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�õÀÖõ
Û�Æ÷�ÂÔþ¢ ��¢�ãõ �� (�þ�÷) üðÀ�ÈþÂ� Ûõ�ä ö¢Âî ¢¤�ø Û� óÀ� üê¢�Ê� Û�Æ÷�ÂÔþ¢ ��¢�ãõÛþÀ±� üÞÜä ý�û���õ¥ ¥� ý¤��Æ� ¤¢ Ýúõ ý¤���� �� ø À��îüõ ���¤� ýÂ�üãì�ø ý�úóÀõ ,üó�Þãõùb¥�À÷� �� ý�ûÂ���³õ�î ö�ÀÖê ß��»Þû ø Àõ�¤�î ý�úªø¤ ¢��ø �Àä Û�ó¢ �� �µªÁð ¤¢ .À÷�ùÀª��� üþ�÷��� �� üþ�ûÂ���³õ�î öÀõ� ¢���� �� üóø Àªüõ ÂÑ�êÂ¬ üê¢�Ê� Ûõ��ä ¥� ,À�Þ÷��� üê�î.´¨� �µê�þ ©ÂµÆð �ú÷� Û� ý�úªø¤ ø ��¢�ãõ ßþ� �� ����Û¬�� üê¢�Ê� ¤�Ü � � ý�úÎÆ� ©Â� ¥� üê¢�Ê� ¤�Ü � � ý�úªø¤ ,üê¢�Ê� Â�è ´ó�� À� ÷�Þû¥��÷ ý¢�þ¥ ��ÖµÈõ �±¨�½õ �î ´¨� ßþ� ¤�Ü�� ý�ú±þÂÖ� ýÂ�ð¤�Ø� Ýúõ ���Øª� ¥� üØþ .À÷¢ÂðüõÀ� �îüõ ù¢�Ô µ¨� Ýî üÜ�¡ � þ À� �îüÞ÷ ù¢�Ô µ¨� ÕµÈõ ¥� �î � ��î-�Ú÷ø¤ ý�úªø¤ �� �Á ó ´¨�.ÝþÀ�õ�ì�äÍÆ� ö¢Âî üØþ Ûõ�ª �±�Âõ Íþ�Âª ö¢¤ø� ´¨À� ×��Ø� ,×�¨�î ý���î-�Ú÷ø¤ ý�úªø¤ ¤¢ý�û�Þ÷ ýø¤ ý¥�¨ ö�ÆØþ ßþ� .¢�� ¤�Ü�� ÍÆ� �� ���î-�Ú÷ø¤ ©ø¤ Í¨�� ùÀª À�ó�� ����ý�ù¢��÷�¡ ,�±�Âõ Âû ý�Â� ø Àªüõ Â¹�õ �±�Âõ Íþ�Âª �� À÷ø¤ ßþ� .Àªüõ ��¹÷� ÛÖµÆõ ý�ûÂ�çµõ�ø¢ �±�Âõ ýÂµõ�¤�� ×þ ù¢��÷�¡ ,ù�¤ ßþ� ¥� ùÀõ� ´¨À� ù¢��÷�¡ ßþÂ� ù¢�¨ .Àõ�üõ ´¨À� �úªø¤ ¥���®�� ,üê¢�Ê� ´ó�� ý�Â� ���Èõ ý¤�ÿ� ßµ¡�¨ ý�Â� .´¨���î-�Ú÷ø¤ ý�úªø¤ ¥� ý��Ü�Âõ ø¢ßþ� .´¨���î-�Ú÷ø¤ ý�úªø¤ ¥� �ø¢ �±�Âõ ý�úªø¤ ¥� ù¢��÷�¡ ßþ� Ý�Þã� ö¢¤ø� ´¨À� ñø� ��ðö¢Âî �À� � üõø¢ ø ,�± �Âõ Íþ�Âª Ý�Þã� ö¢¤ø� ´¨À� üØþ :¢�ªüõ Ý�ÆÖ� �Ô�Òø ø¢ �� ÛÞä1



