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1 ÛÊê
��óø� ��õÀÖõ ø Ý�û�Ôõ

.Ý��î ö��� �¤ Àã� ñ�Êê ¤¢ ¥��÷ ¢¤�õ ý�þ�Ìì ø �û¢�Þ÷ Ýþ� ù¢Âî üã¨ ÛÊê ßþ� ¤¢×þ��ó���� ý�Ìê 1.1ù�ðö� ,Àª� � X �ä�Þ¹õ Â þ¥ ×þ X0 � X ø ×þ�� ó� �� � ý�Ìê ×þ (X:�) Âð� . 1.1 ÓþÂã�:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� X0 ýø¤ �î � jX0 ý��ó����� jX0 := fU \X0jU 2 �gý�Ìê Âþ¥ ×þ �¤ (X0; � jX0)×þ��ó���� ý�Ìê ø À�õ�÷ üõ üþ�Ìê Âþ¥ ý��ó���� �þ üþ�Öó� ý��ó����.À�õ�÷ (X:�)¤¢ �¤ W � X � Y �ä�Þ¹õ Â þ¥ .À �ª� � ×þ�� ó� �� � ý�û�Ìê X;Y À � � î Âê . 2.1 ÓþÂã�×þ ø U À�÷�õ X ¤¢ x üÚþ�ÆÞû ×þ (x; y) 2W Âû ý�¥� �� ù�ðÂû À�þ�ð ¥�� ü�Â® Û¬�� ý��ó������ �ú¹õ X � Y �ä�Þ¹õ .U � V � W �î üÞÆì �� ,À�ª�� �µª�¢ ¢��ø V À�÷�õ Y ¤¢ y üÚþ�ÆÞû.À�õ�÷ üõ X;Y ý�û�Ìê (ü�¤�î¢) �Â® Û¬�� �¤ ë�ê ý��ó�����µª�¢ üû��µõ Çª�� Âþ¥ ×þ ö� ¥�� Çª�� Âû ù�ðÂû À�þ�ð ù¢ÂÈê �¤ ×þ��ó���� ý�Ìê . 3.1 ÓþÂã�.Àª��1



2 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊêâ��� ×þ ø X �ä�Þ¹õ ¥� ÛØÈµõ (X; d) �ø¥ ×þ ¥� ´¨� �¤�±ä×þÂµõ ý�Ìê ×þ . 4.1 ÓþÂã�: �î ý� �÷�ð �� ( ×þÂµõ ��÷ �� ) d : X �X ! R üÖ�Ö�x = y Âð� ÍÖê ø Âð� d(x; y) = 0 ø d(x; y) � 0 ,y 2 Y Âû ø x 2 X Âû ý�Â� (1)d(x; y) = d(y; x) ,y 2 X Âû ø x 2 X Âû ý�Â� (2)d(x; z) � d(x; y) + d(y; z) ,x; y; z 2 X Âû ý�Â� .(ü·Ü·õ ýÂ��Â��÷) (3)Àª�� X ù¢ÂÈêø ×þÂµõ ý�Ìê Â� �µ¨��� ¤�ÀÖõ üÖ�Ö� â��� ×þ f À��î Âê [10℄ . 5.1 ��Ìì�î ý¤�Ï �� ,À�µÆû p; q 2 X À�÷�õ üÏ�Ö÷ �¤�¬ ßþ� ¤¢ .M = supx2X f(x) ø m = infx2X f(x)ø.M = f(q) ø m = f(p) �÷�� ý�Ìê 2.1ý�Ìê×þ X �¤�¬ ßþ� ¤¢ ,Àª�� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ X À��î Âê . 6.1 ÓþÂã�¢�ª Â�Ñ÷ ( x �Â÷) kxk üÔ�õ�÷ üÖ�Ö� ¢Àä ,X ¥� x �Ìä Âû ý�¥� �� ù�ðÂû ´¨� F ö�À�õ ýø¤ ¤�ÀõÂ÷:�î ý¤�Ï ��.kx+ yk � kxk+ kyk ,x; y 2 X Âû ý�Â� (1).k�xk =j � j kxk ,� 2 F Âû ø x 2 X Âû ý�Â� (2).x = 0 Âð� ÍÖê ø Âð� kxk = 0 ,x 2 X Âû ý�Â� (3)ö� ,¢�ª ÓþÂã� d(x; y) = kx� yk �¤�¬ �� �Ìê ¥� ÂÊ�ä ø¢ ß�� �Ü¬�ê ,¤�ÀõÂ÷ ý�Ìê ×þ ¤¢ Âð�.