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� O&A����� �F�,� �� � + + B���<&1�U � ] ^A/ 5_` B�!� B�DF +J�a���

;O&	
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4��5�
��� B��U�� ^A ��5	m �* � <�� (�&��A� � B���!�� ��&� B����U�� /� �)A +<*�P �-6 B��A�n
(�&��A� � �����F B�� �*��
 B��� � <�� �!F�A o�!L� �K0!Y� (�=C � �-U�&p �&��� B��!F�A

;���*��� J50m �A�� �
B/��� �	&=* B��0qL� ^A <6&62� � ���*��� <*�P �-6 J5=K� /� ���!L� ������A�� 7A� 85�5�
+�	!L� (X, d) B�!� B�DF /� �A����m5�a��A/ B � A �
 +T : A → B H��K� <��� B��* ;<��

�
���LE� �* +<�� x� ∈ A B��-6 7!F�A r��
d(x�, Tx�) = d(A,B) = inf

x∈A, y∈B
d(x, y).

;O&����� T @A�6' 7A�!=* B���-6 ^A �� B x� 7&	Q
B�� B���<��� B��* @A�6' 7A�!=* B��-6 B��&DE ^A + % �����A� � "  ���� +%jje V�� � 

;� ��� <� ��*
> 5� �F�,� �� �0&
G�&� B�� ���I6� <��� ^A J5=K� +����A � # B��* B +%jjk V�� � 

;� 5� (�IP� �A���<��� 7&	Q B��* �� @A�6' 7A�!=* B��-6 ^A  5C� �
H�I6�Gϕ B���<��� J� �* ���<��� /� B�A�C B�> � + ]  ��=� � \ �K6!�� +%jj$ V�� � 
R�6 �A����� �  5C� B�A�DE � > �
 �F�,� �� +�	��*��� B�� B���<��� o�!L� �
 +B�� 

;� 5� (�IP� ���<��� /� > � 7A� B��* �� @A�6' 7A�!=*
;<�� >�� 7A��' sTF .	� � ������A�� 7A�

;OA/� ����� �'���6� [A��,' � O&��K� ��&* �* V�� sTF � 
�  5C� B��&DE MN� � O&A����� �F�,� �� e �0&
G�&� H�I6� B���<��� ��!*� J� sTF � 

;O&	
��� (�IP� �A���<��� 7&	Q B��* �� @A�6' 7A�!=* B��-6 �A�!)A
7A�!=* R�6 �A�!)A �  5C� B��&DE � O&	
��� ��&* �� B�� H�I6�Gϕ B���<��� J5� sTF � 

;O&A����� ����* �� �A���<��� 7&	Q B��* @A�6'
7A�!=* R�6 � O&	
��� [A�,' �� J� � V�� 85 /� V��&L
��� ���I6� B���<��� J��=Q sTF � 
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�,��-� �� �IA�6' 7A�!=* B��-6 B�A�DE sTF 7A� � ;O&	
��� ����* ���<��� �5��7A� B��* �� @A�6'

;�5���� s��� �& �� ���<���  5U� �
 O&	
���
O&A����� �F�,� �� � + + B���<&1�U � ^A/ 5_` B�!� B�DF Oa	� sTF � 

;O&	
��� ����* �A���<&1�U 7&	Q B��* �& �� @A�6' 7A�!=* R�6 �A�!)A �  5C� �
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4�-�� 7�"�8� � 9���:;

4#I��� 7�"�8� � ,��5; B��#1� !@4.5� <[<
<��� ^A T : A → B � X /� �='� B����m5�a��A/ B �A +B�!� B�DF ^A (X, d) O&	
 H�F
� A ∩ B �= ∅ >����� +x = Tx �
  ��  5C� B� x ∈ A �	,A t���* <*�P B��-6 B��� T ��� ;���*
�5Q B���-6 V�I �* �
 <�� �,&Ib +<��2 7A� � ; ��� <*�P B��-6 T >����� +A ∩ B = ∅ ��� ���
� .d(x, Tx) = d(A,B) �	,A +���* �!�� �� 7)�� ���6� 7A�!�
 d(x, Tx) �
�B�5b� �* +O&��* x ∈ A

