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In this thesis, we present and compare the Niederreiter quasi-random number generator approach to 
solve high-dimensional integrals and integral equations with (t, s) - sequences such as Halton, Faure and 
Sobol. Then, we employ the optimized version of this generator to improve, skipping first points, leaped 
and scrambling, and the performance of this sequence. Also, we used Halton sequence for scrambling 
Niederreiter sequence. 
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�CD 5�� ) 6 7 n �P (1 �**ED ��1� (?  & '�a1 . �6���  (1 (6�� ) 6 7 (�	�� �� (�
�CD
��
�7  �P

�
�� (�
�CD ��Iz1 �
 �T 	
 
 ���� '�a1 �
�� ��1� �6 �.9�1 5�	� �  �� ) 6 7 6� 5 �ZI�a1 5�� M�	�  �P (6��	�R��

 �P (1 (�	�� �	 
�& (1 )
����� ��0T �
�P � 1 5���.  

	
 5�C�l1 {*;�D �� $C� 6� 	
 n	�1T 5 ��*1� � ����9� ��T �6 � (�
�CD 86��
�7 (1 ��0T 5� �6�7 8*���1]6-2 [.  

1 -1  :�� ���3 A!��B� /�1)2�  

 E��=$)1 -1 -1(: (�
�CD 5�� i6�1�T 

$W[ ����0 �P (&�1�T �� :�[� ��  �� �	 �T �]*�0(Za[ 	�? �CD i6�1�T n
�P **ZD�H (1 (�
 �6 . ����7 nr�D ^�D�7  �0�1

��� _6 � 	��*� _6 (9��! $�� n��*7 . ... (�
�CD i6�1�T n &�� ��&�
 �I�V
 �T �]*�0 	
 o
�CD �P (.�� �� F[�� 	



�& (1 ) *1�0 � 5�=� �	 i6�1�T %�1 5��
� 6�	 S��D ����]1 �  �6�H i6�1�T �T �0��0  ��Ω 8*�
 (1 ��@0 . (]6��0 �	

 6T (1 ��
 �� i6�1�T _6 �� �Pn  �1�0 i6�1�T  1T��.  

 ��f1 5����%� _6 ^�D�7 i6�1�T �0��0 5�=� Ω = {1,2,3,4,5,6} 1 &�� (. 

                                                 
1 .Pas kal 
2 .Ferma 
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1 -2 : /�1)2� J���� /�4�  

E��=$)1-2-1(: σ- �� *1)�� *1 ��/*�(  

 8*�P |��Ω � F!�1 5 ����]1�(Ω)   (0��D 5 ����]1Ω  5�� ����]1 �6� S��D 5 ����]1 (�Z6Ω  &��.  |�� ��9

 8*�Pℱ �� 5� ����]1 �6�  &�� .�(Ω)  �=� �� F[�� 	
ℱ  �� 5� ����]1 �6�Ω  (I� ���ℱ  �0�1 \�1�RI �(Ω) $1�&  S��D

 5�� ����]1 �6�Ω �-*0. 	
  8*6�H (1 d	�� 6�ℱ  _6σ-)�H�� ��� �� *1:  

1   (	∅ ∈ ℱ.  

2  ( �H�� ∈ ℱ   )�/0T�� ∈ ℱ . 

3 (ℱ  �H� (�Z6 n &�� ��-� �	��& :���!� ��D�� �� ��  5�=��ℱ  )�/0T  �&��⋃ A�� ∈ ℱ. �6 (����1  0��D (1 :���!� 6� 

 6�� (I�  &�� (����1�0 �	��&  &��.  �H� (�Z6A�, ��, … , ��, … ∈ ℱ  )�/0T n⋃ ������� ∈ ℱ  .  

�!KL )1 -2 -1:(  8*�P |��ℱn 	σ - 5�� ����]1 �6� �� (0� *1Ω  d	�� 6� 	
  &��:  

OI� (∅ ∈ ℱ  �Ω ∈ ℱ .  

^ ( �H�A� ∈ ℱ )�/0T n⋂ A�� ∈ ℱ )�	��& }���&�(.  

