� ,À�ª�� X2 ø X1 üó�Ú� â��� ùÀ�û¢ö�È÷ °��Â� �� fX2 ø fX1 À��î ­Âê � À�� ��±�� ý�Â�:Ýþ¤�¢ üþ�� ø¢ üê¢�Ê� �÷�Þ÷ ×þ ¤¢ ü±��Â� ù¤�õ� ßþÂµØ��î ø ßþÂµð¤�� üó�Ú� â���� �� ����fX1(x1) = 2�(x1)(1� �(x1)) Mill's Inequality17