2 ñ�Øª� ´Æ�ó.À��î ëÀ¬ ùÀõ� ´¨À� Íþ�Âª ¤¢ �î üþ�ûù¢��÷�¡ ¥� üþ�úó�·õ�î �÷�ðÀ�� ý�úó�ÂÚµ÷� ��¿µ÷� �� ø À�ª��üõ �÷�ðÀ�� üê¢�Ê� ý�úó�ÂÚµ÷� �b þ�� Â� ¤�Ü��-�µþ� ý�úÎÆ�üã�� � ý�ú± þÂÖ � ¥� üÔÜ µ¿õ á�� ÷� ßþ�Â �� � � .À ÷¢Âðüõ É¿Èõ ,À÷�ªüõ Âû�Ò �úÎÆ� ßþ� ¤¢ý�úó�ÂÚµ÷� ¥� üÎ¡ °�îÂ� ×þ �� ¤�Ü��-�µþ� ý�úÎÆ� ©Â� �� .À÷¥�¨üõ Ýû�Âê �¤ ¤�Èµ÷� ý�ûÀ�þ�Âêý�úó�ÂÚµ÷� �î �Â� ´¨� ¤��ª¢ üªÂ� ý�úÎÆ� ß��� �� ¤�î ¢¤��õ ¥� ý¤��Æ� ¤¢ .Ý�¨¤üõ �÷�ðÀ��ÛØÈõ ßþ� ¥� ý¤ø¢ ý�Â� .À�µÆ�÷ ö��� Û��ì Â�ù¢�¨ üê¢�Ê� ý�ûÀ�þ�Âê °Æ� Â� �÷�ðÀ�� üê¢�Ê�À÷�ªüõ ùÀ�õ�÷ Ó�ã® ¤�Ü��-�µþ� ý�úÎÆ� �f��Î¬� �î ¤�Ü��-�µþ� ý�úÎÆ� ý�Â� ýÀþÀ� ö���À�÷�Þû ,À÷�ªüõ ö��� (t0;Xt0) �bÎÖ÷ ×þ ¤¢ f(t;Xt) â��� ×þ ý�Â� �î �úÎÆ� ßþ� .¢�ªüõ ù¢¤ø�.Àª��üõ �X = Xt �Xt0 ø �t = t� t0 ý�û�Þ÷ ý�ú�ÂÌÜ¬�� ¥� ü±�îÂ� üó�Þãõ ý�úÎÆ�ñ�� .Àª��üõ �µþ� ý�ûÀ�þ�Âê ¥� �µÆÆð ö�õ¥ ý�ú±þÂÖ� ´¡�¨ ¤�Ü��-�µþ� ý�úÎÆ� ¢Â�¤�î ßþÂµÞúõ�¤ Ó�ã® ¤�Ü��-�µþ� ý�úÎÆ� Àª�� ÂÑ÷ Àõ �µþ� À�þ�Âê â���� ÂÚþ¢ �þ ø �û¤ø�µÈð �b ±¨�½õ ÍÖê Âð��� °þÂÖ� üê¢�Ê� ÍÆ� �bÆþ�Öõ ¥� ���î-�Ú÷ø¤ ý�úªø¤ ÕþÂÏ ßþ� ¥� ßþ�Â���� .´êÂð Ý�û��¡ ¤�Ø�.üê¢�Ê� Â�è ´ó�� À÷ø¤ ö�Þû ü�ãþ Àþ�üõ ´¨À� ÂÒ��µõ ¤�Ü�� ©ø¤Âû ý�Â� .À÷�üê¢�Ê� ý�ûÂ�çµõ Ûõ�ª �î ü�ãõ ßþ� �� À�µÆû üê¢�Ê� ùÀõ� ´¨À� �±�Âõ Íþ�Âª.Ýþ¤�¢ ×�¨�î �ø¢ �±�Âõ ù¢��÷�¡ ¥� �ø�Ôµõ üÞ�Þã� ,üê¢�Ê� ý�ûÂ�çµõ ßþ� ¥� ��¿µ÷�,ÂÚþ¢ �¤�±ä �� �þ ¢¤�¢ ¢��ø SDE ý¢Àä Û� ©ø¤ ×þ ´ì¢ ýÂ�ðù¥�À÷� ý�Â� üÔÜµ¿õ ý�ûù�¤üþ�ÂÚÞû �ú�� �õ�÷ö�þ�� ßþ� ¤¢ .´¨� ¢���õ üê¢�Ê� ý�úªø¤ ý�Â� üþ�ÂÚÞû ¥� üÔÜµ¿õ á��÷���ð ñ�Ï ý�Â� [t0; T ℄ üû��µõ ù¥�� Â� ý¢Àä ©ø¤ ´ì¢ �� üþ�ÂÚÞû ��úÔõ .Àª��üõ ÂÑ÷ Àõ Ó�ã®���� ¢¤�õ t!1 üµìø SDE ¤�µê¤ �û¢Â�¤�î ¥� ý¤��Æ� ¤¢ ñ�� ßþ� �� .¢�ª üõ ¯��Âõ �×��îý¢Àä ý�úªø¤ üþ�ÂÚÞû À�÷�Þû .¢�ªüõ Â¹�õ ý¢Àä ©ø¤ ý¤�Àþ� � ü¨¤Â� �� �î Àª�� üõø �û¤ø�µÈð �� ´±Æ÷ ý¤�Àþ�� �� �õ .¢¤�¢ ¢��ø �úªø¤ ßþ� ý�Â� ý¤�Àþ�� ¥� üÔÜµ¿õ Ý�û�Ôõ üê¢�Ê�.Ýþ¥�¢Â�üõ (üã�Âõ ß�Ú÷��õ ý¤�Àþ��) �ø¢ ¤ø�µÈð ùÄþø ��



3 ñ�Øª� ´Æ�ó,ñ�Þµ�� �b þÂÑ÷ ¥� �¥� ��õÀÖõ �Àµ �� ,´¨� ùÀª ��¹÷� ℄17[ â�Âõ �b þ� � Â � �î �õ� ÷ö� þ� � ßþ� ¤¢Ý�û�Ôõ ö���ä ´½� ñø� ÛÊê ¤¢ À�þ�Âê ßþ� �� ´±Æ÷ üê¢�Ê� ý�úó�ÂÚµ÷� ø Â�þø À�þ�Âê ý�ú�ðÄþøý�úªø¤ ,�÷�ðÀ�� ý�µþ� ý�úó�ÂÚµ÷� ,üê¢�Ê� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ���Üî .¢�ªüõ ù¢¤ø� �� óø�ý�úªø¤ �� ��¨ ÛÊê ¤¢ .´¨� �ø¢ ÛÊê á�®�õ Ó�ã® ¤�Ü��-�µþ� üªÂ� ý�úÎÆ� ø Ó�ã®üþ�úªø¤ ß��� ´¡�¨ üÜî À÷ø¤ .¢�ªüõ �µ¡�¢Â� üê¢�Ê� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý�Â� ���î-�Ú÷ø¤ù¢¤ø� ´¨À� Àª�� Ó�ã® �ø¢ �b ±�Âõ ý�¤�¢ ©ø¤ �Ø�þ� ý�Â� �¥� �b ±�Âõ Íþ�Âª ø ¢�ªüõ ù¢¤ø��úªø¤ ¥� ù¢��÷�¡ Âû ý�Â� .Ý�¨¤üõ ÀþÀ� �b ±�Âõ Íþ�Âª �� �úªø¤ ßþ� Ý�Þã� �� Å³¨ .¢�ªüõ¤¢ .À��îüõ ëÀ¬ �±�Âõ Íþ�Âª ¤¢ �î Ýþ¤ø�üõ ¼þÂ¬ üê¢�Ê� ý���î-�Ú÷ø¤ ý�úªø¤ ¥� üþ�úó�·õ��¢�ãõ ý¤�Àþ�� .Ý�Èîüõ Çó�� �� �¤ ùÀª Âî£ ý�úªø¤ á��µõ ý¢Àä ý�úó�·õ Âî£ �� ÛÊê ý�úµ÷�¤¢ .¢Â�ðüõ ¤�Âì ü¨¤Â� ø ¶½� ¢¤�õ Â¡� ÛÊê ¤¢ �ú÷� ý¢Àä Û� ý�úªø¤ ø üê¢�Ê� Û�Æ÷�ÂÔþ¢¥� �Æþ�Öõ ßþ� .Ýþ¥�¢Â�üõ �ú÷� �bÆþ�Öõ ø ùÀª Âî£ ý�úªø¤ üã�Âõ ß�Ú÷��õ ý¤�Àþ�� �� ÛÊê ßþ�.¢¢Âðüõ Û¬�� ý¢Àä ý¥�¨ ù¢��� ß��»Þû ø �úªø¤ ý¤�Àþ�� ü���÷ Ý¨¤ ÕþÂÏ



1 ÛÊê
��óø� Ý�û�Ôõ

À�� Âû ,¢�ªüõ ù¢¤ø� À÷�ªüõ �ÂÎõ �õ�÷ö�þ�� ¤¢ �î ü±ó�Îõ ý�Â� �¥� ���õ¥ Ç�� ÛÊê ßþ� ¤¢¥� üã��Âõ ¤¢ ö���üõ °��Â� �� �¤ üê¢�Ê� ö���Æ� ø ñ�Þµ�� �b þÂÑ÷ ¢¤�õ ¤¢ ýÂµÈ�� ������.´ê�þ ℄10[ ø ℄22[�ÜÞ�
ñ�Þµ�� �þÂÑ÷ Â� ý��õÀÖõ 1.1,ü ê¢�Ê� Â �ç µ õ ,ü ó�Ú� ø âþ¥� � â ��� � ,ñ�Þ µ�� ùb¥�À ÷� Ûõ�ª ,ñ�Þ µ�� �b þÂÑ ÷ ¥� �¥� Óþ¤�ã �.À÷�ªüõ ù¢¤ø� Ç¿� ßþ� ¤¢ üê¢�Ê� ý�ûÂ�çµõ �b ó�±÷¢ üþ�ÂÚÞû ø ,�û¤ø�µÈð:ù�ðÂû À�þ�ð 
 ý�û�ä�Þ¹õ Âþ¥ ¥� Â±�-� ×þ �¤ A (Â±�-�) 1.1.1 ÓþÂã�,A \B 2 A ù�Ú÷� A;B 2 A Âð�(1,A
 = f! 2 
j! =2 Ag 2 A ù�Ú÷� A 2 A Âð� (2. 1Sn=1An 2 A Ý�ª�� �µª�¢ ,fAng � A �b ó�±÷¢ Âû ý�Â� (3.�;
 2 A �î ¢�ªüõ ´��� A Â±�-� ý�Â�4