B����m5�a��A/ B � A ��� �
 <�� �=A�* ;O&_5� T B��* @A�6' 7A�!=* B��-6 ^A �� x +<��2 7A�
B��-6 ^A x >����� +���* @A�6' 7A�!=* B��-6 ^A x � d(A,B) = � �
 �	��* X /� ���5Y� �='�

; 5* ���5U T <*�P
uO&	
��� ��&* �� �&��� [A��,' � O&��K� V�2

T : A∪B → A∪B � (X, d) B�!� B�DF /� �='� B����m5�a��A/ B � A �&	
 H�F [<[<[< 9��:;
u(�51�7A� � ;T (B) ⊆ A � T (A) ⊆ B �
�B�5b� �* +���* <��� ^A

� x ∈ A �� B��* �
���LE� �* ���* �!��  5C� B α ∈ (�,�) ��� +<�� B�� H�I6� T <���
+y ∈ B

d(Tx, Ty) ≤ αd(x, y) + (�− α)d(A,B),

.d(A,B) = inf{d(x, y) / x ∈ A, y ∈ B} �
�
��5'��� 7A��*�	* +α ∈ (�,�) ��� .d(Tx, Ty) ≤ αd(x, y) �v� � d(A,B) = � >����� +A = B ���

.d(Tx, Ty) ≤ d(x, y) �
 <F�� �a&!



] 4#I��� 7�"�8� � ,��5; B��#1� !@4.5� <[<
�5� 7A� �� 45F B��a&! ��5'��� M� +d(A,B) ≤ d(x, y) +y ∈ B � x ∈ A �� B��* �5Q 7&	Z��

u �
 ��&* �&
d(Tx, Ty) ≤ αd(x, y) + (�− α)d(A,B)

≤ αd(x, y) + (�− α)d(x, y)

= d(x, y).

⇒ d(Tx, Ty) ≤ d(x, y).

[A�,' �A/ (�51� �* �� B� � A� B����m5�a� +X /� B � A �='� B����m5�a��A/ B��* V�2
uO&	
���

A� = {x ∈ A/ ∃ y ∈ B : d(x, y) = d(A,B)}.

B� = {y ∈ B/ ∃ x ∈ A : d(x, y) = d(A,B)}.

+���* B�� �* B�DF ^A X ��� �
A−A = {x− y : x, y ∈ A}.

*X \���� !�M2 K�
�* ���* �!��  5C� δ : (�,�] → [�,�] B 5,1 g��&
� d*�' ��� +<�� f�:� <U�5	)A �5b� �* w"x

��� +r ∈ [�,�R] � R > � +X � p � y +x �� B��* �
�B�5b�
‖x− p‖ ≤ R,

‖y − p‖ ≤ R,

‖x− y‖ ≥ r,

u>�����
‖x+ y

� − p‖ ≤
(�− δ(

r

R
)
)
R.

��� +R > � � X � p � y +x �� B��* ��� +<�� f�:� g��&
� w%x
‖x− p‖ ≤ R,

‖y − p‖ ≤ R,

x �= y,

t>�����
‖x+ y

� − p‖ < R.



e 4�-�� 7�"�8� � 9���:; [<
���� ���	�
��� �� ����� ������ �� ���� ���� ���� �� �� �������	 
���� ����� [3[<[< 4�M]

� !"# $%� �&'� () *��+ ,'� ��-�. /���+� �012 *3� �45 $�% �� �-�. �&6 �2 ��0���2 �
0312 7�� 8319�� � 01+�� X ���� ���� �� �-��� ���	�
����)� B � A 0312 7�� [E[<[< 4�M]
:��5 �� �� {xn} �	������ A ∪B �� x� ���� �0+�� ���� 7��'�� $+�;� () T : A ∪B → A ∪B

�d(xn, Txn) → d(A,B) :��5 8)� �� �<312	�� =)�>� �n ≥ � �� ���� xn+� = Txn

u�
�B�5b �*  ��  5C� +k ∈ (�,�) �v� +<�� B�� H�I6� T �5Q ������
d(xn, Txn) = d(xn, xn+�) = d(Txn−�, Txn)

≤ kd(xn−�, xn) + (�− k)d(A,B)

= kd(Txn−�, Txn−�) + (�− k)d(A,B)

≤ k(kd(xn−�, xn−�) + (�− k)d(A,B)) + (�− k)d(A,B)

= k�d(xn−�, xn−�) + (�− k�)d(A,B).

u<�� O&��5U y��6!�� �*
d(xn, xn+�) ≤ knd(x�, x�) + (�− kn)d(A,B).