Àª�� üõ ¤�ÀõÂ÷ ý�Ìê ýø¤×þÂµõ×þ d ù�ðÀ�õ�÷ üõ üÎ¡ ÂÚÜÞä �¤ T : X ! Y .À�ª�� ý¤�¢Â� ý�Ìê ø¢ X;Y À��î Âê . 7.1 ÓþÂã�,� 2 F ø x; y 2 X Âû ý�¥� �� ù�ðÂûT (�x+ y) = �T (x) + T (y): (1� 1)



3 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê°��Â� �� ¤ Y ø X ¥� R(T ) = fT (x) : x 2 Xg ø N(T ) = fx 2 X : T (x) = 0g ý�û�Ìê Âþ¥.À�õ�÷ üõ T ¢Â� ý�Ìê ø ��� ý�ÌêÂ û ý�¥� � � ù� ðÂ û ´ ¨� ýÂ µ õø� þ� × þ T : (X; d) ! (Y; �) Â Ú Ü Þ ä . 8.1 ÓþÂã�.�(Tx; Ty) = d(x; y) ,x; y 2 X:Ýþ¤�¢ Àª�� üÎ¡ T ø ¤�ÀõÂ÷ X;Y �î üµó�� ¤¢: Ýþ¤�¢ x; y 2 X Âû ý�Â� �Âþ¥ kTxk = kxk (8x 2 X) ,´¨� ýÂµõø�þ� T�(Tx; Ty) = kTy � Txk = kT (y � x)k = ky � xk = d(y; x):´±·õ ø ´��� ¢�Àä� ù�ðÂû À�õ�÷ üõ ¥¤� Ýû �¤ X ¤�ÀõÂ÷ ý�Ìê ¤¢ k:k1 ø k:k2 �Â÷ ø¢ . 9.1 ÓþÂã�:Ý�ª�� �µª�¢ x 2 X Âû ý�¥� �� �î À�ª�� ¢���õ M;KKkxk1 � kxk2 �Mkxk1:.´¨� �µÆ� ,¤�ÀõÂ÷ ý�Ìê ×þ ¥� Àã±ó�üû��µõ ý�Ìê Âþ¥ Âû [10,23.7℄ . 10.1 ��Ìì�î F ö�À�õ ýø¤ ¤�ÀõÂ÷ ý�Ìê ×þ ¥� ´¨� �¤�±ä F ö�À�õ ýø¤  �÷�� ý�Ìê×þ . 11.1 ÓþÂã�.Àª�� �ÂÚÞû ö� ¤¢ üª�î �ó�±÷¢ Âû ÂÚþ¢ �¤�±ä �� .Àª�� Ûõ�î ÇõÂ÷ ¥� Û¬�� ×þÂµõ ´½�üõ ÓþÂã� Âþ¥ �¤�¬ �� `p(I) ,1 � p <1 Âû ý�Â� ,Àª�� �¤�Þª �ä�Þ¹õ ×þ I Âð� . 12.1 ñ�·õ:¢�ª`p(I) := fx = fxigi2I : kxkp = (Xi2I j xi jp)1p <1g (2� 1).´¨�  �÷�� ý�Ìê ×þ `p(I) ß��»Þû .À÷Âó�Ø¨� �û xi �î�� X ù�ðö� Àª�� X ý¤�¢Â� ý�Ìê ýø¤ ¥¤� Ýû �Â÷ ø¢ k:k1 ø k:k2 Ý��î Âê [1℄ . 13.1 ��Ìì.Àª��  �÷�� k:k2 �� X Âð� �ú��ø Âð� ´¨�  �÷�� k:k1.À÷¥ ¤� Ýû ù��¿ó¢ �Â÷ ø¢ Âû üû��µõ Àã� �� ¤�ÀõÂ÷ ý�Ìê Âû ¤¢ [1℄ . 14.1 ��Ìì