5 ��óø� Ý�û�Ôõ .1 ÛÊêÂ þ¥ ¥� A Â ±�-� ýø¤ ù¥�À ÷� × þ �¤ � : A ! [0;1℄ ý�� ä�Þ¹ õ â �� � (ù¥�À ÷�) 2.1.1 ÓþÂã�:ù�ðÂû À�þ�ð 
 ý�û�ä�Þ¹õ,�(�) = 0 (1.�( 1Sn=1An) = 1Pn=1�(An) ù�Ú÷� Àª�� A Ý
 û ¥� �À� øÀ�ø¢ ý�Ìä� ¥� ý��ó�±÷¢ fAng1n=1 Âð� (2Âû Ý�õ�÷üõ (� �� ´±Æ÷) ÂþÁ� ù¥�À÷� �¤ E � 
 �bä�Þ¹õ Âþ¥ (ÂþÁ� ù¥�À÷� �bä�Þ¹õ) 3.1.1 ÓþÂã�:Ý�ª�� �µ¨�¢ A � 
 Âû ý�¥� �� ù�ð�(A) = �(A \E) + �(A \E
):Â þ¥ Âû ý�¥� � � ù� ðÂû ´¨� Â þÁ � ù¥�À ÷�-
 ,f : 
 ! R â�� � (Â þÁ � ù¥�À ÷� â �� �) 4.1.1 ÓþÂã�.Àª�� ÂþÁ�ù¥�À÷� ý��ä�Þ¹õ f (�1)(O) ,O � R ¥�� �bä�Þ¹õ×þ P ù�ðÂû À�þ�ð ñ�Þµ�� ùb¥�À÷� ×þ �¤ P : A ! [0;1℄ â�� � (ñ�Þµ�� ùb¥�À÷�) 5.1.1 ÓþÂã�.Àª�� A ýø¤ ù¥�À÷���Þ� �b ä�Þ¹õ �î) 
 �b ÷�Þ÷ ý�Ìê Ûõ�ª �î (
;A; P ) üþ�� �¨ (ñ�Þµ�� ý�Ìê) 6.1.1 ÓþÂã�,Àª��üõ A ýø¤ P ñ�Þµ�� ùb¥�À÷� ×þ ø 
 ý�û�ä�Þ¹õ Âþ¥ ¥� A Â±�-� ,(´¨� ßØÞõ ����2Àõ�È�� ×þ A 2 A �b ä�Þ¹õ ,À�µÆû 1ý��÷�Þ÷ ¯�Ö÷ ! 2 
 ¯�Ö÷ .¢�ªüõ ùÀ�õ�÷ ñ�Þµ�� ý�Ìêñ�½õ Àõ�È�� �¤ � Àõ�È�� ø üÞµ� Àõ�È�� �¤ 
 Àõ�È�� .Àª��üõ Àõ�È�� ßþ� ñ�Þµ�� P (A) ø ´¨�.À�þ�ð� � Â¹� õ ÓÜ µ¿õ ñ�Þ µ�� ý�û�Ìê �î �Â� ¢�ª ��¹ ÷� ´ìÀ � üµÆ þ� � ñ�Þ µ�� ý�Ìê ��¿µ ÷�á�®�õ ßþ� ý�þ�ð 3À÷�Â�Â� Åîø¢�¤�� ñ�·õ ö���ä �� .¢¢Âðüõ �ÜÿÆõ ×þ ý�Â� ü�ø�Ôµõ ý�û����Sample points1Event2Bertrand's paradox3



6 ��óø� Ý�û�Ôõ .1 ÛÊêÝ¨¤ �¤ ùÂþ�¢ ßþ� ¥� ýÂ�ø üê¢�Ê� ¤�Ï �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âµõüµ÷�¨ 2 á�ãª �� ý�ùÂþ�¢ :´¨�?´¨� ¤ÀÖ� À�î âÎì �¤ Âµõüµ÷�¨ 1 á�ãª �� üÜ¡�¢ �îÂõÝû ùbÂþ�¢ Â�ø ßþ� �Ø�þ� ñ�Þµ�� .Ý��îüõßþ�Â���� .¢Âî É¿Èõ ©�ü÷��õ �bÎÖ÷ �� ö���üõ ¢ÂÔ� ÂÊ½�õ ¤�Ï �� �¤ Â�ø Âû :ñø� ´ó��

À�î âÎì �¤ üÜ¡�¢ ùÂþ�¢ Â�ø �Ø�þ� ñ�Þµ��= üÜ¡�¢ ùÂþ�¢ ´��ÆõÂµð¤�� ùÂþ�¢ ´��Æõ = 14À�îüõ âÎì �¤ üÜ¡�¢ ùbÂþ�¢ �¤�¬ ßþ� ¤¢ .Àª�� ý¢�Þä �¤�¬ �� Â�ø Ý��î ­Âê :�ø¢ ´ó��ø¤ ßþ� ¥� .À�î âÎì ´¨� Âµõüµ÷�¨ 2 �î �Â÷� ÂÎì Âð�

À�î âÎì �¤ üÜ¡�¢ ùÂþ�¢ Â�ø �Ø�þ� ñ�Þµ��= Âµõ üµ÷�¨ 2Âµõ üµ÷�¨ 4 = 12Â��ç� ��2 ß���õ � �b þø�¥ .Àª�� ï¤�� ùbÂþ�¢ ²� ´Þ¨ ,Â�ø ý�úµ÷� ×þ Ý��î ­Âê :��¨ ´ó���Áó .À�î Â��ç� ��6 ß�� Âð� À�îüõ âÎì �¤ üÜ¡�¢ ùbÂþ�¢ ø À�îüõÀ�î âÎì �¤ üÜ¡�¢ ùÂþ�¢ Â�ø �Ø�þ� ñ�Þµ��= 2�62�2 = 13



7 ��óø� Ý�û�Ôõ .1 ÛÊê

ù�ðÂû ´¨� üê¢�Ê� Â�çµõ ×þ X : 
! R ¤�ÀÖõ üÖ�Ö� â��� (üê¢�Ê� Â�çµõ) 7.1.1 ÓþÂã�.f! 2 
 : X(!) � ag 2 A ,a 2 R Âû ý�Â��bÜ�¨�� x 2 R Âû ý�Â� �î FX : R ! [0;1℄ â��� (âþ¥�� â���) 8.1.1 ÓþÂã�FX(x) = P (f! 2 
 : X(!) < xg).¢�ªüõ ùÀ�õ�÷ X üê¢�Ê� Â�çµõ âþ¥�� â��� ,¢�ªüõ ÓþÂã�â��� ù�ðÂû ¢�ªüõ ùÀ�õ�÷ �µ¨��� Â�çµõ X üê¢�Ê� Â�çµõ (�µ¨��� üê¢�Ê� Â�çµõ) 9.1.1 ÓþÂã��Øþ¤�Î� Àª�� ¢���õ f ¤�ÀÖõ üÖ�Ö� ø üÔ�õ�÷8A � R : P [X 2 A℄ = ZA f(x)dx ù�Ú÷� A = RÂð� øP [X 2 R℄ = Z 1�1 f(x)dx = 1.À�õ�÷ X üê¢�Ê� Â�çµõ üó�Ú� â��� �¤ f â���â��� ø âþ¥�� â��� �b Î��¤ �¤�¬ ßþ� ¤¢ .Àª�� ¤�ÀÖõ üÖ�Ö� üê¢�Ê� Â�çµõ ×þ X Ý��î ­Âê:´¨� Âþ¥ �¤�Ê� ö� ü
 ó�Ú�FX(x) = P [! 2 
 : X(!) 2 (�1; x)℄ = Z x�1 f(t)dt



8 ��óø� Ý�û�Ôõ .1 ÛÊêü�¤�±ä �� �þf(x) = dFX(x)dx 8x 2 R:�î ´¨� ýÀã� - n üê¢�Ê� ¤�¢Â� ×þ ��b�� ñ�Þµ�� âþ¥�� â��� (��b�� âþ¥�� â���) 10.1.1 ÓþÂã�:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� ø À�îüõ É¿Èõ �¤ üê¢�Ê� ý�ûÂ�çµõ ß�� �bÎ��¤F (x1; : : : ; xn) = P (! 2 
 : X1(!) < x1; : : : ;Xn(!) < xn):X1; : : : ; Xn üê¢�Ê� ý�ûÂ�çµõ ��b� � ñ�Þµ�� üó�Ú� â�� � (��b� � üó�Ú� â�� �) 11.1.1 ÓþÂã�:¢�ªüõ ù¢�¢ Âþ¥ �¤�Ê�f(x1; : : : ; xn) = �nF (x1; : : : ; xn)�x1 : : : �xn :ñ�Þ µ�� ý�Ì ê ýø¤ ùÀª ÓþÂã � ü ê¢�Ê � Â � ç µ õ ×þ X Âð� (ü®� þ¤ À � õ�) 12.1.1 ÓþÂã�¥� ´Æ�¤�±ä X ü®�þ¤ À�õ� �þ ß�Ú÷��õ ¤�ÀÖõ ù�Ú÷� ,Àª�� (
;A; P )E(X) = Z
XdP; Ýþ¤�¢ �µ¨��� üê¢�Ê� Â�çµõ ý�Â�E(X) = Z 1�1 xf(x)dx:.¢�ªüõ ù¢�Ôµ¨� X üê¢�Ê� Â�çµõ ü®�þ¤ À�õ� ý�Â� � = E(X) ¢�Þ÷ ¥� °Üè�:´¨� Âþ¥ ¤�Âì �� ü®�þ¤ À�õ� «��¡ ¥� ü¡Â� .À�µÆû üê¢�Ê� Â�çµõ ø¢ Y ø X Ý��î ­Âê.E(aX + bY ) = aE(X) + bE(Y ) :Ýþ¤�¢ b ø a ´��� ¢�Àä� ý�Â� (1.E(X) � E(Y ) ù�Ú÷� X � Y Âð� (2



9 ��óø� Ý�û�Ôõ .1 ÛÊêÝ � ª� � � µ ª�¢ 0 < � < 1 ý�Â � ü � ã þ) À ª� � �À ½ õ ü ã �� � g Â ð� (4ßÆ � � ýø� Æ õ� ÷) (3.g(E(X)) � E(g(X)) ù�Ú÷� ,(g(�x + (1� �)y) � �g(x) + (1� �)g(y): Ýþ¤�¢ g(x) = x2 ø g(x) = jxj ý�Â� «�¡ ´ó�� ¤¢jE(X)j � E(jXj); jE(X)j � qE(X2):.P (X � a) � E(X)a ù�Ú÷� a > 0 ø Àª�� üÔ�õ�÷ üê¢�Ê� Â�çµõ ×þ X Âð� (5Óî¤�õ ýø�Æõ�÷) (4ù�Ú÷� ,À�ª�� üû��µõ �2 = V ar(X) ø � = E(X) Âð� (6ÓÈ�±� ýø�Æõ�÷) (5P ((X � �)2 � a) � �2a :ÓþÂã� Â þ¥ �¤�Ê� X üê¢�Ê� Â �ç µ õ Å÷� þ¤�ø (¤� �ã õ é�Â½÷� ø Å÷� þ¤�ø) 13.1.1 ÓþÂã�:¢�ªüõV ar(X) = E[(X � �)2℄ = E(X2)� �2;:¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� ��÷ X üê¢�Ê� Â�çµõ ¤��ãõ é�Â½÷�� = qV ar(X):Âþ¥ �¤�Ê� X1;X2 üê¢�Ê� Â �ç µ õ ø¢ Å÷� þ¤��î (üÚµÆ±Þû ø Å÷� þ¤��î) 14.1.1 ÓþÂã�:¢�ªüõ ÓþÂã�Cov(X1;X2) = E[(X1 �E(X1))(X2 �E(X2))℄ = E(X1X2)�E(X1)E(X2);Jensen's inequality4Markov's inequality5Chebyshev's inequality6



10 ��óø� Ý�û�Ôõ .1 ÛÊêñ�õÂ÷ Å÷�þ¤��î X2 ø X1 Â�çµõ ø¢ üÚµÆ±Þû °þÂ® .�1 = E(X1); �2 = E(X2) ö� ¤¢ �î:´¨� ùÀª�X1;X2 = Cov(X1;X2)�1�2 ;.À÷��µÆ±Þû X2 ø X1 ù�Ú÷� Àª�� ÂÔ¬�÷ üÚµÆ±Þû °þÂ® Âð� .�1 � �X1;X2 � 1 Ýþ¤�¢ ù¤��Þû:¢�ªüõ ÓþÂã� Âþ¥ �¤�Ê� üê¢�Ê� Â�çµõ ×þ ��k �b±�Âõ ¤ø�µÈð (¤ø�µÈð) 15.1.1 ÓþÂã��k = E(Xk) = Z 1�1 xkf(x)dx:,Àª�� �2 Å÷�þ¤�ø ø � ß�Ú÷��õ ý�¤�¢ X üê¢�Ê� Â�çµõ Âð� (¢¤�À÷�µ¨� Â�çµõ) 16.1.1 ÓþÂã�¢¤�À÷�µ¨� üê¢�Ê� Â�çµõ �¤ ´¨� ×þ Å÷�þ¤�ø ø ÂÔ¬ ß�Ú÷��õ ý�¤�¢ �î Z = X��� üê¢�Ê� Â�çµõ.Ý�õ�÷üõâ�� � Âð� À� þ�ð (ñ�õÂ ÷) ü¨ø�ð �¤ X : 
 ! R üê¢�Ê� Â�çµõ (ñ�õÂ ÷ Â�ç µõ) 17.1.1 ÓþÂã�:Àª�� Âþ¥ �¤�Ê� ö� üó�Ú�f(x) = 1�p2�e�(x��)22�2 ;.X � N(�; �2) Ý�Æþ�÷üõ ø �2 = V ar(X) ø � = E(X) ö� ¤¢ �îö���üõ .À�û¢üõ Çþ�Þ÷ N(0;1) �� �î Àþ�üõ ´¨À� ¢¤�À÷�µ¨� ü¨ø�ð âþ¥�� � = 1 ø � = 0 Âð�:Àþ�üõ ´¨À� Âþ¥ �¤�Ê� ñ�õÂ÷ üê¢�Ê� Â�çµõ ¤ø�µÈð ¢�¢ ö�È÷8>><>>: �2k+1 = 0�2k = kQj=1 (2j � 1)�2k::´¨� ���� ý�û¤ø�µÈð �b±¨�½õ ý�Â� ýÀ�Ôõ �b¹�µ÷ Ûõ�ª Âþ¥ Ýóù�Ú÷� � 2 C Âð� .Àª�� N(�; �2) âþ¥�� �� ¤�ÀÖõ üÖ�Ö� üê¢�Ê� Â�çµõ ×þ X Âð� ℄17[ 1.1.1 Ýó.E[e�X ℄ = e��+12�2�2



11 ��óø� Ý�û�Ôõ .1 ÛÊêù�ðÂû À�þ�ð (ùÂ�çµõ À��) ü¨ø�ð �¤ X : 
! Rn üê¢�Ê� ¤�¢Â� (ü¨ø�ð ¤�¢Â�) 18.1.1 ÓþÂã�:Àª�� Âþ¥ �¤�Ê� ö� üó�Ú� â���f(x) = 1((2�)ndetC)1=2 e�12 (x�m):C�1(x�m)T (x 2 Rn);ÅþÂ��õ �î) C ß�ãõ ´±·õ ö¤�Öµõ ÅþÂ��õ ×þ ø (¢�ªüõ �µÔð ß�Ú÷��õ �î) m 2 Rn ×þ ý�Â�.X � N(m;C) Ý�Æþ�÷üõ ´ó�� ßþ� ¤¢ .(´¨� Å÷�þ¤��îø ÛÖµÆõ üÖ�Ö� üê¢�Ê� ý�ûÂ�çµõ X1; : : : ;Xn; : : : Ý��î ­Âê (ý�îÂõ À� �b �Ìì) 1.1.1 ��Ìì�Øþ¤�Ï À�ª�� âþ¥��ÝûE(Xi) = �; V ar(Xi) = �2 > 0; i = 1;2; : : ::Ýþ¤�¢ �1 < a < b < +1 Âû ý�Â� ù�Ú÷� ,Sn = X1 + : : :+Xn Ý�û¢ ¤�Âì Âð�limn!1P (a � Sn � n�pn� � b) = 1p2� Z ba e�x22 dxý�û´ó�� .Àª��üõ ´�Þû� ���� üþ�ÂÚÞû üÚ÷�Ú� ßµÆ÷�¢ üê¢�Ê� ý�ûÂ�çµõ ¥� �ó�±÷¢ ×þ ý�Â�.Ý��îüõ ù¤�ª� �ú÷� ßþÂ�ñ�Þãõ �� Âþ¥ ¤¢ �î ¢¤�¢ ¢��ø üÔÜµ¿õ üþ�ÂÚÞû×þ ñ�Þµ�� � � fXn(!)g üê¢�Ê� ý�ûÂ�çµõ �b ó� ± ÷¢ (ß�Öþ � � °þÂì üþ�ÂÚÞû) 19.1.1 ÓþÂã�: Âð� ´¨�ÂÚÞû X(!) �� (W:P:1)P (f! 2 
 : limn!1 jXn(!)�X(!)j = 0g) = 1.À�þ�ð ��÷ 7(a:s) ßÿÞÎõ �f±þÂÖ� üþ�ÂÚÞû �¤ üþ�ÂÚÞû ßþ�ø E(X2) <1 �� fXng üê¢�Ê� ý�ûÂ�çµõ �b ó�±÷¢ (��ã�Âõ ß�Ú÷��õ ¤¢ üþ�ÂÚÞû) 20.1.1 ÓþÂã�:Âð� ´¨�ÂÚÞû X �� ��ã�Âõ ß�Ú÷��õ ¤¢ E(X2n ) <1limn!1E(jXn(!)�X(!)j2) = 0: Almost sure7



12 ��óø� Ý�û�Ôõ .1 ÛÊê
X � � ñ� Þ µ �� ¤¢ fXng ü ê¢�Ê � ý� ûÂ � ç µ õ �b ó� ± ÷¢ (ñ� Þ µ �� ¤¢ ü þ�Â Ú Þ û) 21.1.1 ÓþÂã�� > 0 Âû ý�Â� Âð� ´¨�ÂÚÞûlimn!1P (f! 2 
 : jXn(!)�X(!)j � �g) = 0�¤�Ê� �Â÷� ö���üõ ø ´¨� ßþÂ�Ó�ã® üþ�ÂÚÞû ÂÚþ¢ ÓþÂã� �¨ ß�� ¤¢ üþ�ÂÚÞû ÓþÂã� ßþ�:´ª�÷ ��÷ Âþ¥limn!1E( jXn �Xj1+ jXn �Xj ) = 0:´¨�ÂÚÞû X �� âþ¥�� ¤¢ fXng üê¢�Ê� ý�ûÂ�çµõ �b ó�±÷¢ (âþ¥�� ¤¢ üþ�ÂÚÞû) 22.1.1 ÓþÂã�Ý�ª�� �µª�¢ FX �bµ¨��� ¯�Ö÷ ��Þ� ¤¢ Âð�limn!1FXn(x) = FX(x):¤¢ üþ�ÂÚÞû ø ñ�Þµ�� ¤¢ üþ�ÂÚÞû ,��ã�Âõ ß�Ú÷��õ ¤¢ üþ�ÂÚÞû ø ×þ ñ�Þµ�� �� üþ�ÂÚÞûüþ�ÂÚÞû ø Àû¢üõ �¹�µ÷ �¤ âþ¥�� ¤¢ üþ�ÂÚÞû �ú�� ñ�Þµ�� ¤¢ üþ�ÂÚÞû ,À�û¢üõ �¹�µ÷ �¤ âþ¥��.℄4[Àû¢üÞ÷ �¹�µ÷�¤ �ûüþ�ÂÚÞû ÂÚþ¢ ¥� ×þ º�û âþ¥�� ¤¢