�F�b /� ��� �
d(A,B) ≤ d(xn, xn+�),

M�
d(A,B) ≤ d(xn, xn+�) ≤ knd(x�, x�) + (�− kn)d(A,B).

uOA�� n → ∞ �!E� (��Im 7A� /� 7!F�� �2 �* V�2

d(xn, xn+�) → d(A,B).

8319�� � 01+�� X ��� ���� ���� �� ���� �-��� ���	�
����)� B � A 0312 7�� [6[<[< 4�M]
n = �,�, ... ���� �� {xn} �	������ � �x� ∈ A �2 0+�� ���� �?��'�� $+�;� () T : A∪B → A∪B

��+�� A �� ��;�� �������)� () {x�n} 0312 7�� 8319�� �<312	�� =)�>� xn+� = Txn :��5 ��
.d(x, Tx) = d(A,B) �2	���@	 �� ���� ��A� A �� � x :��5 8)� �� �0+��

x� = Tx� M� +x� ∈ A ��� ;���* x ∈ A �* ����� {x�n} /� ���I �A/ ^A {x�nk
} �&	
 H�F ������

�*��� �5b��* ;x� ∈ B 7A��*�	* � <�� T (A) ⊆ B �v� +<�� B�� ���I6� �!��� T �F�b /��



l 4#I��� 7�"�8� � ,��5; B��#1� !@4.5� <[<
x ∈ A �� B��* �5Q � {x�n−�} ⊆ B � {x�n} ⊆ A <�� O&��5U ��� 7A� ��� � �* ;x� = Tx� ∈ A

uOA�� +�X0X� B��L�� /� > �K!�� �* � d(A,B) = inf d(x, y) +y ∈ B �

d(A,B) ≤ d(x, x�nk−�) ≤ d(x, x�nk
) + d(x�nk

, x�nk−�).

B��&DE 9Ib � <������ x ∈ A �* {x�nk
} �
 OA �
 H�F �5Q +45F (��Im /� 7!F�� �2 �* V�2

����� d(A,B) �* d(x, x�nk−�) �
  5���� �a&! M� +d(x�nk
, x�nk−�) → d(A,B) �5Q #;";"

; 5����
�a&! M� ;<�� d(Tx�nk−�, Tx) ≤ d(x�nk−�, x) �v� +<�� B�� ���I6� <��� T �5Q

u�
 OA�&����
d(A,B) ≤ d(x�nk

, Tx) = d(Tx�nk−�, Tx) ≤ d(x�nk−�, x).

+<������ x �* {x�nk
} +H�F 9Ib �F�b /� ; lim

k→∞
d(x�nk

, Tx) = d(A,B) �
  5���� �a&! MN�
M� +<��!)A �2 �5Q ��� � d(x�nk

, Tx) → d(x, Tx) 7A��*�	*

d(x, Tx) = d(A,B).

u 5� (�IP� � ��&* �& {x�n+�} B����I B��* �� O)2 7A� ��5' ��
����� {x�n+�} �B� �0+�� ���6�� �A 8)� �� �C�D�D �	�3�6 �� :�3?�� ���� <312 7�� [N[<[< 4�M]

�2	���@	 �� ���� ��A� B �� �� x E�B	F. �0+�� B �� ��;�� �������)�
d(x, Tx) = d(A,B).

uO&	
��� �_��� �5� 7A� �� (�IP� ������
V�2 ;���* x ∈ B �* ����� {x�n+�} /� ���I �A/ ^A {x�nk+�} O&	
��� H�F sIE B��&DE �*���

u<�� O&��5U sIE B��&DE (�IP� �	��

d(A,B) ≤ d(x, x�nk
) ≤ d(x, x�nk+�) + d(x�nk+�, x�nk

).

+<������ d(A,B) �* +#;";" B��&DE 9Ib d(x�nk+�, x�nk
) � <������ x �* {x�nk+�} �5Q

M�
d(x, x�nk

) → d(A,B).

