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	 "%$&" Ý(' ! ?*),+
K �=�L7 �L� -ji 7k�.n	 �Mc  RV d\�=� � 6 c f � �g R��6��L�LV� p  3 A d p ∈ (0,∞)  RVr�X  � A 3C6SD E � 

(A∗A)p ≥ (AA∗)p

UscX"#��S�� /sF�0 K�@L6�H;� �J��S�� /sF�0 K�@L6�H�F�4�f�YexkF�HI�h��F9��M��3�E� $��
d\�=� � 6 c f � �g R��6��L�LV� ∞  3 H

A  R< 4 �LVr� �L�B� �1�G3 A 3��� ��  j�H�9� Y�Zr j> 4�?w@�� "%$&" Ý(' ! ?*),+
TL� 7 �L� f � �g R��6��L�LV� p d p ∈ (0,∞)  RVB�X  �  c 

UscX"#��S�� /sF�0 K�@L6�H;� ∞ ��S�� /sF�0E�:oL ~F�4�f�YexkF�H��P(G� (�NG6�H�� KG1�+-� 5E0��3/e� (G���)(

ULNG6L$�%`!	/<�����Gd}(G� �9���S�� /sF�0��� � A�y��_� ��"^O9%Jt�6��9!^"#� "#���_� H �u� o�M ���L\���(���KG/~��$e��+�K�$�%)�

U 2 � ��4 cX"#� 4 S�� /sF�0E�:oL 3 ��S�� /sF�0GF�4�f�YexkF�H , �
U 2 � � 4 cX"#��S�� /sF�0GF�� \b��S�� /sF�0E�:oL ~F�4�f�YexkF�H ,��

normal3

subnormal4
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U 2�� � 4 cX"#� 5 S�� /sF�0 K�@L6�H���S�� /sF�0GF�� \^F�4�f�YexkF�H , �
U 2 
 4 cX"#��S�� /sF�0 K�@L6�H;� ∞ ��S�� /sF�0E�:oL ~F�4�f�YexkF�H ,��

U 2 � ��4 cX"#��S�� /sF�0 K�@L6�H;�
p
��S�� /sF�0 K�@L6�H;� ∞ F�4�f�YexkF�H , 


U 2'� 4 cX"#��S�� /sF�0 K�@L6�H;� �_6e� � ��S�� /sF�0 K�@L6�H;�
p
F�4�f�YexkF�H , �

�
q < p

F H �_�F �
CT

&3� 4 0nd UL�  #� �ES�� /sF 0 K @ 6 H;�
p
�
CT

F 4 f Y x �
p, q > 0 � 6 $ %�� F m5, �
U 2�� 4 cX"#��S�� /sF�0 K�@L6�H;�

q

�3�:������ ��F�1�dX�9Q�m��)(��b�P(�F�%<NG6�H�� KG1�& ���  #� �#� �-(���� KG/�\���(���KG/~��$e� Z � o��:���3���:� O91b��KGT �3���3/e� (G�L�)(
UscXB�6�0����F�rnF���!	f�%bc���� [b�)(��^KGm!� �:� ���m����x �3%,(G� (�NG6�H�� KG1�+-� 5E0�!	�:� H�S�� ��/

#�� Ì °�� ¾.Æ.Ò °%) À )�¼¸ÙQÄ À�� ¼	� ¶¸Æ.» s¼�(*)6· Â ��* �
� �

Lp �_� � m�� �9+ed7� 6 "`K MG�>&:(�F %u� ��F � M
L1 �_� � m#��������_! TeF  � 6 /e�LF 4 f Y x�c Y B r#t �:���)(

ULNG6�H (G!	/1p�F� 
! $ � � . �  #� ��F � � 7�& \�� � 0:� T : X −→ X

� �:� M��>&:(LK ��& \�� � 0:���_� � mqD � (X,
∑

, µ) N 6 $ %`! /
� F m

UscX"#��F�o�y �
σ
D �

T−1∑ 2 � t 4 �3��� $�� U , T−1∑ = {T−1A| A ∈ ∑} �3% T−1∑ ⊆ ∑

& \�� � 0:�e�
f : X −→ R+ t 6 � /�� �:� Mp�

A ∈ ∑ F HV�_�F �p� � ; mnF aEF w 0��)(~��
µ|T−1

∑

+�K $ %)�

q NG6L$�%`!	/,�h��F9��M�F�� \ Z ��K�� �3����
νf : T−1∑ −→ R+

νf(A) =
∫

A
f dµ.

