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�∀a ∈ F, ∀x ∈ X; ‖ax‖ = |a|‖x‖ �!
0∀x, y ∈ X, ‖x+ y‖ ≤ ‖x‖+ ‖y‖ ��

�'� $%��-� x ∈ X "`7� �� � (X, ‖.‖) ���IS�� ��B) �� {xn} �I"E�D�� YNXNXJM�#:/
�R8��/ "���� n > N �� ���/ "#I��2YI"/ �N ∈ N 
��/ "���� �2<� ε > � �� ���/
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B̄�(�) = {x : ‖x‖ ≤ �},
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‖x− y‖ ≤ N.

C ?4�U� �� R ,787� ��
C� ��
8� F R8.# ��) G������/ ��B)� YJ\XNXJ M�#:/
+� "# �E�F%� [�� � f-< �-C �� �/ X 
.��� ��I"C2-a� F ��� �����/ ��B) �
��/

g$%� ����2K�/ ��+ h�2K
x+y = y+x "# $%� �8�� ��.� x+y 
.��� �����/ y � x �������/ +� $L< �� "/ ��

gx+ (y + z) = (x+ y) + z �
�� ��+� "/ "# ��2Y "/ ���� � X �
D� �� �L� ����/� � 
.��� ���L/�:P.� ����/ X
�8�� ��.� −x 
.��� ���L/I�:P.� ����/ x ∈ X �� ��+� "/ � gx+ � = x �x ∈ X

gx+ (−x) = � "# $%�
"# $%� �8�� ��.� αx 
.��� ����/ m� x ∈ X � α, β ∈ F �/ (α, x) $L< �� "/ �!

α(βx) = (αβ)x, �x = x,
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0
.��/I,�

X 	�2UE� �I"C2-a� ��� ��2E2�2; m� +� �2�.� G�m��2E2�2; ��B)� YJ]XNXJM�#:/
g"#I,-bZI"/ (τ ⊂ P (X)) $%� X ���I"C2-a� ��+ +� τ �I	��2��K m�

gφ,X ∈ τ ��
gA� ∩ A� ∈ τ 	��* A�, A� ∈ τ �'� �!

0∪α∈ΛAα ∈ τ 	��* Aα ∈ τ �α ∈ Λ �� ���/ � 
��/ j�
�� �I	��2��K m� Λ �'� ��
�I"48%2/ 	
� �7E� m���� "/ $Db� "# X ���IS�� ��B) G�k���/ ��B)� YJRXNXJ M�#:/
�� ��+� "/ �'� �$%� k���/ ��B) m� X ,.5� 0���� S�� k���/ ��B) m� $%� S�; &���

g"#I��2YI"/ 
��/ x ∈ X 
.��� �2BC X +� {xn}∞n=� ,�# �I"E�D��
lim
n→∞

‖xn − x‖ = �.

0$%� S�; m���� ����B) +� ,��K ���I"�2-� k���/ ����B) �iE
0$%� k���/ ��B) M��;I	��% ‖x‖ = |x| S�� �/ ?4�U� ��B) YNVXNXJ D�Z�

m� R-���2% S�� �/ C�(X) �
��/ m��2E2�2; ��B) m� X 
8.# ��) YNJXNXJ D�Z�
0
�2�I,� �L� $���.8/ �� "# "�%28� f/�2; S�-; �I	�� C�(X) �* �� "# 0$%� k���/ ��B)
��B) ��� ��2E2�2; m� τ R8.# ��) G�m��2E2�2; �����/ ��B)� YNNXNXJ M�#:/

g"#I,-bZI"/ 
��/ X �����/
x ∈ X �� ���/ ,.5� 
��/ "�b/ τ "/ $Db� X +� ��I"`7� m; �I"C2-a� �� ��

g{x}c = X \ {x} ∈ τ �I"C2-a�
g
.��/ "�%28� τ "/ $Db� ����/ �� �E�F%� [�� � ������/ f-< c�-C� �!

m��2E2�2; �����/ ��B)m� ��X � R8���X ��� �����/ ��2E2�2; m� �� τ =�2� M�� ��
0R8�2'



� ,;��
7� ���D� � J���5; 0�

S�-; M���/�./ �
.�b� m��2E2�2; �����/ ��B) ���IS�� �����/ ����B) S�-; YNPXNXJ D�Z�
0
.�b� m��2E2�2; �����/ ����B) +� ,���E��� =�D48� ����B) � k���/ ����B)