�v� +<�� B�� H�I6� T � d(A,B) = inf d(x, y) +y ∈ B � x ∈ A �� B��* �5Q ���
d(A,B) ≤ d(x�nk+�, Tx) = d(Tx�nk

, Tx) ≤ d(x�nk
, x).



k 4�-�� 7�"�8� � 9���:; [<
M�

d(x, Tx) = lim
k→∞

d(x�nk+�, Tx) = d(A,B),

=⇒ d(x, Tx) = d(A,B).

(�51 �* M �-E ;���* X B�!� B�DF /� B���m5�a��A/ M O&	
 H�F [Q[<[< 9��:;
diamM = sup

x, y∈M
d(x, y)

; 5���� [A�,'
J��' s��� �
 �_�DFx X ���� ;���* C �A R ����� B�� �* B�DF X O&	
 H�F [J[<[< 9��:;
���� ���� �� X∗∗ ��5'��� 7&	Z�� ;O&� ��� ��� X∗ �* �� w<�� X �* �!�5&� �-U B���<���
(�51 �* �� J : X → X∗∗ ^A �* ^A � �!�5&� �-U sA�I' ;OA�&�* �n � w X∗ ���� x X

X B�DF +���* ��5� J ��� V�2 ;O&	
��� [A�,' X∗∗ � ϕ � X �� x �� B��* J(x)(ϕ) = ϕ(x)

; 5���� >�&�� " �*�'/�*
X∗ B�Dm� �
 B��B`5�5�5' 7A�!)Q5
 ;���* B`5�5�5' B�� �* B�DF X O&	
 H�F [O[<[< 9��:;

;O&����� [&,� B`5�5�5' �� �	!L� �!�5&� +B`5�5�5' 7A� <:'
+[&,� B`5�5�5' �* <IL ��� <�� > ��F [&,� +X B�!� B�DF /� K �m5�a� �A/ [^[<[<9��:;

;���* > ��F
� DG# 0+�� E��H� =3>? ����� �I) ��B �B� �-1� � �B� �$%� ������� �X J���� ���� [<=[<[< 4�M]
B��� +�DF �� � ���I �� ��� +<�� B�����I > ��F [&,� +X B�!� B�DF ^A [<<[<[< 9��:;

;���* [&,� B����� B����I �A/
:��5 8)� �� �K ⊆ X � J���� ���� () X 0312 7�� % �������� � ������� [<3[<[< 4�M]

� K# 0+�� E��H� ��	������ =3>? K �B� �-1� � �B� $%� E��H� =3>? K

α ∈ (�,�) +X � y � x �� B�/���* ��� + 5���� >�&�� ���I6� T : X → X <��� [<E[<[< 9��:;
uO&��* �!�� �
�B�5b �* +���* �!��  5C�

d(Tx, Ty) ≤ αd(x, y).

uO&��* �!�� X � y � x �� B�/���* ��� + 5���� >�&�� >�	��
 T : X → X <��� [<6[<[< 9��:;
d(Tx, Ty) ≤ d(x, y).



$ 4#I��� 7�"�8� � ,��5; B��#1� !@4.5� <[<
T : X → X $+�;� � ��� ���� ���� () (X, d) 0312 7�� ������� ������� � � � [<N[<[< 4�M]
�	������ �x ∈ X �� ���� � $%� X �� ��I) $��L �	�&'� ����� T :��5 8)� �� �0+�� 7��'�� ()

� DG# $%��;�� $��L �	�&'� �� {Tnx}



3YZ2

!�"@/ �A� !��� ,��5; B��#1� !@4.5�
!��� �	�$>��� ?��5��

;� 5� (�IP� �� >�	��
 B���<��� B��* @A�6' 7A�!=* B��-6  5C� z""{ � �����A� � |�
 + ����
;� �
 (�IP� �� �A/ B 5C� B��&DE +z"%{ � �����A� �  ���� 7&	Q�O�

h��* B�DF /� f�:� � �!L* �='� B����m5�a��A/ B � A �&	
 H�F [_`<3a �� <=[E !@4�M]b
7A�!=* B��-6 ^A >�����;���* B�� H�I6� T : A ∪ B → A ∪ B � �	��* f�:� <U�5	)A �5b� �*
;<������ @A�6' 7A�!=* B��-6 �* {T �n(x)} +x ∈ A �� B��* +>�}m� �* ; ��  5C� A � �!)A @A�6'
 5C� � �F�,� �� B�� �0&
G�&� B���H�I6� +sTF 7A� � ;���*��� zk{ /� >�� �!F���* sTF 7A�
����* �� f�:� <U�5	)A �5b� �* h��* B���DF � �A���<��� 7&	Q B��* @A�6' 7A�!=* B��-6

