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<� <��� 
� �	�"% C∗ �� ���1S& ��	��5�/ HT�9& � U�M5>�3 �����V �1� !1+=� ���� ����� ��
 ��
�1� ��A� !1+=� pq − qp $�"% C∗ W� �� q � p ���1S& ��5�/ �� �
�� .)	� <� ���� �)�X�	 � .)�6

 I�;�� �����V �1� ��A� !1+=� p− q � pq �Y
 R2P � �Y
 7
 �����V

�	�"% C∗ Z���1S& ��	��5�/ Z���
�� !1+=� Z�����V �1� !1+=� :-�8� -��";��
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[5�'� ��	 �B�; �� �6 <�
�
�P ��	 �����6 H)F� �� �)B
 ��	 K� �� ��P�� .)�=& ��	 !1+=� \:"�
$��P�� .)�=& ��	 !1+=� .�� ��	�����6 �
 <+�  7
 ��P�Y �
�# ���
� <T��� �%1& ��1� $��
� <T���

 7
 <GB L]��=� ?���� H3
U
1% L�1> ��
 �� $I;�� ��A� !1+=� A �Y
  I;�� <GB L]��=� ?���� W� Ax = b .)�6 ^�P

 ��
� �1%� x = A−�b ���+�
<���� ��
 � ��
I� �1%� Ax = b ?���� �
�� <�
1% L�1> ��
 �� $I;�� H+; H)G�(� �� ��9�� A �Y
 K�3

 .)�6 <� ?��9�
 ��P�� .)�=& ��	 !1+=� �
 �� �6 7

�
 <GB E)6�& b _��&�� �6 7
 L��"/ ��
 ��
 .	 I�6 0I> Ax = b ?���� �� �6 x _��&�� �1%�

 b = Ah �+��1G� ��
� �1%� �
h $I;�� �)�- �Y
 I;�� <� A _��&�� ��	 �1�
[��=& ���	 I�6 <� 0I> `�; ��
 �� �6 �
 X a#
� �� �6Q AXA = A �6 I;�� <(��&�� X �Y
 K�3

b.��
� L�1> ��
 �� x = Xb .)	� �
�# �Y
 � J7
 A _��&�� ��P�� .)�=& !1+=� �
�� <56

Ax = AXb = AXAh = Ah = b

 I�6 <� 0I> Ax = b ?���� �� x ��
 �����
R2P � �Y
 ��
� U
1% W� Ax = b L�1> ��
 �� $AXA = A �6 I;�� <(��&��X �Y
 <56 7F�3 ��

 AXb = b �Y

��1� �I=� K1SP �� �6 7
 ?I; ?�
� c�S�B
 <����M# � [���=& ��)� �� K�
 HSP $���� ����� ��
 ��

C∗ �� ���1S& ��	��5�/ HT�9& � U�M5>�3 �����V�1� !1+=� O�� HSP ��  ��)Y <� �
�# ?��9�

��MP �� I��=�� ��1S& ��	��5�/ �
�� 
� ��
 �)�	 O1 HSP �� � .)	� <� �
�# <��� ��1� 
� �	 �"%

 .)�6 <� <��� m× n ��	 _��&��
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�'���B� C8��&� � ��+�8� 58$

M���
' � -��N� ��3� AOA
 �1; <� ?��9�
 ��� ��	���� �
 ���� ����� ��
 ��

0�:F
 ��5�/ A∗

�����V�1� !1+=� A†

A <���� !1+=� A−

A <��&��� !1+=� A+

A ���
�� !1+=� AD

A ��5�/ O�� ‖A‖

y � x <���� U�T H>�3 〈x, y〉

L�"5)	 ��MP H

Y �� X �
 �
I�
�6 <GB ��	��5�/ O��& ��MP L(X, Y )

L�"5)	 ��MP ��� �
I�
�6 <GB ��	��5�/ ��	 �/1�e� B(H)

n× n <���	 _��&�� In

�"% VC∗ A

�



<&��I2� .)	�9� � �	��)� f)�  � HSPd

A _��&�� ��� R(A)

A _��&�� ��G ��MP RS(A)

A _��&�� �"&� ρ(A)

a �S�/ [)g σ(a)

a �S�/ [)g <��;�"�
 `�2� accσ(a)

 I;�� <� I=� K1SP �� ��)� ��1� �)F�
 .)	�9� � [���=& H��; f'� ��


Jh�iQPQ�/�8� -�)@R OAOAOA M��
'

(x, y) −→ 〈x, y〉I���� <�;���X ��� <5B
� U�T W�  I;�� R5�'� ��
��� ��MP W�X .)�6 ^�P

b �6 ��1g �� 7
 X ×X −→ C �


〈ax+ by, z〉 = a〈x, z〉+ b〈y, z〉 $C �
 b � a �	 � X �
 z � y $x �	 �
�
 �� J[F


〈y, x〉 = 〈x, y〉 $X �
 y � x �	 �
�
 �� JU

〈x, x〉 ∈ (�,∞) $X �
 x I���� �9>�� 1M/ �	 �
�
 �� Jj

W� X �Y
  �1; <� ?I)��� L�"5)	 f)� ��MP W� <5B
� U�T W� �� k�e� R5�'� ��
��� ��MP �	

b .)�6 <� [��=& x ∈ X �	 �
�
 �� $I;�� L�"5)	 f)� ��MP

‖x‖ =
√

〈x, x〉.

 �1; <� ?I)��� L�"5)	 ��MP W� I;�� H��6 ‖x‖ =
√〈x, x〉 O�� �� 7"(� �6 <&�"5)	 f)� ��MP

JhNiQP�>S ���3�R OEOAOA M��
'

�	 �
�� ?�Y�	 �1; <� ?I)��� <GB T : X −→ Y 7;���  I�;�� L�"5)	 ��	�MP Y � X .)�6 ^�P

b.);�� ��;
� �	�F�+
 �
I)� �� β � α �	 �
�� � X �� z � x

T (αx+ βz) = αTx+ βTz.



<&��I2� .)	�9� � �	��)� f)�  � HSP�

P������ ���3�R OGOAOA M��
'

?�Y�	 �1; <� ?I)��� �
I�
�6 A : X −→ Y <GB ��5�/  I�;�� L�"5)	 ��	�MP Y � X .)�6 ^�P

b.);�� ��;
� x ∈ X �	 �
�
 �� �6 ��1g �� I;�� ��;
� �1%� c � � 7��l W�

‖A(x)‖ ≤ c‖x‖.

PT��=� ���3�R OHOAOA M��
'

�� �6 B ∈ L(Y,X) ��P �� �S:�� ��5�/ ?���@ A ∈ L(X, Y ) � I�;�� L�"5)	 ��	�MP Y � X ?�Y�	

 I�	� <� ���� B = A∗ �� � I���� <� A 0�:F
 ��5�/ I�6 <� 0I> 〈Ax, y〉 = 〈x,By〉 ���(&

P#��'��S ���3�R OIOAOA M��
'

�� ?�Y�	 .)�1Y J��1S&Q �
1&�1B 
� A : X −→ X ��5�/ I;�� L�"5)	 ��MP W� X .)�6 ^�P

 I�6 0I> Ad = A `�;

P���
	� ���2' ���3�R OKOAOA M��
'

 I���� <� I��=�� ��1S& ��5�/ I�6 0I> P ∗ = P � P d = P ��	 `�; �� P ��5�/

�� �6 .)�6 A !1+=� ��k���% 
� B I���� <(��&�� �6 .�I��#m/ $I;�"� ��A� !1+=� A _��&�� �Y


bI�6 <� 0I> ��� R�
�;

 I;�� �1%1� ��A� !1+=� ��	 _��&�� ?�� �
 ���Y�k� ?�� W� �
�� J�

 I;�� ��;
� 
� <F1�=� !1+=� ��	 7)>�B �
 ��
I=&Jd

 �1; H�I"& <F1�=� !1+=� �� I;�� ��A� !1+=� A <�#� J�

 .��
� 
� ��� [��=& 01P R�
�; �� �%1& ��

I���� <(��&�� $A �
�� ��P�� .)�=& !1+=� W� Jh�iQPF��'��1� !	@�� C83
'.��
�R OUOAOAM��
'

 I�6 0I> ABA = A `�; �� �6 7
 B



<&��I2� .)	�9� � �	��)� f)�  � HSPN

JhdiQPT��=� F��'��R OVOAOA M��
'

0�:F
 _��&�� �@ �� �6 $I;�� <� A∗ = [aji]n×m _��&�� A = [aij]m×n _��&�� j��k� ?����
�&

 I��1Y

P�	8��� F��'��R ODOAOA M��
'

 I��1Y J0�:F
�1BQ <�)��	 _��&�� 
� A = A∗ �6 A <=��� _��&��

Jh�iQP� +���$ QW��
�R OAXOAOA M��
'

�1%1� B I���� <(��&�� $R5�'� ��	 ��
�� �� A <	���� _��&�� �	 �
�� �6 �
� ���� ���� K� �� �����

b .)��� <� ����� ��	 �F��=� � I�6 <� 0I> ��� �F��=� ���- �� �6 7


ABA = A J�

BAB = B Jd

(AB)∗ = AB J�

(BA)∗ = BA JN

Pd +���$,��� .��
�R OAAOAOA M��
'

 I�6 0I> ����� �F��=� ���- �� �6 7
 B I���� <(��&�� $A _��&�� �����V�1� !1+=�

P� Y�+��� .��
�R OAEOAOA M��
'

��� `�; � �� ?�Y�	 �1; <� ��;1� b = aD L�1> �� � 7
 a ∈ A �S�/ ���
�� !1+=� b �S�/

bI�6 0I>

ab = ba J�
�
d
�



<&��I2� .)	�9� � �	��)� f)�  � HSP�

b = bda Jd

ak = bak+� J�

k <9���� n):> �I/ �	 �
��

P��N$ .��
� F��'��R OAGOAOA M��
'

b�+��1G� $I;�� ��;
� �1%� B I���� n×n <(��&�� ?�Y�	 �1; <� ?I)��� ��A� !1+=� A <=��� _��&��

AB = BA = In.

P-�>� -�)@R OAHOAOA M��
'

_��&�� ��G ��MP $A _��&�� ��G ��	�
��� R1& ?I; I)F1& ��
��� ��MP $A ∈ C
m×n ?�Y�	

 I�	� <� ���� RS(A) �� � �1; <� ?I)��� A

Jh��iQP�/0R OAIOAOA M��
'

<GB �� 7;��� �� ?
��	 7
 A ��
��� ��MP �"% W�

A× A −→ A

(a, b) −→ ab

b�+��1G�

(a, b, c ∈ A) a(bc) = (ab)c

P�/0,∗R OAKOAOA M��
'

�+��1G� 7
 a −→ a∗ <GB j��k� 7;��� A �"% ��� 7�Y��� W�

a∗∗ = a , (ab)∗ = b∗a∗
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 a, b ∈ A �	 �
��

 �1�)� ?I)��� �"%V∗ W� (A, ∗) 79%

P�4�� ��+ ���R OAUOAOA M��
'

�Y
 7
 <��T ��� A �"% ��� O�� W�

‖ab‖ ≤ ‖a‖‖b‖

 �1; <� ?I)��� �
I��� �"% W� (A, ‖.‖) 79% 7F�3 ��
 ��

PZ���4 �/0R OAVOAOA M��
'

 �1; <� ?I)��� �
I+� p���� �"% I;�� �
I+� �Y
 � �1; <� ?I)��� p���� �"% I;�� H��6 �Y
 A �
I��� �"%

Jh��iQPZ���4 �/0,∗R OADOAOA M��
'

b�+��1G� <��T��� H��6 O�� W� �� 7
 A �"%V ∗ W� p���� �"%V ∗

‖a∗‖ = ‖a‖ , (a ∈ A)