τ � 
��/ m���� ��B) m� (X, d) R8.# ��) G���i� ,��
< ��B)� YN[XNXJ M�#:/
0Ē = X 	�' �� R8�2' c�� X �� �� E =�2� M���� 
��/ d m���� +� ���� ��2E2�2;
c�� ��i�I���-� �I"C2-a� ��+ m� ����� 	�'�� �R8��� ��i�I,��
< ��B) m� �� X c��

0
��/
0$%� ��i�I,��
< Rk YNQXNXJ D�Z�

,`K m5/�; m� 0
��/ m��2E2�2; �����/ ��B) m� X R8.# ��) YNUXNXJ M�#:/
g"#I,-bZI"/ C �� R "/ X +� l �I"�%28� $��� +� $%� =��DC X ���

∀x, y ∈ X, ∀c ∈ R l(cx) = cl(x) , l(x+ y) = l(x) + l(y),

,`K m5/�; =�2� M�� �� 
��/ R ��� ,`K ���IS�� ��B) m� X R8.# ��) �'�
g"#I,-bZI"/ 
��/ �2<2� M $D�� �
C 	�' �� R8��� ��
���# �� l : X −→ R

|l(x)| ≤ M‖x‖ ∀x ∈ X.

��'�� ��B) �� X ��� ,`K ���Im5/�; S�-; �I"C2-a� G���'��� YN\XNXJ M�#:/
T8� �E�F%� [�� � f-< "# 
8.# "<2; 0R8��I,� &��-� X ′ �/ �� �* � R8��� X m��2E2�2;

$%� J��5; �/�Z ��+ =�2� "/ X ′ ��

∀l�, l� ∈ X ′ , ∀λ ∈ R, ∀x ∈ X (l�+ l�)(x) = l�(x)+ l�(x) , (λl�)(x) = λl�(x).

l ∈ X ′ R8.# ��) 0�2�I,� ��
D; �����/ ��B) m� "/ �2K X ′ "# $%� ���� M���/�./
�=�2� M�� ��

‖l‖ = supx�=�
|l(x)|
‖x‖ ,

M���/�./ � $%� ���IS�� �����/ ��B) m� �2K X ′ 0
.# ,� J��5; X ′ ��� S�� m� j�
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0R8��I,� &��-� X ′′ �/ �� �* "# $%� J��5; �/�Z T8� X ′ ���/ ��'��
0X ′′ = X 	�' �� R8��� ,%�F5�� �� k���/ ��B) m� YN]XNXJ M�#:/

R8���X �� �D<−σ m� ��X �I"C2-a� ���I"C2-a� ��+ +�m �I"����' YNRXNXJM�#:/
G
��/ 
.�I	��/ ��+ h�2K +� m �'�

gX ∈ m ��
g$%� X "/ $Db� A R-�� Ac �* �� "# Ac ∈ m 	��* A ∈ m 	�'�� �!

0A ∈ m 	��* An ∈ m �n = �,�,
, ... ��+� "/ � A = ∪∞
n=�An 	�'�� ��

� ��i�I	+�
�� ��B) m� �� X 	��* �
��/ X �� �D<−σ m� m 	�' �� YPVXNXJ ($��
0R8���I,� X �� ��i�I	+�
�� ���I"C2-a� �� m ��BC�

,���� f � m��2E2�2; ��B) m� Y g��i�I	+�
�� ��B) m� X 	�' �� YPJXNXJ M�#:/
�Y �� V +�/ �I"C2-a� �� ��+� "/ �'� �$%� ��i�I	+�
�� f R8�2' 	��* 
��/ Y �2�/ X +�

0
��/ X �� ��i�I	+�
�� �I"C2-a� m� f−�(V )

� ��i�I	+�
�� �I"C2-a� m� E ⊆ X �'� YPNXNXJ D�Z�

χE(x) =

⎧⎪⎨
⎪⎩

� x ∈ E,

� x /∈ E,
��H��

0$%� ��i� 	+�
�� χE 	��*
�������	
�	 fn �n ∈ N � �	�	 �� � fn : X −→ [�,+∞] ��	 ������ ��� YPPXNXJ ,�

������ 
���∫
X

( lim
n→∞

inffn)dμ ≤ lim
n→∞

inf

∫
X

fndμ.