4 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊêÀã� �� Âð� �ú��ø Âð� ´¨� ù¢ÂÈê �fã®�õ �Â÷ ¥� Û¬�� ý��ó���� �� ¤�ÀõÂ÷ ý�Ìê ×þ [1℄ . 15.1 ��Ìì.Àª�� üû��µõ.Ý�û¢ üõ ö�È÷ IX¢�Þ÷ �� �¤ X ýø¤ ü÷�Þû ÂÚÜÞä�Â÷ ,Àª�� üÎ¡ ýÂÚÜÞä T : X ! Y ø À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ X;Y À��î Âê . 16.1 ÓþÂã�:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �î ù¢�¢ ö�È÷ kTk �� �¤ T ÂÚÜÞäkTk = supfkTxkkxk : x 2 X;x 6= 0g (3� 1)ù¢��÷�¡ .kTk =1 ù�ðÂû À�õ�÷ üõ ö�Âî ü� �¤ ö� ø kTk <1 ù�ðÂû À�õ�÷ üõ ¤�À÷�Âî �¤ T ÂÚÜÞäY = F �þ X = Y Âð� .À�û¢ üõ ö�È÷ B(X;Y ) ¢�Þ÷ �� �¤ Y �� X ¥� ¤�À÷�Âî ø üÎ¡ ý�ûÂÚÜÞä ��Þ�.À�õ�÷ üõ X ýø¤ üÎ¡ ×ã���×þ �¤ X� ý�Ìä� ¥� ×þ Âû ø X� �þ B(X) À�Æþ�÷ üõ °��Â� ��.Àª�� H ý�Â� �Øþ Àõ�ãµõ �þ�� ×þ E ø H �Â±Ü�û ý�Ìê ¤¢ ÂÚÜÞä ×þ u À��î Âê. 17.1 ÓþÂã�:Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ u ¥� ´�Þª� - �Â±Ü�û �Â÷kuk2 = (Xx2E ku(x)k2)12 :Âû ý�Â� Å� ,Àª�� H ý�Â� ýÂÚþ¢ Àõ�ãµõ �þ�� E0 Âð� �Âþ¥ .Àª�� üõ �þ�� ��¿µ÷� ¥� ÛÖµÆõ ÓþÂã� ßþ�:Ýþ¤�¢ E ¥� F üû��µõ üú��÷ �ä�Þ¹õXx2F ku(x)k2 = Xx2F Xy2E0 j hu(x); yi j2= Xy2E0 Xx2F j hu(x); yi j2 � Xy2E0 ku�(y)k2;Xx2Eku(x)k2 � Xy2E0 ku�(y)k2; : Ýþ¤�¢ ö¤�Ö� �Ü�¨��Xx2Eku(x)k2 = Xx2Eku�(x)k2 = Xy2E0 ku(y)k2:



5 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê�� Þ � §�î ø kuk2 < 1 Â ð� ´¨� ´�Þª� - �Â ± Ü � û Â Ú Ü Þ ä×þ u ÂÚ Ü Þ ä . 18.1 ÓþÂã�.Ý�û¢ üõ Çþ�Þ÷ L2(H) �� �¤ H ¤¢ ´�Þª� - �Â±Ü�û ý�ûÂÚÜÞäüÎ¡ ýÂÚÜÞä T : X ! Y ø À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ X;Y À��î Âê [10,23.14℄ . 19.1 ��Ìì:À�ó¢�ãõ Ýû �� Âþ¥ ý�û ù¤��ð ù�ðö�,Àª��.´¨� ¤�À÷�Âî T (1):kTxk �Mkxk ,x 2 X Âû ý�Â� �î ´¨� ¢���õ M À�÷�õ ´��� ý¢Àä (2).´¨� �µ¨��� ÂÔ¬ ¤¢ T (3).´¨� �µ¨��� T (4)×þ �ûÂÚÜÞä �Â÷ � � B(X;Y ) ù�ðö� ,À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ X;Y Âð� [10,23.15℄ . 20.1 ��Ìì.Àª��  �÷�� Y Âð� ÍÖêø Âð� ´¨�  �÷�� ý�ÌêT Âð� ,Àª� � üÎ¡ ýÂÚÜÞä T : X ! Y ø ¤�ÀõÂ ÷ ý�Ìê ø¢ X;Y À� � î Âê . 