hyponormal5
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Usc "#�����F rnF �9N ��(LK � 6 0�+��)(G��_� 6 � r!� �:� F  �� � �,U
νf << µ

��&:(LK �^c o � /<& \�� � 0:�pD �
νf
p�K �,�_� �

�3%J����KGT �3���P(���� (k(LKGy)�
f̃ ≥ 0 � f̃ ∈ L1(T−1∑) ��KG%���/,�:6L��r��3��� $��_��7

νf (T
−1A) =

∫

T−1A
f̃dµ.

q NG6L$�%`!	/,�h��F9��M�F�� \ Z ��K�� �3����
E
F�4�f�Yex S�� [

E : L1(X,
∑

, µ) −→ L1(X, T−1
∑

, µ),

Ef = f̃ .

q N�� ��� (kN���(LKG�)6�0+�V+��)(G��>�:6L��r��3�E� $��
∫

T−1A
fdµ =

∫

T−1A
f̃dµ =

∫

T−1A
Efdµ.

, �`U�� .
� f ; � /~�� ; �:� � 0G��! C 6 C [�� �:� K ME� ��S�� [ ULN ��(�F %b� ��F � M9��

E
F 4 f Y x�! � $ /e� 0(� �:� K M��_�F ��� l 6 ; 0 �)(

ULNG6�H (G!	/~NG6�YI��M
�

f+ � %
f = f+ − f− Z ��K � t �:�L�)(hUL�  #� �-! C 6 C [�� �:� M9D �

f
N 6 $ %`! / � F me��K w $ / t �:���_�F �

f̃2
�

f̃1
� �:� K M �P(LK  #! /<� l 6 ; 0

f− � f+ �_�F ���#� ��� 0 ���X�*F 6 a ��� %,� �9� �9� � �*UL� $ ; B H>! � $ /e� 0Q� �:� K M
f−

q N�� ��� (��3%J����KGT �3���s��0 ��� (k(LKGy)�

E(f−) = f̃2 , E(f+) = f̃1.

q N�� ��� ( f
!	C 6�C�[ �G�:� M9�_�F����3l�6L;�0��)(

Ef = E(f+) − E(f−) = f̃1 − f̃2 = f̃ .

Z ��K � t �:�s�)(��s�  #� �_� f ; � /
f

� �:� MGF a)�`S�� [ Usc "#�����F rnF �
f̃
�_�F � , �`U�� . ����� B MEt 6 $ v Y H

� ���s� 0 ��� (k(LK y)�
f̃2
�

f̃1
� �:� K ME� � �<UL� $ ; B H�! C 6 C [u�)()F H

Ref
�

Imgf
� %

f = Ref + iImgf
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q N�� ��� (��3l�6L;�0��)( E(Imgf) = f̃2
�

E(Ref) = f̃1
�3%,����KGT

E(f) = E(Ref) + iE(Imgf) = f̃1 + if̃2 = f̃ .

q cX"#�L���F�rnF�� f̃ �_�F��GF�� \>����� BEM#p�K��,���3�
∫

T−1A
f dµ =

∫

T−1A
f̃dµ =

∫

T−1A
Ef dµ.

� �:�������^F � \�� 6 � r�� � ; �:�|��K w $ /~t �:���_�F �~ULN 6 H (G! / N 6 Y � M
Lp(X,

∑

, µ) �_� � m�� ���� E
F 4 f Y x�S�� [

ULNG6�H (G!	/

�
	%.\6 � X  � � V � � i � � σ � < � � 	����� �� � � µ d 1 ≤ p < ∞ � � � ��� �1�! � Ý#" Þ
" Ý��������
- � d . 3��.X.\6 ^ �u�9.  	 �  
 b � � g ∈ Lq(µ) A 3C6 D 0��e3G.BTL� 7 � � 3��� ��  � �e� Y Z Lp(µ)  � φ � ��� �

K � � 3��. - �e�
3C6 �

φ(f) =
∫

X
fg dµ, (f ∈ Lp(µ)).