~( �H� �, ! ∈ ℱ )�/0T n� − ! ∈ ℱ. 

�����:   FW�1 �� 
�& :�!	]2[.  

E��=$)1-2-1:(  �H�ℱ nσ- 5�	 (0� *1Ω �  &��� ∈ ℱ   8*6�H (1A   �� �W-0ℱ ���  1�@*7.  �1 �H� (�Z6 σ - �	 �� *1

8*�P |��n  1�@*7 ��P (1 �**ED R*0 ��.  

E��=$)1-2-2:(  8*�P |��Ω  � �0��0 5�=�ℱn 	σ- &�� �T �� (0� *1. 	
  5� ����]1 F��D d	�� 6�  

�:ℱ → 	 [0,1] 
 
	�1 	
 �6� ���� )�H�� 8*6�H ����9� )�� 0� �	�  &�� �
��:  

��� $�� :�(Ω)  �� �P 8*�P (1 �!�Dσ- $1�& (0� *1Ω  �`I ����(Ω)  ��� O6�ZD $��[.  

S�
 $�� :  �H��� � ! �
 �� �
 5��  1�@*7 ��  �� 5��� �� (�Z6 n �&�� 8�i≠ * n�� ∩ �, = ∅  )�/0Tn 

�(-��) =.��
��

 

 ��+�� �� ��  5�=��σ - O6�ZD 5 )��9 	
 ��0T :���!� n  ��-� �� *1� 
�*H (1 	��[ �  �`I�(⋃ ��� )   ��� O6�ZD $��[ .

b�� 5����� 	
 i  �P �P�9 �	��& �fP� 9 5� ����]1 	
  0��D (1.  

 �H�� ∈ ℱ  n�(�)  	� 21� ��  5 ����]1 5����  ����9� �	�  (18*6�H.  
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b�� $�� �� ��  �6�H o��H��I�P ���� . ��� 	
 �P 
�� (��	 	��@1 �� *;�6	 _6 o�	�H��I�P1933  �	 $�� �� 6�


�
 	��[ ����9� �6�t0 (��;�1 ����.  

 E��=$)1 -2 -3( :σ- �	 ��� 5�� ����]1 5 �.*�� �� ) &  *I�D �� *1σ -8*1�0 (1 �	�� �� *1  
��0 �� �Pℬ  (1 ��@0

8*�
 . 6� �=� ��σ -	 �� *18*6�H (1 �	�� 5 ����]1 �.  

1 -2 -1 : /�1)2� ��K"  

 E��=$)1 -2 -2 -1( : 8*�P |��Ω  � �0��0 5�=�ℱ nσ - 5�� ����]1 �6� �� (0� *1Ω  ��: ℱ → [0,1]   5 )�� 0� _6

 &�� ����9� .XD�1 (6�D �� d	�� 6� 	
(Ω, ℱ, �)  8*1�0 (1 ����9� 5�=� �	 .��� ����9� 5�=�  �P (1 �l@1 �1 5

 �P 1�@*7 \b����  ����]1 �6� ����� �� �	86� ����H �t0 	
 5� ����]1 �+ ��)Ω(n �� _6 S� P \�*0��  �� ����]1 �6� 6�

�  ��-�  1�@*7  P ��-*0 _6 S� . �=� �H�ℱ   0 1�@*7 n �&��� �H�  �=�ℱ n �&�W0  ��-*0  1�@*7.  ����9� S�]0���

��  1�@*7 8*�P ^�-9 �0�/+ �	 )��  F��D �� )
������.(  

1 -2 -2 : �(�� /�1)2� 

�T *9 	
 �P  0� ) & (9��? 5	�? �� i6�1�T (V���1 	�*�V� 	
 d��A?� �� (@l� i6�1  d��A?� 6� �1�  0�*H (1 	��[

 6� 	
  &�W0 ����9� �� 5��*0 �/6
 �  �P &�	 \A1�P �	 �]*�0 �P �-*0 5� �0�H �� (?�& ����9� _�P �� \b��Z1 d	��

8*�
 (1 	��[ (�	�� 
	�1 �	 �.s-1 . ����9� 5�=� 	
 8*�P |��Ω, ℱ, �) (n! �� 5 1�@*7  &�� �Wf1 ����9� . ����9�

  1�@*7 :�[��   ��ℱ   1�@*7 :�[� k�&  ��!  �1A� �� �	�(�|!) 8*�P (1 O6�ZD �6� d	�� �� � 8*�
 (1 ��@0:  

�(�|!) = �(� ∩ !)�(!) 				 ; 					�(!) ≠ 0 

 �!KL)1 -2 -2-1:(  0� /�1)2�)0� ;<�1)2� 7���L( 

  *�P |��< A3 >   �&�� 	�H����0 �
 �� �
 5��  1�@*7 �� 5� �I�W0
) �� 5��� ��i≠ *  n(�� ∩ A5 = ∅ �  ��0T :���!�

 �����Ω   &�� . 1�@*7 �� 5��� �� d	�� 6� 	
  )��lI
A   86	�
:  

�(�) =.�(��)�(�|��)
���

 

�����:  FW�1 �� 
�& :�!	]2.[  
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 �!KL)1 -2 -2-2 :(O!� ��) �  

5��  1�@*7 8*�P |����, ��, …  �� 5�����  &�� �0��0 5�=�)�
 � 	�H����0 �
 ��  �0��0 5�=� ��0T :���!�Ω  ��� .( ��

 �0�1  1�@*7 �� 5����	 86	�
:  

�(��|�� = 678�67|78�∑ 6:7;<67|7;�;                     

1 -2 -3  :����!3 /P?) �  

�*WZD :  1�@*7 �
�  �!  �&�� ��&� 0 5�*��D �*� 5�/6
 :�[� S � �6 :�[� 	
 (%6 :�[� S � �6 :�[� �H� n 0� $2�-1.  

O6�ZD)1-2 -4 -1 :(  1�@*7 �
� !	�   ����9� 5�=� ��Ω, ℱ, ��(  �&�� . d	�� 6� 	
A  � B )�H�� 8*6�H $2�-1 �	:  

�� ∩ !� = ����!� 
1 -2 -4  :�"��#$ �!Q)�  

 E��=$)1 -2 -4 -1:( F��D�: Ω → =  �� �W-0 (�
�CD �*E�1 �	 	σ-�� *1 ℱ  5�� ����]1 �6� ��Ω  5��� �� )�H�� 8*6�H

 �	�� 5 ����]1 ��B  ��σ- �	�� �� *1ℬ 8*&�� ��&�
:  

X?�!� = {@ ∈ Ω: �@� ∈ !} ∈ ℱ 

 �6�CD �� ��� (Z��D (�
�CD �*E�1 �/6
 d	�W� ���T h��D �	�� 5 ����]1 �� r�%Z1 ���  1�@*7 .\b��Z1 X?�!�   �	

 d	�� ��� ∈ !�(   ��
 (1 i6��0. 

 (�
�CD �*E�1 
�� �H��   &�� �	��& 5� ����]1�  
�� �H� �  �6�H ��--H �	�  n &�� �	��&�0 5� ����]1�  ����*7 �	

 �6�H . �� 5� ����]1 �6� �� �	��& 5�� ����]1A�  �6 _6 d	�� �� \b��Z1 �	��&�0 5 ����]1 �  0	�
 _6 �� _6 �u��D

 ��-� (2*29 
� �� �� )���  �+ .��� �	��& (����1 ����]1 �� �P  *�P �!�D.  

� d	�W� 5� �0��0 5�=� n
�& ^�D�7 �%� ��  *�P |�� ��f1 ����� ���� ��: 

Ω = {BBB, BBC, BCB, CBB, BCC,CBC,CCB,CCC} 
 (�
�CD �*E�1� 
	��& (1 �	 ���*& 
� ZD �]*�0 �� 5���:    

�BBB� = 0 �BBC� = 1 

 
�� �6 �6
�21 ����]1 ��f1 6� 	
�  �� �	 �T �P�Ω� 0 ��
 (1 ��@ .�=� 	��+ 5� ����]1 �Ω� = {0,1,2,3}  ���

1 6� �P (�
�CD �*E�� ��� ��--H (�
�CD �*E�1 _6.   
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1 -2 -5  :/�1)2� S���$  