 7
 �
I+� p���� �"%V∗ $A .)�1Y <� ‖�‖ = � �+��1G� I;�� ��;
� �
 �+� �S�/ A �Y
 ?�m=�

P�/0,C∗R OEXOAOA M��
'

b�+��1G� 7
 p���� �"% V∗ W� �"%VC∗

‖a∗a‖ = ‖a‖d

P �2�� 1� M8[R OEAOAOA M��
'

b��� �/1�e� �
 7
 L��"/ a �S�/ [)g

σ(a) = {λ ∈ C | λ� − a /∈ Inv(A)}



<&��I2� .)	�9� � �	��)� f)�  � HSPq

 a ∈ A � 7
 �
I+� �"% W� A �6

P\���� �2��R OEEOAOA M��
'

 aa∗ = a∗a �Y
 7
 K���� a ∈ A �S�/

P�/>7 !/� �2��R OEGOAOA M��
'

 7
 σ(a) <��;�"�
 `�2� ����)� accσ(a) �6 � /∈ accσ(a) �Y
 7
 <"G# �"; a ∈ A �S�/

� a ∈ AD �Y
 R2P � �Y
 aa† = a†a ?���@ I;�� �����1� ��A� !1+=� a ∈ A �Y
 OEHOAOA !8)7

 a† = aD

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

 I;�� <"G# �"; a ∈ A�Y
 R2P � �Y
 a ∈ AD OEIOAOA !8)7

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

 7
 ?�� <"G# ?���@ I;�� K���� � <"G# �"; a ∈ A�Y
 OEKOAOA !8)7

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

��A� !1+=� a∗a �Y
 R2P� �Y
 7
 �����1� ��A� !1+=� A �"% VC∗ W� �
 a �S�/ OEUOAOA !8)7

bL�1> ��
 �� a ∈ A† �Y
 � I;�� ���
��

a† = (a∗a)Da∗ = a∗(aa∗)D

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�



<&��I2� .)	�9� � �	��)� f)�  � HSPr

bI���
 .	 ��� R�
�; L�1> ��
 ��  a ∈ A I)�6 ^�P OEVOAOA !8)7

a†a = aa† J�

a ∈ AD , a† = aD Jd

 7
 ?�� <"G# a J�

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

(a∗)D = (aD)∗ � a∗ ∈ AD ?���@ a ∈ AD �Y
 OEDOAOA !8)7

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

(ab)D L�1S��
 ��  aD, bD ∈ AD �+��1G� I�;�� A �
 <��e��% �>��/ a, b .)�6 ^�P OGXOAOA !8)7

(ab)D = aDbD � ��
� �1%�

�  �1; �=%
�� JhriQ a%�� �� L�"l
 �
�� OQ�/]�

b�
 7
 L��"/ ��m6 K1��P L�1S��
 ��  I�;�� R5�'� ��	 _��&�� A,B .)�6 ^�P OGAOAOA !8)7

(AB)D = A[(BA)D]dB

�  �1; �=%
�� Jh�iQ a%�� �� L�"l
 �
�� OQ�/]�
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!��B� AOE
�"%V C∗ W� A � H ��� �
I�
�6 <GB ��	��5�/ � ��	 � �/1�e� B(H) $L�"5)	 ��MP H .)�6 ^�P

b.)	� <� �
�#  I�;�� e �+� ��

P (H) = {p ∈ B(H) ; pd = p = p∗}

�

P (A) = {p ∈ A ; pd = p = p∗}

7
 <"G# �"; a �S�/  I;�� σ(a) <��;�"�
 `�2� accσ(a) � a �S�/ [)g σ(a) � a ∈ A .)�6 ^�P

 I;�� R(λ; a) = (λe− a)−� �
 EG# W� �*6
I3 � � I;�� <"G# �"; �Y
 7
 <"G# � � /∈ accσ(a) �Y


 I;�� R(λ; a) �
 ?�� EG# W� �*6
I3 � �Y
 7
 ?�� <"G# a c�B 7F�3 ��

<��� �"%V C∗ W� �� 
� ��1S& ��	��5�/ HT�9& � U�T H>�3 �����V�1� !1+=� �� HSP ��
 ��

!1+=� pq � p − q �Y
 R2P � �Y
 7
 �����V�1� ��A� !1+=� pq − qp .)	� <� ���� �)�X�	  .)�+)�

 I�;�� �����V�1� ��A�

�



�	�"%V C∗ �� ��1S& ��	��5�/ HT�9& � U�M5>�3 �����V�1� !1+=�  d HSP��

���� -���)7 EOE
a + b ?���@ ab∗ = � = a∗b �Y
  I�;�� �����V�1� ��A� !1+=� a, b ∈ A I)�6 ^�P h��i OAOEOE !8)7

 (a+ b)† = a† + b† � 7
 �����V�1� ��A� !1+=�

�
��  I�6 <� 0I> a+ b �
�� �����V�1� !1+=� [��=& �F��=� ���- �� a† + b† .)�6 7��l I��� OQ�/]�

b.��
� K�
 7)>�B <���

(a+ b)(a† + b†)(a+ b) = aa†a+ aa†b+ ba†a+ ba†b+ ab†a+ ab†b+ bb†a+ bb†b

b.��
� �����V�1� ��	 !1+=� c
1B �
 <+� s"g <P�g �


a† = (a∗a)†a∗ = a∗(aa∗)† J� dQ

 b_�

aa†b = a(a∗a)†a∗b

b.��
� 
AF � aa†b = � _� ab∗ = � = a∗b �FC(� ^�P s"g ��


ba†a = ba∗(aa∗)†a = (ab∗)∗(aa∗)†a = �

ba†b = b(a∗a)†a∗b = �

ab†a = ab∗(bb∗)†a = �

ab†b = ab∗(bb∗)†b = �

bb†a = b(b∗b)†b∗a = b(b∗b)†(a∗b)∗ = �



�	�"%V C∗ �� ��1S& ��	��5�/ HT�9& � U�M5>�3 �����V�1� !1+=�  d HSP��

b_�

(a+ b)(a† + b†)(a+ b) = a+ b

b.��
� O�� 7)>�B <��� �
��

a† + b†(a+ b)a† + b† = a†aa† + a†ab† + a†ba† + a†bb† + b†aa† + b†ab† + b†ba† + b†bb†

b.��
� � d �G�
� s"g ��


a†ab† = a†ab∗(bb∗)† = �

a†ba† = (a∗a)†a∗ba† = �

a†bb† = (a∗a)†a∗bb† = �

b†aa† = (b∗b)†b∗aa† = (b∗b)†(a∗b)∗a† = �

b†ab∗(bb∗)† = �

b†ba† = b†ba∗(aa∗)† = b†(ab∗)∗(aa∗)† = �

b_�

(a† + b†)(a+ b)(a† + b†) = a† + b†.

�  �1; <� 7��l ����� �1G� k)� ���� �F��=� ��

σ(ab) \ {�} = σ(ba) \ {�} L�1S��
 ��  a, b ∈ A .)�6 ^�P Jh��iQ OEOEOE !8)7

 I; �� ��A� !1+=� �− ba �Y
 R2P � �Y
 7
 ��A� !1+=� �− ab L�1S��
 �� a, b ∈ A .��
� OQ�/]�

!1+=� �
�
� �− ba L�1S��
 �� $I;�� c !1+=� �
�
� �−ab �Y
 �6 �1; <� �e)�� E5G� ��
 �
 ��
 ��


�  σ(ab) \ {�} = σ(ba) \ {�} �6 �1�)� �e)�� ���
 .	 ��
 �
 � 7
 � + bca