21.1 ÓþÂã�.À�õ�÷ ÂþÁ� öø¤�ø �¤ T ,Àª�� �ª�� ø ×þ �� ×þ ýÂÚÜÞäüÎ¡ ýÂÚÜÞä ù�ðÂû À�õ�÷ üõ (´¿þÂØþ) ÝÆ�ê¤�õø�þ� �¤ X;Y ¤�ÀõÂ÷ ý�Ìê ø¢ . 22.1 ÓþÂã��µª�¢ x 2 X Âû ý�¥� �� ü�ãþ Àª�� ýÂµõø�þ� ø �ª�� ø ×þ �� ×þ �î Àª�� ¢���õ T 2 B(X;Y ) À�÷�õÀ�õ�÷ üõ (üØþ��ó���� üµ¿þÂØþ) üØþ��ó���� ÝÆ�ê¤�õø�þ�×þ �¤ T ´ó�� ßþ� ¤¢ kTxk = kxk Ý�ª��.À�êÂõø�þ� ýÂµõø�þ� ¤�Î� X;Y À�þ�ð üõ ´ó�� ßþ� ¤¢ ø X �= Y À�Æþ�÷ üõ ø�¤ X ¤�ÀõÂ÷ ý�Ìê . 23.1 ÓþÂã�;X �= X� ù�ðÂû ,À�õ�÷ ü���¥�� (1).X �= X�� ù�ðÂû ,À�õ�÷ ü¨�Øã÷� (2)ÂÚÜÞä �� ÂÒ��µõ �¤�¬ ßþ� ¤¢ .À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ X;Y À��î Âê [10,12.10℄ . 24.1 ��Ìì�� �î ý¤�Ï �� ´¨� ¢���õ T � 2 B(X�; Y �) À�÷�õ ý¢Âê �� ÂÊ½�õ üÎ¡ ÂÚÜÞä ,T 2 B(X;Y )



6 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê:y� 2 Y � Âû ý�¥�< Tx; y� >=< x; T �y� >; (4�1)�î ü�ãõ ßþ� ��(T �y�)(x) = y�(Tx);8x 2 X;8y� 2 Y �:.À�õ�÷ üõ T üì�½ó� �¤ T � ÂÚÜÞä .kT �k = kTk ùø�ä ��ø S 2 B(Y;Z) ø U; T 2 B(X;Y ) ø À�ª� � ¤�ÀõÂ ÷ ý�û�Ìê X;Y;Z Âð [10,12.9℄ . 25.1 ��Ìì:À÷¤�ÂìÂ� Âþ¥ ��Ø�� ù�ðö� � 2 C;(�T + U)� = �T � + U� (1);(ST )� = T �S� (2);I�X = IX� (3).(T �)�1 = (T�1)�ø ´¨� ÂþÁ� öø¤�ø ��÷ T � ù�ð ö� ,Àª�� ÂþÁ� öø¤�ø T Âð� (4)ö� ¤¢ �î ´¨� C ÍÜµ¿õ ö�À�õ ýø¤ A À�÷�õ ý¤�¢Â� ý�Ìê ×þ ÍÜµ¿õ Â±� [10℄ . 26.1 ÓþÂã�Í��ø ¤ ¤¢ �î ´¨� ùÀª ÓþÂã� �Â®×þx(yz) = (xy)z; x(y + z) = xz + yz; (x+ y)z = xz + yz; �(xy) = (�x)y = x(�y).À�î üõ ëÀ¬ � Âó�Ø¨� Âû ø A ¤¢ x; y; z Âû ý�¥� ��ü�Â® ýø�Æõ�÷ ¤¢ ë¢�¬ �Â÷ �� ´±Æ÷  �÷�� ý�Ìê×þ A ,ßþ� Â� ùø�ä ,ù�ð ÂûkxykhkxkkykÂ±�×þ A ù�ð ö� xe = ex = x(x 2 A); kek = 1 �î ý¤�Ï �� Àª�� e �Øþ ÂÊ�ä Ûõ�ª Aø ù¢��.Àª�� üõ  �÷��



7 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊêe � x ù�ðö� ,kxk < 1 Âð� .Àª�� e À��ø �Ìä ��  �÷�� Â±� ×þ A À��î Âê [10℄. 27.1 ��Ììø ´¨� ÂþÁ� öø¤�ø(e� x)�1 = e+ 1Xn=1xn
�Â±Ü�û ý�Ìê 3.1üã �� � X ýø¤ üÜ¡�¢ �Â® .Àª� � ÍÜ µ¿õ ý¤�¢Â � ý�Ìê ×þ X À� � î Âê . 28.1 ÓþÂã�ëÀ¬ Âþ¥ Íþ�Âª ¤¢ �; � 2 FÂû ø x; y; z 2 X Âû ý�Â� �î ý¤�Ï �� ´¨� < :; : >: X �X ! F À�÷�õÀ�î;< �x+ �y; z >= � < x; z > +� < y; z > (1);< x; x >� 0 (2);< x; y >= < y; x > (3);x = 0 À�î üõ ��¹þ� < x; x >= 0 ýø�Æ� (4).À�õ�÷ üõ üÜ¡�¢ �Â® ý�Ìê×þ �¤ (X;< :; : >) �ø¥ �¤�¬ ßþ� ¤¢�Â® �ø¢ �Èþ¤ x 2 H Âû ý�¥� �� ü�ãþ ,¢�ª üõ ÓþÂã� kxk =< x; x >12 �Î��® �� k:k �¹�þ� ¤¢Âþ¥ ¸þ�µ÷ üÜ¡�¢ �Â® ý�Ìê ÓþÂã� ¥� .´¨� x �Â÷ �� Â��Â� ,´¨� üÔ�õ �÷ ý¢Àä �î < x; x > üÜ¡�¢.Àþ� üõ ´¨À�ÝþÂ�ð üõ �¹�µ÷ Û±ì ÓþÂã� ¤¢ ùÀª ö��� (4) �� (1) Íþ�Âª ¥� [10,12.3℄ : ��¤��ª - üª�î ýø�Æõ�÷ 1�îj< x; y >j� kxkkyk; 8x; y 2 H:.kx+ yk � kxk+ kyk Ýþ¤�¢ x; y 2 H Âû ý�¥�� [10,12.2℄ :ü·Ü·õ ýø�Æõ�÷Cauhy-Shwartz1



8 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊêkx� yk �� �¤ x; y ß�� �Ü¬�ê Âð� .kx+ zk � kx� yk+ ky + zk ÝþÂ�ð üõ �¹�µ÷ ü·Ü·õ ýø�Æõ�÷ ¥�.À�î üõ ëÀ¬×þÂµõ ý�Ìê Íþ�Âª ��Þ� ¤¢ H ,Ý�û¢ ö�È÷�Â® ¥� Û¬�� Âµõ �� ù�ðÂû Ý�þ�ð �Â±Ü�û ý�Ìê×þ �¤ H üÜ¡�¢ �Â® ý�Ìê . 29.1 ÓþÂã�.Àª�� Ûõ�î ×þÂµõ ý�Ìê ×þ üÜ¡�¢.´¨� �Â±Ü�û ý�Ìê ×þ `2(I) := fx = fxigi2I : kxk2 = (Pi2I j xi j2)12 <1g . 30.1 ñ�·õ.À÷� ÍÜµ¿õ �þ üÖ�Ö� ¢�Àä� �û xi ö� ¤¢ �îø x ? y Ý�Æþ�÷ üõ ø Ý�þ�ð y Â� ¢�Þä �¤ x ù�ð ö� < x; y >= 0 ø x; y 2 H Âð� . 31.1 ÓþÂã�Âð� ø A? = \x2Ax? ù�ð ö� A;B � H Âð� ø Ý�û¢ üõ ö�È÷ x? ¢�Þ÷ ���¤ x Â� Àõ�ãµõ ý�Ìä� ��Þ�.A ? B Ý�Æþ�÷ üõ ù�ð ö� ,x ? y :Ý�ª�� �µª�¢ y 2 B ø x 2 A Âû ý�Â�.´¨� H ¥� �µÆ� ý¤�¢Â� ý�Ìê Âþ¥ A?,A À�÷�õ H �ä�Þ¹õ Âþ¥ Âû ý�Â� [10,11.4℄ . 32.1 �¹�µ÷��� ÓþÂã� �� ö� ¥� üû��µõ �ä�Þ¹õ Âþ¥ Âû Âð� Ý�þ�ð üÎ¡ ÛÖµÆõ �¤ V ¥� U üû��µõ�÷ �ä�Þ¹õ Âþ¥.Àª�� üÎ¡ ÛÖµÆõ�¤ V ¥� U �ä�Þ¹õ Âþ¥ .Àª�� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ V Ý��î Âê [10℄ . 33.1 ÓþÂã�.À�î À�ó�� �¤ V ý�Ìê ø Àª�� üÎ¡ ÛÖµÆõ U Âð� Ý�þ�ð V ý�Â� ý� �þ��: Ý��î üõ üêÂãõ �¤ Âþ¥ â��� ,Ýþ¤ø��� �¤ ýÀã� ÓþÂã� �Ø�þ� ¥� Û±ìÆn;m = ( 1 n = m0 n 6= m.´¨� éøÂãõ ÂØ÷øÂî ý�µó¢ �� â��� ßþ�Àõ�ãµõ �ä�Þ¹õ×þ �¤ fx� : � 2 Ag ù�ðö� ,Àª�� ¤�Áð ÅþÀ÷� �ä�Þ¹õ×þ A Âð� . 34.1 ÓþÂã�Â ð� ü� ã þ ,kx�k = 1 ,� 2 I Âû ý�¥� � � ø À �ª� � À õ� ã µ õ ö� � þ� Þ µ õ �Ìä ø¢ Âû Âð� Ý � þ� ð �Ø þ.< x�; x� >= Æ�;�; �; � 2 A



9 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê: ù�ð ö� ,Àª�� ¤�ÀõÂ÷ ý�Ìê ×þ X À��î Âê . 35.1 ��Ìì� ; ´¨� �µ¨��� x! kxk ´ª�Ú÷ (1)ù�ð ö� ,Àª�� �Â±Ü�û ý�Ìê ×þ X Âð� (2)kxk = supfj< x; y >j: y 2 X; kyk = 1g: (5� 1)� .Àþ� üõ ´¨¢ �� ��¤��ª - üª�î ýø�Æõ�÷ ø �Â÷ ÓþÂã� ¥� ù¢�Ôµ¨� �� .ö�ûÂ��ÂÚÞû �¤ fxngn2N Àª�� X ¤¢ ý� �ó�±÷¢ fxngn2N ø ¤�ÀõÂ÷ ý�Ìê ×þ X À��î Âê . 36.1 ÓþÂã�.limn!1kx� xnk = 0 ù�ðÂû À�þ�ð x 2 X ��üÎ¡ �ø¢�õ �¤ T : X ! Y ÂÚÜÞä ù�ðö� À�ª�� ÍÜµ¿õ ý¤�¢Â� ý�Ìê ø¢ X;Y Âð� . 37.1 ÓþÂã�.T (�x+ y) = �Tx+ Ty Ý�ª�� �µª�¢ � 2 F Âû ø x; y 2 X Âû ý�¥� �� ù�ðÂû À�õ�÷ üõx!< y; x > ø x!< x; y > ý�û ´ª�Ú÷ ,y 2 H Âû ý�Â� ,H �Â±Ü�û ý�Ìê ¤¢ . 38.1 ��Ìì.À÷¤�À÷�Âî üÎ¡ �ø¢�õ ø ¤�À÷�Âî üÎ¡ °��Â� ��� .´¨� üúþÀ� .ö�ûÂ�ý� �µÆ� ý�Ìê Âþ¥ Âð� .Àª�� X ¤�ÀõÂ÷ ý�Ìê ¥� ý� �µÆ� ý�Ìê Âþ¥ M Ý��î Âê . 39.1 ÓþÂã�ý�Ìê Âþ¥×þ �¤ M ù�ð ö� X =M +N ø M \N = f0g �î ý¤�Ï �� Àª�� ¢���õ X ¥� N À�÷�õ:À�Æþ�÷ üõ ´ó�� ßþ� ¤¢ ø À�õ�÷ üõ X Ûõ�ØµõX =M �N:x 2 H Âû ý�Â� ù�ð ö� Àª�� H ¥� �µÆ� üþ�Ìê Âþ¥ M Âð� [10,10.12℄ . 40.1 ��Ìì°� �Â � � � PM?x ø PMx � î ¢¤�¢ ¢��ø x = PMx + PM?x À � ÷� õ ý¢Â ê � � ÂÊ½ � õ � þ�¹ � (1).À�µÆû x �� M? ø M ¥� ¯�Ö÷ ßþÂµØþ¢�÷ý�û ´ª�Ú÷ (2)PM : ( H !Mx! PMx



10 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊêPM? : ( H !M?x! PM?x;À�õ�÷ üõ M? ø M ýø¤ H Àõ�ãµõ Âþø�Ê� °��Â� �� �¤ �û ö� �î À÷�¤�À÷�Âî ø üÎ¡kxk2 = kPMxk2 + kPM?xk2 (3).(Ý�ÖµÆõ á�Þ¹õ)( M \M? = f0g ø H =M +M? ) H =M �M? (4)h0;0i2 ø h0;0i1 üÜ¡�¢ ý�û �Â® �� °��Â� �� �¤ H2 ø H1 �Â±Ü�û ý�Ìê ø¢ . 41.1 ÓþÂã��î Àª�� ¢���õ T : H1 ! H2 À�÷�õ üþ�¨ø¢ ø ¤�À÷�Âî ,üÎ¡ ýÂÚÜÞä ù�ðÂû ,À�õ�÷ üõ ´¿þÂØþÀ�Æþ�÷ üõ ´ó�� ßþ� ¤¢ :hTx; Tyi2 = hx; yi1 ,x; y 2 H Âû ý�Â� ü�ãþ À�î �Ô� �¤ üÜ¡�¢ �Â®.H1 �= H2: ¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� E Àõ�ãµõ ÝÞµõ ù�ðö� ,E � H Âð� . 42.1 ÓþÂã�E? = fx 2 H :< x; y >= 0;8y 2 Eg: (6� 1)�ó�±÷¢×þ fxng �¤�¬ ßþ� ¤¢ .Àª�� H ¤¢ �û¤�¢Â� ¥� �ó�±÷¢ ×þ fxng À��î Âê . 43.1 ÓþÂã�.< xn; xm >= 0 ,n 6= m Âû ý�Â� ù�ðÂû ´¨� Àõ�ãµõ.À�ª�� ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä T; S : H ! H À��î Âê ñ��üþ�µØþ ÂÚÜÞä �¤�¬ ßþ� ¤¢ .T 2 B(H;K) ø �Â±Ü�û ý�Ìê ø¢ H;K À��î Âê . 44.1 ÓþÂã�:Ýþ¤�¢ y 2 K Âû ø x 2 H Âû ý�¥� �� �î ¢¤�¢ ¢��ø T � 2 B(K;H) À�÷�õhTx; yi = hx; T �yi .À�õ�÷ üõ T ÂÚÜÞä üì�½ó� �¤ T � ø,x; y 2 H Â û ý�¥� � � ñ¢� ã õ ¤� Ï � � � þ .T = T � ù� ðÂ û ´ ¨� ë� ½ ó� ¢� ¡ T . 45.1 ÓþÂã�.< Tx; y >=< x; Ty >



11 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê,x 2 H Â û ý�Â � ù� ðÂ û Ý � û¢ ü õ Ç þ� Þ ÷ T � 0 � � ø Ý � þ� ð ´ ± · õ �¤ T . 46.1 ÓþÂã�.< Tx; x >� 0.À�µÆû ë�½ó�¢�¡ ,´±·õ ý�ûÂÚÜÞä �î À��î ����.T � S � 0 ø À�ª�� ë�½ó� ¢�¡ T; S ù�ðÂû T � S . 47.1 ÓþÂã�¤¢ .Àª�� H ¤¢ �þ�Þµõ ø¢ �� ø¢ ý�Ìä� ¥� ý� �ó�±÷¢ fxngn2N À��î Âê [11,12.6℄ . 48.1 ��Ìì: À�ó¢�ãõ Ýû �� Âþ¥ ý�û ù¤��ð �¤�¬ ßþ�;´¨� �ÂÚÞû H ¤¢ P1n=1 xn (1);P1n=1 kxnk <1 (2).´¨� �ÂÚÞû P1n=1 < x; xn > ýÂ¨ x 2 H Âû ý�¥� �� (3)´¨� H ý�Â� �þ�� ×þ �î H �Â±Ü�û ý�Ìê ¤¢ fu� : � 2 Ag �Øþ Àõ�ãµõ �ä�Þ¹õ . 49.1 ÓþÂã�.Ý�õ�÷ üõ H ý�Â� �Øþ Àõ�ãµõ �þ��×þ �¤.´¨� �Øþ Àõ�ãµõ �þ�� ý�¤�¢ ÂþÁ� ©¤�Þª �Â±Ü�û ý�Ìê Âû [11,12.8℄ . 50.1 ��ÌìýÂÊ�ä ù� ð ö� Àª� � H ýø¤ üÎ¡ üØã �� � T Â ð� : (Åµ þ¤ Çþ�Þ ÷) [11,12.9℄ . 51.1 ��Ìì�x ¢�Þ÷ �� �¤ T �f �Þãõ .T (y) = hy; xi ,y 2 H Âû ý�Â� �î ¢¤�¢ ¢��ø x 2 H À�÷�õ ¢Âê �� ÂÊ½�õ.À�õ�÷ üõ x ÂÊ�ä Í¨�� ùÀª �Öó� ×ã��� �¤ ö� ø À�û¢ üõ ö�È÷�¤ ö� �¤�¬ ßþ� ¤¢ Àª�� T 2 B(H)ø �Â±Ü�û ý�Ìê ×þ H Âð� . 52.1 ÓþÂã�;T �T = TT � ù�ðÂû À�õ�÷ ñ�õÂ÷ (1);T �T = TT � = IH ù�ðÂû À�õ�÷ ü÷�Øþ (2);T2 = T ù�ðÂû À�õ�÷ Âþ�Ê� (3).N(T )? = R(T ) ù�ðÂû À�õ�÷ Àõ�ãµõ (4)kT �xk = kTxk ,x 2 H Âû ý�¥� �� Âð� �ú�� ø Âð� ´¨� ñ�õÂ÷ T 2 B(H) ÂÚÜÞä [11℄ . 53.1 ��Ìì: À�µÆû Âþ¥ «��¡ ý�¤�¢ T ñ�õÂ÷ ý�ûÂÚÜÞä ø



12 ��óø� ��õÀÖõ ø Ý�û�Ôõ .ñø� ÛÊê;N(T �) = N(T ) (1):R(T ) = H (2):T �x = �x ù�ð ö� Tx = �x Âð� �î Ý�ª�� �µª�¢ ý�� 2 C ,x 2 H Âû ý�¥� �� ù�ðÂû (3),x 2 H Âû ý�¥� � � ø T 2 B(H) ø �Â ± Ü � û ý�Ìê ×þ H À� � î Âê [10,12.7℄ . 54.1 ��Ìì.T = 0 �¤�¬ ßþ� ¤¢ .< Tx; x >= 0,x 2 H Âû ý�¥� �� ø S,T2 B(H) ø Àª�� �Â±Ü�û ý�Ìê ×þ H À��î Âê [11,6.7℄ . 55.1 �¹�µ÷.S = T ù�ð ö� ,< x; Tx >=< x; Sx >ÂÔ¬ ¥� ¤øÀ� �¤ T ù�ð ö� ,T 2 B(H;K) ø À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ H;K Ý��î Âê . 56.1 ÓþÂã�Æ ø Ækxk � kTxk Ý�ª�� �µª�¢ x 2 H Âû ý�¥� �� �î Àª�� ¢���õ Æ À�÷�õ üµ±·õ ´��� ù�ðÂû À�õ�÷ üõ.À�õ�÷ üõ T ß�þ�� ö�Âî ×þ �¤T �¤�¬ ß þ� ¤¢ T 2 B(H;K) ø �Â ± Ü � û ý�Ìê ø¢ H;K À � � î Â ê [11,6.8℄ . 57.1 ��Ìì.Àª�� ÂÔ¬ ¥� ¤øÀ� T � Âð� �ú�� ø Âð� ´¨�ª��ý�û ù¤��ð �¤�¬ ßþ� ¤¢ .T 2 B(H) ø �Â±Ü�û ý�Ìê ×þ H À��î Âê [11,6.14℄ . 58.1 ��Ìì: À�ó¢�ãõ Ýû �� Âþ¥.´¨� ÂþÁ� §�Øãõ T (1).´¨� ÂþÁ� §�Øãõ T � (2).´¨��µÆ� H ¤¢ R(T ) ø À÷� ×þ �� ×þ T � ø T (3).À÷ÂÔ¬ ¥� ¤øÀ� T � ø T (4)ßþ� ¤¢ .Àª�� Âþ�Ê� ×þ T 2 B(H) ø �Â±Ü�û ý�Ìê ×þ H À��î Âê [10,12.14℄ . 59.1 ��Ìì.À�î üõ ��¹þ� �¤ ÂÚþ¢ ù¤��ð �¨ ,ù¤��ð ¤�ú� ¥� ×þ Âû �¤�¬.´¨� ë�½ó� ¢�¡ T (1)