;O&_�����

4#I��� 7�"�8� � �	�$>��� ?��5�� <[3
�� B��* � ϕ(�) = � ��� + 5���� >�&�� ^,*�'GL ^A [�,∞) �* [�,∞) /� ϕ d*�' [<[<[3 9��:;

.ϕ(s) > � � ϕ(t) ≤ s +t ∈ [s, s+ δ] �� B��* �
�B�5b ��* ���*  5C5� δ > � ^A +s ∈ (�,∞)

:��5	 8)� �� �01+�� [�,∞) �� Y �� �>���� g � f � �-��� �	�
��� Y 0312 7�� [3[<[3 7-
M01��� N��>� �)� ���	E���B

��2	���@	 �� $%� ��A�� δ > � () �ε > � �� ���� ODP
x ∈ Y, f(x) < ε+ δ =⇒ g(x) < ε



"" 4#I��� 7�"�8� � �	�$>��� ?��5�� <[3
�2	���@	 �� ���� ��A� ϕ �&Q (>���RL O!P

x ∈ Y, f(x) > � =⇒ g(x) < ϕ(f(x))

8319�� �

x ∈ Y, f(x) = � =⇒ g(x) = �.
;�&	
 �,C��� z#e +%#{ �* �!�&* B��,��-� � O� ����* B��*

0+�� �41��� �'3'S ��0
� �� ���>5�3T ������ {sn} � �&Q (>���RL () ϕ 0312 7�� [E[<[3 7-
� lim
n→∞ sn = � :��5 8)� �� .sn+� < ϕ(sn) <3+�� ��+�� �sn > � �2 n ∈ N �� ���� 8319�� �

^A �* ����� �v� +<�� w�K	��x �����
 7&A�� /� � w����x B 5,1�&p {sn} B����I �5Q ������
� O&	
��� > �K!�� [0U ����* /� ��
 7A� B��* ;s = � O&� ��� ��� ;<�� s �	�� �K	��  �m
B���� B��* �
�B�5b��*  ��  5C� δ > � M� +<�� ^,*�'GL ^A ϕ �5Q ;s > � �
 O&	
��� H�F
>�� �� ;���* sν ≤ s + δ �
  �
 f�Y!� B�5b �� ν ∈ N ��5'��� ;���* ϕ(t) ≤ s +t ∈ [s, s + δ]

M� +sν+� < ϕ(sν) +O� H�F 9Ib �F�b /� ;���*��� ϕ(sν) ≤ s M� +<�� ^,*�'GL ^A ϕ �5Q
s �
 o���6� O�&K	A� �* ���� B����I ��A/ t<�� ~E�	' �
 ;sν+� < s �v� � sν+� < ϕ(sν) ≤ s

. lim
n→∞ sn = � �	,A +s = � 7A��*�	* ;<������ +<��

>����� ;�	��* X /� �='� B����m5�a��A/ B � A � B�!� B�DF ^A (X, d) �&	
 H�F [6[<[3 9��:;
u�	��* ���E�* �A/ cA��� ��� + 5���� >�&�� B�� �0&
G�&� H�I6� ^A T : A∪B → A∪B <���

.T (B) ⊂ A � T (A) ⊂ B w"x
uO&��* �!�� y ∈ B � x ∈ A �� B��* �
�B�5b� �* +<��  5C5� δ > � ^A ε > � �� B��* w%x

d(x, y) < d(A,B) + ε+ δ =⇒ d(T (x), T (y)) < d(A,B) + ε.

T : A∪B → A∪B 8319�� � 01+�� C�D�! =)�>� 01��� B � A � (X, d) 0312 7�� [N[<[3 4�M]
� ��%�3U ϕ (>���RL () �B� ,'� � �B� $%� ���� �V32R�3� 7��'�� T E�B	F. �0+�� ���� $+�;�

y ∈ B � x ∈ A �� ���� �2	���@	 �� 0+�� ��+�� ��A� �������3T

d(x, y)− d(A,B) > � =⇒ d(T (x), T (y))− d(A,B) < ϕ(d(x, y)− d(A,B)) w";%x
�

d(x, y)− d(A,B) = � =⇒ d(T (x), T (y))− d(A,B) = �. w%;%x



"% !��� �	�$>��� ?��5�� !�"@/ �A� !��� ,��5; B��#1� !@4.5� [3
δ > � ^A +ε > � �� B��* [A�,' 9Ib M� +���* B�� �0&
G�&� H�I6� ^A T O&	
 H�F ������

u�
 <��  5C5� B�
d(x, y) < d(A,B) + ε+ δ =⇒ d(T (x), T (y)) < d(A,B) + ε . w#;%x

tO&	
 [A�,' �A/ (�51 �* �� g � f d*�5' ���
f(x) = d(x, y)− d(A,B)

�
g(x) = d(T (x), T (y))− d(A,B),

u�
  5���� �a&! w#;%x B��-*�� 9Ib >�����
f(x) = d(x, y)− d(A,B) < ε+ δ =⇒ g(x) = d(T (x), T (y))− d(A,B) < ε

u<�� O&��5U +%;";% O� �* �C5' �* �
f(x) = d(x, y)− d(A,B) > � =⇒ g(x) = d(T (x), T (y))− d(A,B) < ϕ(d(x, y)− d(A,B))

�
f(x) = d(x, y)− d(A,B) = � =⇒ g(x) = d(T (x), T (y))− d(A,B) = �.

;<�� J��' ����* �v� �
7�� 8319�� �01+�� X �� �-��� ���	�
����)� B � A ����� ���� (X, d) 0312 7�� [Q[<[3 7-
	W�D�! �	�3�6 �� ���H� (>���RL () ϕ � ���� �V32R�3� 7��'�� T : A∪B → A∪B $+�;� 0312

M01��� ���6�� �)� ���	 E���B (x, y) ∈ A×B �� ���� :��5 8)� �� �0+��
.d(T (x), T (y)) ≤ d(x, y) ODP

.d(T (x), T (y))− d(A,B) ≤ ϕ(d(x, y)− d(A,B)) O!P
+t ∈ [s, s + δ] B��* [A�,' 9Ib �v� +<�� ^,*�'GL ^A ϕ �5Q +w"x <�LE (�IP� B��* ������
�* +<�� B�� �0&
G�&� H�I6� T �5Q V�2 ;ϕ(s) ≤ s �
 <F�� �a&! ��5'��� M� ;ϕ(t) ≤ s

u<K� ��5'��� w";%x <�LE +];";% B��&DE/� > �K!��
d(x, y) > d(A,B) =⇒ d(T (x), T (y)) < ϕ(d(x, y)− d(A,B)) + d(A,B)

≤ d(x, y)− d(A,B) + d(A,B) = d(x, y).

u�
  5���� �a&! +];";% �&DE w%;%x <�LE /� > �K!�� �* MN�
d(x, y) = d(A,B) =⇒ d(T (x), T (y)) = d(A,B) = d(x, y) =⇒ d(T (x), T (y)) = d(x, y).



"# 4#I��� 7�"�8� � �	�$>��� ?��5�� <[3
�* �C5' �* M� +<�� �0&
G�&� B�� H�I6� T H�F 9Ib ;O&	
��� (�IP� �� w%x <�LE V�2

uOA�� +];";% B��&DE
d(x, y)− d(A,B) > � =⇒ d(T (x), T (y))− d(A,B) ≤ ϕ(d(x, y)− d(A,B)).

��� +];";% B��&DE w%;%x <�LE /� �
d(x, y) = d(A,B) = d(T (x), T (y)),

>�����
� = d(T (x), T (y))− d(A,B) ≤ ϕ(d(x, y)− d(A,B)),

=⇒ � ≤ ϕ(d(x, y)− d(A,B)).

;<�� J��' ����* �
�2	���@	 �� �01+�� X X0Y� $Q��1I) ��@	 �� ���� �� �)��	������ {yn} � {xn} �B� [J[<[3 7-

lim
n→∞ ‖xn‖ = lim

n→∞ ‖yn‖ = lim
n→∞

�
�‖xn + yn‖ = �

. lim
n

‖xn − yn‖ = � E�B	F.
ε� > � M� . lim

n
‖xn − yn‖ �= � O&	
��� H�F � O&	
��� > �K!�� [0U ����* /� (�IP� B��* ������

�
���LE� �* +���  5C� {yn} /� {ynk
} � {xn} /� {xnk

} B������I �A/ �
‖xnk

− ynk
‖ ≥ ε�.

+n ∈ N �� B��* �
 <F�Av� ��5'��� +<&0
 /� 7!��
 ���*

‖xn − yn‖ ≥ ε�

X � y � x �� B��* �
�B�5b� �*  ��  5C� δ �v� +<�� f�:� <U�5	)A �5b� �* X B�DF �5Q
t>����� +‖x− y‖ ≥ ε�� � ‖y‖ ≤ � +‖x‖ ≤ � ��� �
∥∥∥∥x+ y

�
∥∥∥∥ ≤ �− δ(

ε�� ) = �− δ�.

λ < � �* ‖λyn‖ � ‖λxn‖ >����� +y = λyn � x = λxn +λε� >
ε�
� +� − δ� < λ < � ��� V�2

[0U H�F 9Ib 7&	Z�� � �	!L� �����

‖λxn − λyn‖ ≥ λε� >
ε�
� .

t�
 <F�� �a&! ��5'��� ��* �2�I� 9Ib +<�� f�:� <U�5	)A �5b �* X �5Q �a&! � 

λ‖xn + yn‖� =

∥∥∥∥λxn + λyn�
∥∥∥∥ ≤ �− δ�.



"\ !��� �	�$>��� ?��5�� !�"@/ �A� !��� ,��5; B��#1� !@4.5� [3
u<�� O&��5U 7!F�� �2 �* V�2

λ = lim
n

λ‖xn + yn‖� ≤ �− δ�.

<*�P O)2 � sb�* [0U H�F M� ;<�� ~E�	' � � − δ� < λ < � �* �
 λ ≤ � − δ� +7A��*�	*
; 5����

X �� �-��� ���	�
����)� B � A �X0Y� $Q��1I) ��@	 �� J���� ���� X 0312 7�� [O[<[3 7-
�2	���@	 �� �0)�3;� �Z� �� �� B �� {zn} �	������ � A �� {yn} � {xn} ���	������ �0+�� X0Y� A �

�lim
n

‖xn − yn‖ = � :��5 8)� �� �lim
n

‖yn − zn‖ = d(A,B) � lim
n

‖xn − zn‖ = d(A,B)

uOA�� �X0X� B��L�� /� > �K!�� �* .d(A,B) = � O&	
 H�F ��!*� ������
� ≤ ‖xn − yn‖ ≤ ‖xn − zn‖+ ‖zn − yn‖

O� H�F /� > �K!�� �* �F�b /� �
lim
n

‖xn − zn‖ = lim
n

‖zn − yn‖ = �,
M�

lim
n

‖xn − yn‖ = �.
� lim

n
‖xn − zn‖ = d(A,B) H�F 9Ib � <�� f�:� A �5Q ;d(A,B) �= � O&	
 H�F V�2

uOA�� M� +<�� lim
n

‖yn − zn‖ = d(A,B)

d(A,B) ≤ lim
n→∞ ‖xn + yn

� − zn‖ ≤ lim
n→∞(

�
�‖xn − zn‖+ �

�‖yn − zn‖) = d(A,B),

7A��*�	* �
lim
n

‖(xn − zn) + (yn − zn)‖ = � lim
n

∥∥∥∥xn + yn� − zn

∥∥∥∥ = �d(A,B),

�
  �
 ��&* �5��7A� ��5'��� �

lim
n

∥∥∥∥(xn − zn) + (yn − zn)

�d(A,B)

∥∥∥∥ = �.
<F�� �a&! ��5'��� M� +lim

n
‖yn − zn‖ = d(A,B) � lim

n
‖xn − zn‖ = d(A,B) H�F 9Ib �5Q

u<�� O&��5U +l;";% O� /� > �K!�� �* V�2 . lim
n

‖ yn − zn
d(A,B)

‖ = � � lim
n

‖xn − zn
d(A,B)

‖ = � �


lim
n

∥∥∥∥(xn − zn)− (yn − zn)

d(A,B)

∥∥∥∥ = � =⇒ lim
n

‖xn − yn‖ = �.