 ��� 5	��; (�
�CD �*E�1 O6�ZD 	
 �P �q0T Ω  �σ - *1(0� �� �6� ����]15�� Ω ���. 8*�P |�� ��9 

�: Ω	, ℱ, �� → =, ℬ�  &�� (�
�CD �*E�1 .(1 �� 8*���V_�P� ��n 	=, ℬ�8*�P ����9� 5�=� �� $6 WD �	 . S��D

 5��� �� ��� (��P h2� n��� 8���� d�1 21�� B ∈ ℬ����9� n! 8*�P O6�ZD �	 ._�P �� �P �	 ����9� 6�  �� �  O6�ZD

(1
��0 �� 
�& �E (1 ��@08*�
 .(1 O6�ZD �	 ����9� 6� �6� �*=[ �� d�W�� 5��� �P  �P]2 [ *�P :�!	.  

 �!KL)1-2-5 -1 :(b�� d�;���1 �� F��D PG!�: ℬ → [0,1]  a��; �� �PG!� = ��?�!�� 5�	 ����9� )�� 0� _6            

ℬ �ZD(1 O6 �P .  

 E��=$)1 -2 -5-1 :(PG!�  	�.*�� �� ) &  *I�D ����9� )�� 0� � � 5�	ℬ	 ����9� F6��D �6�	 5�	 ℬ (18*6�H.  

 E��=$)1 -2 -5-2:( F��DH  �� �	= � ��a��;  

HEI� = �E:−∞, I]< = ��?�−∞, I]�		,									I ∈ = 

F6��D F��D X (18*1�0 .  

��� �6� U��V 5�	�
 F6��D F��D:  

1(limN→?� Ft� = 0� limN→�� Ft� = 1	  

2(H �H� (�Z6 ��� 5
�Z� (Z��Dt� < t� /0T n)�nHGt�� < FGt��  

3(H (�Z6 n��� ����*7 ���	 ��.HEI�� = HEI�   

4  ( 	�t�1��HQ?�  �+  9H 	
Q ���. 

�R < � ≤ Q� = HQ� − HR� �R < � < Q� = HQ?� − HR� �� = R� = HR� − HR?� 
1 -2 -6 : � �)TT� /�1)2� ���:' S���$ �) �!3  

 E��=$)1-2-6-1:(  �H�X _6 	� 21�� 5��� �P (Z��D n &�� ��--H (�
�CD �*E�1 T 
�� 	
 X  ��UT� = �� = T� 

n
�& (1 )
�
  ����9� (I�/+ F��D��--H X 
�& (1 ) *1�0. �� �6
�21 �� (Z��D (��?	UT� (2*29 
� �� ����]1 5�	 �P

n��� ) & O6�ZD  ����*7 (�
�CD �*E�1 _6 ����9� (I�/+ (Z��DX 
�& (1 ) 0��V �H� � � ���D�
 �� 5��� �� �H  	� 21

���� (2*29 R � 	Q  ��R ≤ Qn  �R ≤ � ≤ Q� = V UT�WTXY � �
 5�	�
 ��� �6� �*��V:  

1(�� 5���T UT� ≥ 0n .  

2 ( �H�� ����*7 n &��V UT�WT��?� = 1  � n &�� ��--H �H�∑ fx� = 1	]. 
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1 -2 -7  : ����� �!��)V!:��!�(  

 E��=$)1 -2 -7-1 :( |��  *�PΩ, H, ��  ����9� 5�=�  � �:Ω → =5�*E�1  &�� (�
�CD .���/�0� d	�� 6� 	
�  

 
��0 �� �P �	V �W�^ (1 ��@0 ����� O6�ZD 5�	 �6� d	�W�  9 d	�� �� n8*�
Ω (1 O6�ZD �� 1�@*7 �.*�� ��8*�P:  

  
V �W� = lim ∑ �@�������^

                                             
 

�T 	
 �P �� �� 5����� � )
��  1�@*7 �� Ω (1 $*%@D �	 ��
 .	�P`1  9 �H� (1 n &�W0 
�!�1�-*0 
�!�1 ���/�0� 8*6�H.  

 (�
�CD �*E�1 */0�*1 �6 (;�6	  *1��  �� �	_��  �6` 8*�P (1 O6�ZD �6� d	�� �� �  ��
 (1 ��@0:  

_�� = ` = a∑ T�� = T�																																																						 &��		��--H		�	�H�bV TUT�WT��?� 																																																								 &��	����*7		�	�H�
c                                           

 
�& �[
_�� � 
�& (1 O6�ZD b�� ���/�0� �6 5�� j.a1 (6��/�� d	�� 	
  ���V 
�!� �&�
.  

(;�6	  *1� U��V:  

1(  �H�R ≤ � ≤ Q  )�/0TR	 ≤ _�� ≤ Q  �H� U�V �I�9 	
� ≥ 0  K7_�� ≥ 0 

2( (Z��D (;�6	  *1� ���  ���: 

  *�P |��d = e��  (�
�CD �*E�1 �� (Z��D�  ����9� F��D �P  &��� d	�� 6� 	
 n��� 
�!�1  

_[e��] =
fgh
gi.eT�. �� = T�bk eT�UT�WT			��

?�
c 

U�V �I�9 	
 _[�l]  �WD�1 	���@H	m�
�& (1 ���H S�.  

3(  (�
�CD �*E�1 �� 5����  (2*29 
� �� �R	�	Q: 

_R� + Q� = R_�� + Q 

  

/�W�)1-2-7 -1:(  *1� �*E�1 (;�6	 (�
�CD � �	 �P �6� (I�/+ F��D 5�	�
 ���n  *��*�.  

 fx� = o 	4p?qb0 c 														 brsbts 
EX� = V TUT�WT��?� = V T4p?qb�s 		WT																																																																										              $9:  

�� �� )
����� �R! ���/�0� �R! �� �&�
 8*���V:  

  _�� = �q 
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 �!KL)1 -2 -7-1(:  

 �H��  &�� ����*7 � (��1�0 5�*E�1:  

_�� = k �� > I�WI = k :1 − HEI�<WI�
s

�
s  

 �H�� )�/0T  �P 	�*�V� �	 (��1�0 � {*�� �6
�21 �  &�� ��--H:  

_�� =.�� ≥ v��
���  

����� :
�& :�!	 �� FW�1 ]6[.  

1 -2 -8  : Y������)9��3(  

��� (H �P��7 5�*H )�� 0� 5��� 	�*Z1 _6 K0�6	��.  (�
�CD �*E�1 K0�6	���  �	wRx��  �6σ�  d	�� �� � )
�
 i6��0

8*�P (1 O6�ZD �6�  

z� = wRx�� = _� − `�� 
 �T 	
 �P` = _��  
�& (1 ) 6
 (�9�	 �� (;�6	  *1� �*��V �� �!�D ��z� = _��� − `� .  

K0�6	�� U��V:  

1(  )	����wRx�� ≥ 0  )	���� K7_��� ≥ `� )	���� �6EX�� ≥ EX��� *�q�� 

wRx�� = 0		 	⇔		�� = `� = 1 

2(  (�
�CD �*E�1 �� 5����  (2*29 
� �� �R	�	Q: 

wRxR� + Q� = R�wRxT� 
 

�P`D : 	�*Z1 o���0� �	 K0�6	�� �Wf1 	`!  �1�0 (1:  

z = |wRx�� 
1 -2 -9 : �����)�� ���� S��$  

 ��_� − R�}  �WD�1 	���@H	~ F6��D S��  �a20 ��9R�  �� U�V �I�9 	
 �  �6�H (1_� − `�} = `}  	���@H

 �WD�1 5RP�1~ �S  �� �  �6�H (1_�}� = m}  �WD�1 	���@H~�S  F6��D� 
�& (1 ���H . *� ��� (�6 �`}  �m} 


	�
 
�!� �a��	.  

E��=$)1-2-9-1( : F��D�EI� = _p�E�   �P �	I�  �P (1 �**ED ��� $1�& (2*29 
� �� �� 5� )��� 	
n   I�1 F��D

 5��	���@H�  �6�H.  