T�� � � i� V � ��� ? ��� �w.�� � q � p� T ||φ|| = ||g||q 	 ��� @ - �
U 2 � t 4 �)( Z � o��:�

ULNG6L$�%`!	/~N�H��F�m
Lp �_� ��m��3� E F�4�f�Yex ��6L"`KGM9�_�F�����7� �:� F� <F�� \��:6L��r Z � o��:��� �9+�K�$�%)�

�t	%.\6 �  < ^ � σ � � A ⊆ ∑ �W� V � � i � � σ 	����� ��#� � � � (X,
∑

, µ)  c  $&" Þ
" Ý��������

.\6 ^ � Lp(X,A, µA) - ��� 4 Q i �u� ��� i � � f̃ d f ∈ Lp(X,
∑

, µ)  VB�X  � 	 � > � � TL� 7 � � 1 < p < ∞

K � � 3��. g ∈ Lq(X,A, µA)  RVB�X �� - � - �l�
3C6 � - � d . 3��.
∫

X
gfdµ =

∫

X
gf̃dµA.

TL� � i� V � ��� ? ��� �w.�� � p, q
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q �� #� �9&��� {�h��F9��M�F�� \ Z ��K�� �3�
lf
�

f ∈ Lp(µ) NG6L$�%`!	/ � F�m "�� � ���65
lf(g) =

∫

X
fgdµ, g ∈ Lq(µ).

t �:� F �:� $ �
.||lf || < ∞ N 6 H (k+-� 5 0�c B 6 m�� %���K w $ /<t �:���_�F �,U

lf ∈ [Lq(µ)]∗ N 6 H (G! /~+-� 5 0�+�K $ %)�

q N�� ��� (

|lf(g)| ≤
∫

X
|f ||g| dµ

≤ ||f ||p||g||q

q N�� ��� ( Z ��K�� tE�:���)(

||lf || ≤ ||f ||p < ∞

=⇒ lf ∈ [Lq(µ)]∗

U
lf ∈ [Lq(µ)]∗ (LK� #!	/,�3l�6L;�0-tE�:�F��:� $��

q N�� ��� ( Z ��K�� tE�:�L�)(_U
l̃f = lf |Lq(X,A,µA)

�sNG6�H (G!	/����F�rqS�� [

||l̃f || ≤ ||lf || = ||f ||p < ∞.

� ���P(���� (�(LK y)�
f̃ ∈ Lp(X,A, µA) � o r�� 6 � r�� �E� $ ��� l 6 ; 0 �)(�U

l̃f ∈ [Lq(X,A, µA)]∗ t �:� F �:� $ �

q N�� ��� ( g ∈ Lq(X,A, µA) F�Hh�_�F��E�3%,����KGT

l̃f (g) =
∫

X
f̃g dµA.

q N�� ���Gd)!	/,cX" (k�3�9tE�:�F��:� $��
∫

X
fg dµ = lf(g)|Lq(X , A , µA) = l̃f(g) =

∫

X
f̃ g dµA.
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ULNG6L$�%`!	/,�h��F9��M�F�� \ Z ��K�� �3�
Lp(X) �_� ��m������>�� E

F�4�f�Yex S�� [

E : Lp(X,
∑

, µ) −→ Lp(X, T−1
∑

, µ),

Ef = f̃ .

q cX #� (qNG6�H�� KG1��h��F9��M�tE�:��� �

||E(f)||p = ||f̃ ||p = ||l̃f || ≤ ||lf || = ||f ||p.

UscX"#� � � o�C�0:��D �
E
tE�:�F��:� $��

\���F o y �
σ
F � \�D � A N 6 $ %`! /
� F m�ULN � \�� (�F 7:! /

E
F 4 f Y x �_� H�! a"! � �^\���! 1]F �9+-� 6 �-� ��� /e� (G���)(

q N�� ��� ( Z ��K�� tE�:���)(_UL�� #� � ∑

q 2 � � 4 N�� ��� ( f
F�� ��7�& \�� ��0:� � ∑ �G�:� MGF�Hq�

a
F�� ��7�& \�� ��0:� � A �G�:� M�F�Hh�_�F�� , �

E(af |A) = aE(f |A).

�
f ≥ 0 F a)��t 6 $ v Y H�U

E(f) ≥ E(g) &3� 4 0nd f ≥ g
�>&:(LK �GF � � 79& \�� � 0:� � ∑ � �:� K M

f
�

g
F a)��,��

U 2 � � 4 cX"#� 6 � K�$������� ��6�%)� E F�4���( Z ��� o�x��3�~U
f = 0 &3� 4�0nd E(f) = 0

q 2 � � 4 N�� ��� ( f ∈ L2(X,
∑

, µ) � A ∈ A F�Hh�_�F�� , �
∫

A
f dµ =

∫

A
E(f |A) dµ.

strictly monotone6
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q 2 � � 4 N�� ��� ( f ∈ L2(X,
∑

, µ) ! � $�/e� 0��G�:� MGF�Hq�
r > 0 F�Hh�_�F�� ,��

supportEf = supportE(f r).

UscX"#�
f
��YeRq/<��/e�  ~F�� ��7�& \�� ��0:� A �3x�KGYelq/<tE��F�;��-�)KG%

E(f r) ��YeRq/<t�6L$�vqYeH

\����_� H�� x�K Y l /<� H
Ak . {Ak}k≥0

� "`K M�� %,�  #� � ∑ \���� R /�F o y �
σ
F � \ A N 6 $ % � F m5, 


q 2 � � 4 N�� ��� ( Z ��K�� tE�:�L�)(_UL�� #� �-&��� i��6�� KGM~U ,���0:� cXo+��/<& \�� ��0:�

E(f |A) =
∑ 1

µ(Ak)
(
∫

Ak

f dµ) χAk
.

Ì ¯QÄ ¼¸´ Ì °�� À���� �*Ä�Ä °�� ��^Ç 	1* �
ULNG6�H (G!	/,�3�:�������XWL\p�{�_� H�!	a"!�� �#��� H�N���[]\���!	1]F���8��q�9tE�:���)(

F Hh�_�F �E! $ � � ��c "#�
L2(X, T−1∑, µ) ��K ME� � 7 ��� R ����(LK 1XF � K Q M�c  #� 4 09D �

E
F 4 f Y x , �

q N�� ��� ( f ∈ L2(X)

E2(f) = E(f) , E∗(f) = E(f).

N 6 $ %`! /
� F m`��K w $ /~t �:���_�F ��Usc "#����� R ����(LK 1
E
N 6 H (G! /~+-� 5 0�� � ; �:� "��	� � ��


q N�� ��� ( Z ��K�� tE�:�L�)(_U
f, g ∈ L2(µ)

< f, E∗(g) > = < E(f), g > =
∫

X
E(f)ḡ dµ.

self-adjoint projection7
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q N�� ��� (ktE�:�F��:� $����s��0:� F�� ��7�& \�� ��0:� � T−1 ∑ �
E(ḡ) � E(f) +�K6�

< f, E∗(g) > =
∫

X
E(E(f)ḡ) dµ =

∫

X
E(f)E(ḡ) dµ

=
∫

X
E(fE(ḡ)) dµ =

∫

X
fE(ḡ) dµ =

∫

X
fE(g) dµ,

q N�� ���Gd)!	/,cX" (k�3��� ���
∫

X
fE(g) dµ = < f, E(g) > = < f, E∗(g) > .

UscX"#����� Rq����(LKG1
E
�s��H (G!	/<+-� 5E09tE�:���

E∗(g) = E(g) tE�:�F��:� $��

F 4 f Y x � � K 1u\���&:(G� � ; "#��� ����S�����c Y B r�� �:� 5 / Usc "#��F � K Q MGF 4 f Y x
E
N 6 H (G! /<+-� 5 0�S�� [

q N�� ��� ( E

< E2(f), g > = < E(E(f)), g > = < E(f), E∗(g) > = < E(f), E(g) >

=
∫

X
E(f)E(g) dµ =

∫

X
E(f)E(ḡ) dµ =

∫

X
E(E(f)ḡ) dµ

=
∫

X
E(f)ḡdµ = < E(f), g >,

2
UscX"#��F�� K�Q�M

E
F�4�f�Yex ��7~U

E2 = E
� ���

< E2(f), g > = < E(f), g >
tE�:�F��:� $��

q N�� ��� ( A ∈ ∑ F�H��
f
F�� ��79& \�� ��0:���G�:� M�F�Hh�_�F�� ,��

∫

T−1A
foT dµ =

∫

A
hf dµ.

��K w $ /~t �:���_�F �bUsc "#�L���F rnF ��� Q � 5 /�� �:� K M��_�F �9N � [�N 6 H (G! /~+-� 5 0�� � ; �:� "��	� � ��

q cX #� (qNG6�H�� KG1 Z ��K�� tE�:�L�)(_UL�� #� �-&3� KG�q��(

B ∈ ∑ �sNG6L$�%`!	/ � F�m

∫

T−1A
χBoT dµ =

∫

X
χBoT.χ(T−1A) dµ,