üê¢�Ê� ý�ûÀ�þ�Âê 2.1üê¢�Ê� ý�ûÂ �ç µ õ ¥� ´¨� ý�ù¢�� ÷�¡ ,üê¢�Ê� À � þ�Â ê ×þ (üê¢�Ê� À � þ�Â ê) 1.2.1 ÓþÂã�­Âê üÖ�Ö� Âþ¢�Öõ �î (
;A; P ) ñ�Þµ�� ý�Ìê ×þ ýø¤ ! 2 
 ø t 2 T Â�çµõ ø¢ ¥� X(t; !)¤¢ ö�õ¥ ö���ä �� t Âµõ�¤�� .´¨� ÂþÁ�ù¥�À÷� -P ´��� ý t Âû ý�Â� ! ¥� üã��� ö���ä �� ø À÷�ªüõX(:; !) ø Àª��üõ 
 ñ�Þµ�� ý�Ìê ýø¤ üê¢�Ê� Â�çµõ ×þ X(t; :) .¢�ªüõ Â�±ã� T ü÷�õ¥ ùb¥��.¢�ªüõ ùÀ�õ�÷ �÷�Þ÷ Â�Æõ ��÷



13 ��óø� Ý�û�Ôõ .1 ÛÊê.À�ª�� Å÷�þ¤��î ø ¤ø�µÈð â���� ý�¤�¢ À�÷���üõ üê¢�Ê� ý�ûÀ�þ�Âê ,üê¢�Ê� ý�ûÂ�çµõ À�÷�Þû:¢�ªüõ ù¢�¢ Âþ¥ �¤�Ê� X(t; !) Âó�Ø¨� üê¢�Ê� À�þ�Âê ×þ Å÷�þ¤��î ø ß�Ú÷��õ â���mX(t) = E(X(t; !));KX(t1; t2) = Ef(X(t1; !)�mX(t1))(X(t2; !)�mX(t2))g:ø ÛÖµÆõ�¤ X1; : : : ;Xn üê¢�Ê� ý�ûÂ�çµõ �b ó�±÷¢ (âþ¥��Ýû ø ÛÖµÆõ ý�ûÂ�çµõ) 2.2.1 ÓþÂã�ù�ðÂû À�þ�ð âþ¥��ÝûFX1(x) = FX2(x) = : : : = FXn(x) = FX(x) ø F (x1; x2; : : : ; xn) = nYi=1F (xi):ý�Â� ù�ðÂû Ý�þ�ð (ñ�õÂ÷) ü¨ø�ð �¤ X(t) üÖ�Ö� üê¢�Ê� À�þ�Âê (ü¨ø�ð À�þ�Âê) 3.2.1 ÓþÂã�.Àª�� ùÂ�çµõ - n ñ�õÂ÷ ö� ýÀã� - n ��b�� âþ¥�� ,n üã�±Ï ¢Àä Âûâþ¥�� Âð� Ý� ��ð Óî¤�õ À�þ�Âê ×þ �¤ X(t) üê¢�Ê� À�þ�Âê (8Óî¤�õ À�þ�Âê) 4.2.1 ÓþÂã�üÚµÆ� üÜãê ´ó�� �� ÍÖê �µªÁð ���� ��Þ� ø üÜãê ´ó�� ö¢�� ��Üãõ ­Âê �� ùÀ�þ� üÏÂªÝ�ª�� �µª�¢ s1 < s2 < : : : < sn < t Âû ý�Â� ü�ãþ ,Àª�� �µª�¢P [X(t) 2 AjX(s1) = x1; : : : ;X(sn) = xn℄ = P [X(t) 2 AjX(sn) = xn℄:
Â�þø À�þ�Âê 3.1�� �î âþ�õ öø¤¢ ù¤£ ×þ ü���Ç�� Û��ìÂ�è ¤�µê¤ ùbÀþÀ� Ó�¬�� ý�Â� ´¨� ý�ù��ø ü÷ø�Â� ´îÂ�ý�Â� ýÀ�Ü��Ø¨� §��ªù��ð öø�Â� �Â��¤ .¢�ªüõ ñ�Þä� í�ØÎ¬� ���è ¤¢ üê¢�Ê� íÂ½õ �bÜ�¨øMarkov pro
ess8