 � X !"#$% &� < p < ∞ � �'�� (�')* ���%� q � p �"#+ ,�� YP[XNXJ (�1B
&
#��� [�,∞] -' '�� �� X �� �������	
�	 ./�	�� g � f )"� � &
��� μ ����	
�	 �� ��	
�	 ��0�
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1-�2 !�	 -'∫
X

fgdμ ≤ {
∫
X

f pdμ} �
p{
∫
X

gqdμ} �
q (�)

�
{
∫
X

(f + g)pdμ} �
p ≤ {

∫
X

f pdμ} �
p + {

∫
X

gpdμ} �
p (�)

�p = q = � ��	 &34	 .56��5#"* ���6*�� (�) ���6*�� � -
�� ���6*�� (�) ���6*��
&34	 7��/* )�-	�� ���6*�� �� (�) ���6*��


.��/ 1��T� ����-� q � p �'� YPQXNXJ M�#:/
g ∈ Lq(μ), f ∈ Lp(μ), � ≤ p ≤ ∞, (

�
p
+

�
q
= �)

	��*
‖fg‖� ≤ ‖f‖p‖g‖q,

�
fg ∈ L�(μ).

	��* g ∈ Lp(μ) �f ∈ Lp(μ) � � ≤ p ≤ ∞ �'� YPUXNXJ M�#:/
‖f + g‖p ≤ ‖f‖p + ‖g‖p,

�
f + g ∈ Lp(μ).

	�'�� �
.��� [
P� I ⊆ R �I	+�/ �/ �� f ,787� f/�; G�[
P� f/�;� YP\XNXJ M�#:/
gR8��/ "���� � < λ < � �� � x, y ∈ I �� ��+� "/

f(λx+ (�− λ)y) ≤ λf(x) + (�− λ)f(y).

0$%� [
P� (−∞,∞) �/ ,��-� f/�; YP]XNXJ D�Z�
	��* ��i�I	+�
�� f : X −→ C � � < p < ∞ �'� G�Lp ����B)� YPRXNXJ M�#:/

gR8.#I,� J��5;
‖f‖p = {

∫
X

|f |pdμ} �
p ,
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gR8��I,� ���Z �
Lp(μ) = {f : X −→ C : ‖f‖p < ∞},

0R8���I,� f �Lp S�� �� ‖f‖p
f ∈ Lp = Lp((�,∞)) � � < p < ∞ 
8.# ��) G������ ���b���� Y[VXNXJ M�#:/

� 	�2/ �DE �I	+�
�� "/ $Db�
F (x) =

�
x

∫ x

�
f(t)dt (� < x < ∞),

�2�I,� J��5; ��+ =�2:/ ����� ���b���
‖F‖p ≤ p

p− �‖f‖p.

f �-P� �f : X → C � m��2E2�2; �����/ ��B) m� X R8.# ��) Y[JXNXJ M�#:/
gR8.#I,� J��5; ��+ =�2:/ ��

supp(f) = {x ∈ X : f(x) �= �}−.

�I	+�
��−σ ����� � μ�I	+�
�� �/� 	+�
�� ��B)m� ��E �I"C2-a� R8�2' Y[NXNXJM�#:/
0
��/ μ(Ei) < ∞ "# 
��/ Ei ���I"C2-a� +� ���i�I���-� (�-�<� E �'� $%� ,��.��
����	
�	 ��0� �' (Y, F, λ) � (X,G, μ) �"#+ ,�� �� .#"��� �"08� Y[PXNXJ (�1B
� � ≤ f ≤ ∞ ���� &
��� X × Y �� �������	
�	−(G× F ) 9���  � f � �'�� .�#:*−σ

(y ∈ Y, x ∈ X) ψ(y) =

∫
X

f ydμ , ϕ(x) =

∫
Y

fxdλ,

� �'�� �������	
�	−F �ψ � �������	
�	−G �ϕ �����∫
X

ϕdμ =

∫
X×Y

fd(μ× λ) =

∫
Y

ψdλ.

=�2� "/ � 	��� &��-� sgnf(x) �/ �� f $�OC f/�; G�$�OC f/�;� Y[[XNXJ M�#:/
gR8.#I,� J��5; ��+
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sgnf(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

� f(x) > �,
� f(x) = �,
−� f(x) < �.

�!H��


