
ý¤ø��ê ø ��Ö�Ö½� ,ô�Üä �¤�¥ø
ö�¹þ��¤£� ÝÜãõ ´��Â� ù�ÚÈ÷�¢

�þ�� ô�Üä ùÀØÈ÷�¢

�õ�÷ ö�þ��
Àª¤� ü¨��ª¤�î ��¤¢ Á¡� ´ú�

Ë½õ ü®�þ¤ �µª¤

ö���ä

ý�ûñÂµ�î ø Û�Æ÷�ÂÔþ¢ -ñ�ÂÚµ÷� ��¢�ãõ
 �÷�� ý�û�Ìê ¤¢ ���ú�

�Þ�û�¤ ¢�µ¨�
¢�Þ½õ¤�� ÂÔã� Âµî¢

¤ø�Èõ ¢�µ¨�
�ÖþÀ� ý¤�Ôè �®Â�Üä Âµî¢

ÂÚÈûøÄ�
üØúõ üÜ�ó

1387 -ù�õÂ��
ö�Âþ� -ÃþÂ±�



Ý��Âaó� ßÞ�Âaó� �Üaó� ÝÆ�



�� ÝþÀÖ�

.Ýþ� ��È� �¤ ©¤�Ì� �î ö��Âúõ ¢�ä�õ Âúõ Â� ö�µ¨�

:¤�·þ� ø Âúõ ý�ûö�Âîü� �� ÝþÀÖ�

ô¤��ð¤Ã� ¤¢�õ ø ¤À�



Çþ�µ¨

,ö�ðÀ�ª�î ø ,À�÷�À÷ ø� ý�û´Þã÷ ö¢ÂÞª ö�Âð¤�Þª ø À�÷�Þ� ø� ö¢�µ¨ ¤¢ ö�¤��¿¨ �î �¤ üþ�À¡ §�³¨
�ÂØê Â¨ ø ,´¨� Ù�ó ø� üþ�¨��ª ù�¤ ¤¢ ô�ðÃ�� ý�ÈþÀ÷� ý�� �î üþ�À¡ .À�÷��µ÷ ö¢¤�Ãð �¤ ø� Õ�
¤¢ ø ,ü÷Àõ��÷¤¢ Ó¬ø �� ø ´¨� ü÷Àª�÷ ÓþÂã� ø� ý�û´Ô¬ .Ù�¨ Â� ÇµêÂãõ ý�þ¤¢ �� ø¤ é¤¦
�¤ �û¢�� ÇµÞ�¤ ��ø ,ÀþÂê��� �¤ Õþ�¡ Ç�¤Àì �� .ü÷¢���÷ «�Ê¿õ ü÷�õ¥ �� ø ,ü÷À�¹�ð�÷ ´ìø

.À�Èî ¤�úõ ¤¢ �¤ ß�õ¥ ýù¥Âó �ûÙ�¨Â¡ �� ø ,À��î�Â³�
æ�õ�ü� ,ö�Þþ� ø ¢�Öµä� ýø¤ ¥� ý�üû��ð .´¨�µÞûü� ø ¢¤�À÷ ý¥�±÷� ,´¨�µØþ �À¡ �î Ýû¢üõ üû��ð
ü�þ¢ �� ¢�µ¨ÂÔ� �¤ ø� .´¨ø� Â±õ��� ø ø� ýùÀ�� («)ÀÞ½õ �î Ýû¢üõ üû��ð ø ;ö�½µõ� ¥� ùÀõ�Â�
´¨� üè�Â� ø ,ö�È¡¤ ´¨� ý¤�÷ �î ,¤�ð¢¤øÂ� ÝÜä ¤¢ �µÈ±÷ ü÷�Âì ø ,¤�ÀþÀ� üþ�û�÷�È÷ �� ø ,¤�Øª�

.Àþ�õÂê ôÃÜõ Û�ó¢ ø ´¹� �� ø ,Àþ�¢Ã� �ûñ¢ ¥� üó¢ø¢ ¢Âð �� .ö��ä ø ßªø¤ Çþ�û¤�µ¨¢ ø ,ö�¥øÂê
;�� �¤Àì ¤��î ¤¢ ö� üð¤Ã� ,´¨� ¢Â¡ �� ø ;�� ´ÖÜ¡ ¥� Ý���üõ ��ö� ´¨� ï¤Ã� �� !�þ�À¡ í��
¥� ´¨� ö�ú÷ �õ Â� ��ö� Â��Â� ´¨� Ã���÷ �� ø ,�� ��ØÜõ ¥� Ý���üõ ��ö� ´¨� ´ÞÑä �� �� ø
.ö�ú� ö� ý�û´Þã÷ ¤��î ¤¢ ´¨� íÀ÷� �� ø ;ö�ú� ßþ� ¤¢ �� ´Þã÷ ´¨� Â�ð�Âê �� ø ,�� ´�ÎÜ¨

��ö�À� �¤ Ýó¢ ø �Þ÷ ßõ �� �¤ ô¤�î ��¬ ,Ý÷�À÷ �¤ öÀ�¨Â� ù�¤ �þ Ý÷�õ¤¢ ¢�¡ Ç¨Â� ¤¢ Âð� !�þ�À¡
ý�û´þ�Ôî ¥� ø ´Æ�÷ �µ¡��ª�÷ �� ý�ûüþ�Þ�û�¤ ¥� ¤�î ß��� �î !�õÂê ���µõ ´¨� ö� ¤¢ ßõ ý¤�Úµ¨¤

.�÷ ��

�è�±ó� ¸ú÷ ¥� ý�ùÀþÃð

4



ü÷�¢¤Àì

Â�Ñ÷ü� ö�Èµþ�Àû ,�úµ�õü� ö�÷� ´ÞÑä �î �µÆ÷�¢ ü÷�ÞÜãõ Õþ� �¤ �õ �î �¤ ö��õ À÷ø�À¡ ö�þ�� ü� ÀÞ�
.´¨� �¢�ã¨ ö�÷� �� üþ��÷Ýû ø

ô¤��ð¤Ã� ¤¢�õ ø ¤À� ,ü÷��Âúõ ý�ûù¤�Î¨� æþ¤¢ü� ��Þ�¥ ¥� Ý���üõ ô¥� ¢�¡ Â� �Ü�Âõ ßþ� ö�þ�� ¤¢
.Ýú÷ ÕÈä ý�¨�� ,ö�ÃþÃä ßþ� ´ê�Îä Â� ö�µ¨¢ Â� ø Ý�î ÂØÈ� �÷�Þ�Þ¬

� � �î ý¤�Ôè �®Â�Üä Âµî¢ ý�ì� ���� ø ¢�Þ½õ¤� � ÂÔã� Âµî¢ ý�ì� ���� ¤ÀÖ ÷�Âð À� ��¨� ¥�
ô�¹÷� �� �� ôÀì �� ôÀì �Âõ ø À�µÈð ÇûøÄ� ßþ� ý�Èðù�¤ ¢�¡ ý�÷�Þó�ä ý�û�Àä�Æõ ø �ûüþ�Þ�û�¤

.Ý�îüõ ý¤�Ãð§�³¨ ,À÷¢Âî ´þ�Àû ù¦øÂ� ßþ� öÀ�÷�¨¤
¤�¿µê� �î ù¢�¥�ì� Â¬�÷ Âµî¢ ý�ì� ���� ùÄþø�� ü®�þ¤ ùøÂð ý�µ¿�ûÂê ø ôÂµ½õ À���¨� ¥� ß���Ýû
ü÷�¢¤Àì ø ÂØÈ� ,ô¢�� À�õùÂú� Ýû ö�Èþ� ¢¤�¡Â� ßÆ� ¥� Ç÷�¢ Â� ùø�ä ø ô��µª�¢ �¤ ö�Èþ� ý¢Âð�ª

.À�ª�� �ÂþÁ� �¤ Â�Ö� ßþ� æþ¤¢ü� §�³¨ ô¤�øÀ�õ� .Ý�îüõ
.Ýþ�Þ÷üõ ÂØÈ� ,À÷�ù¢�� ßõ ë�Èõ Û�Ê½� Û��Âõ ô�Þ� ¤¢ ù¤��Þû �î ô¤��ð¤Ã� ¤¢�Â� ø Âû��¡ ¥� ö�þ�� ¤¢

üØúõ üÜ�ó
1387 ù�õ Â��

ö�Âþ� ,ÃþÂ±�

5



���¤À�õ ´¨Âúê

1 ùÀ�Ø�

3 ¤�µÔÚÈ��

4 ¥��÷Ç�� Ý�û�Ôõ ø Óþ¤�ã� 1

4 . . . . . . . . . . . . . . . . . . . . . . . . . ñ�ÂÚµ÷� ��¢�ãõ ¥� ü��õÀÖõ 1.1

6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ã�ó�÷� ¥� üÞ�û�Ôõ 2.1

18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÂÆî �±�Âõ ��Æ� 3.1
21 . . . . . . . . . . . . . . . . . . . . . . . ýÂÆî �±�Âõ ñ�ÂÚµ÷� 1.3.1
22 . . . . . . . . . . . . . . . . . . . . . . . . ýÂÆî �±�Âõ ÕµÈõ 2.3.1
23 . . . . . . . . ýÂÆî �±�Âõ ��Æ� ¤¢ §��� ��þÀ±� ýÂ�ð¤�î�� 3.3.1

25 ���ú� ñÂµ�î ý�þÂÑ÷ Â� ý��õÀÖõ 2

25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ���ú� ñÂµ�î ý�ó�bÆõ 1.2

i



25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ó�bÆõ ö��� 1.1.2
27 . ü�µê�þ ´¨¢ ý�û�ä�Þ¹õ ý�ãó�Îõ �� ���ú� ñÂµ�î ý�ó�bÆõ Û�ÜÖ� 2.1.2

30 . . . . . . . . . . . . . . . . . . . . . . . PMP ß�ð�þÂµ÷�� ÝÞ�Æî�õ Û¬� 2.2
30 . . . . . . . . . . . . . . . . . . . . . . . . PMP ü¨À�û ö��� 1.2.2
32 . . . . . . . . . . . . . . . . ¢�¥� ö�õ¥ ý�Â� PMP ü¨À�û ö��� 2.2.2
33 . . . . . . . . . . . . . . . . . ���ú� ñÂµ�î Ûþ�Æõ ý�Â� PMP 3.2.2

38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ���ú� ý�ûñÂµ�î ¢��ø 3.2
38 . . . . . . . . . . . . . . . . ü�µê�þ´¨¢ ý�û�ä�Þ¹õ üð¢ÂÈê 1.3.2
40 . . . . . . . . . . . . . . . . . . . . . . . ���ú� -ö�õ¥ ý�ó�bÆõ 2.3.2

40 . . . . . . . . . . . . . . . . . . . . . . . . . . ���ú� ñÂµ�î Ûþ�Æõ ¥� üó�·õ 4.2
40 . . . . . . . . . . . . . ù�ÚµÆþ� ×þ ¤¢ ¤�Îì ×þ Óì�� ßþÂ�âþÂ¨ 1.4.2

44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÂ�ð�¹�µ÷ 5.2

46  �÷�� ý�û�Ìê ¤¢ ���ú� ý�ûñÂµ�î ø Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ 3

46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �û¢�Þ÷ø ��õÀÖõ 1.3

52 . . . . . . . . . . . . . . . . Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ ý�Â� ���� ¢��ø 2.3
52 . . . . . . . . . . . . . . . üõ�Þä Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ 1.2.3
56 . . . . . . . . . . . . . . . ý���Â® Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ 2.2.3

ii



60 . . . . . . . . . . . . . . . . . . . . . . . . . . . . ���ú� ý�ûñÂµ�î ¢��ø 3.3

72 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÂ�ð�¹�µ÷ 4.3

74 �õ�÷ ù¦�ø

79 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �õ�÷��µî

iii



ùÀ�Ø�
���ú� ý�ûñÂµ�î �� ¯��Âõ Ûþ�Æõ ß���Ýû ø ùÀª �ãó�Îõ üÎ¡Ý�÷ ü��þ¥ ¤� ��¢�ãõ ,Â�¡� öÂì ñ�Ï ¤¢
¤¢ ö�Ôó�bõ ¥� ü¡Â� Í¨�� Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ ¥� ü¬�¡ ý�û´ó�� ß���Ýû .À÷�ùÀª ü¨¤Â�
.´¨� �µêÂÚ÷ ¤�Âì �ãó�Îõ ¢¤�õ ö��î�� üõ�Þä Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ �õ� .´¨� ùÀª �µêÂð ÂÑ÷

- ñ�ÂÚµ÷� ý�ó¢�ãõ �� �µÆ��ø ÂÚÜÞä ùøÂðÝ�÷ - C0 ¥� üµó�� �� üÜ¬� ý�¹�µ÷ ,�õ� ÷ö�þ� � ßþ� ¤¢
Û�Æ÷�ÂÔþ¢





ẋ(t) + A(t)x(t) = F (t, x(t), (Sx)(t)),

x(0) = x0,
(1.0)

S ø ß�ãõ ñ�Ú� ¤�Ï�� ý�µÆ� üÎ¡ ý�ûÂÚÜÞä ¥� ý�ù¢��÷�¡ {A(t)|t ∈ I} ö� ¤¢ �î ¢¤�¢ ¤�îøÂ¨
�¤�¬�� �î ´¨� üÎ¡ Â�è üó�ÂÚµ÷� ÂÚÜÞä ×þ

(Sx)(t) =
∫ t

0
K(t, τ)x(τ)dτ,

.ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ (1.0) ù�Úµ¨¢ ý���ú� ñÂµ�î Ûþ�Æõ ¥� ý��÷�ð ß���Ýû .¢�ªüõ ÓþÂã�
S üó�ÂÚµ÷� ÂÚÜÞä ,(1.0) ù�Úµ¨¢ ý�Â� α−mild ý�ú���� ý¢��ø ý�¹�µ÷ ö¢¤ø� ´¨¢�� ¤�Ñ�õ ��
×þ ,1 ¤Àó�� ý��Ìì ö¢Â� ¤�î�� �� ö�þ�� ¤¢ .¢Â�ðüõ ¤�Âì �ãó�Îõ ¢¤�õ F (., x(.), (Sx)(.)) ´ª�Ú÷ ø

.Ýþ¤ø�üõ ´¨¢�� �¤ ���ú� ý�ûñÂµ�î ¥� ý¢��ø ý�¹�µ÷
Balder′s theorem1

1



;���ú� ñÂµ�î ;ý���Â® Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ý�ó¢�ãõ ;Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ý�ó¢�ãõ :ýÀ�Üî ��ÞÜî
.ýÂÆî �±�Âõ ��Æ� ;PWC − α−mild ø α−mild ����

2



¤�µÔÚÈ��
.À÷�ªüõ Âû�Ò ... øü¨À�úõ ø üÞ�ª ,ü¨��ª´Æþ¥ ,×þÃ�ê ¶��±õ ¥� ý¤��Æ� ¤¢ ñ�ÂÚµ÷� ��¢�ãõ
�î ¢¤�¢ ¢��ø ý�ùÀ�Öä ß���Ýû .À÷� ùÀª �µ¡��ª ´�Þ¨¤ �� 2Û�� Í¨�� ¤�� ß�óø� ��¢�ãõ ßþ�
ø §��� ��þÀ±� ýø¤ �î ¢¢ÂðüõÂ� 1782 ñ�¨ ¤¢ 3 §��� ¤�î �� ñ�ÂÚµ÷� ý�ó¢�ãõ Çþ�À�� ß�óø�

ý�ó�bÆõ �� ´�ãÞ� Àª¤ á�®�õ ý���õ¥ ¤¢ 4�Âµóø 1896 ñ�¨ ¤¢ .¢Âîüõ �ãó�Îõ �ûö� §�Øãõ

φ(x) +
∫ x

a
K(x, t)φ(t)dt = f(x)

ý�ó¢�ãõ 5ÝÜû¢Âê 1900 ñ�¨ ¤¢ .¢Âî ¢¤�¡Â�

φ(x) = f(x) +
∫ b

a
K(x, t)φ(t)dt

.¢ ¤�Âì �ãó�Îõ ¢¤�õ �¤
�� ø À÷�ªüõ Âû�Ò ñ�ÂÚµ÷� ø ÕµÈõ ÂÚÜÞä ø¢ Âû ö� ¤¢ �î ¢¤�¢ ¢��ø Ã�÷ ñ�ÂÚµ÷� ��¢�ãõ ¥� üä�÷
ýø .À÷Àª üêÂãõ �Âµóø Í¨�� ¤�� ß�óø� Ã�÷ ��¢�ãõ á�÷ ßþ� .À�õ�¨�õ Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ
�ûö� ý�Â� �¤ ô�÷ ßþ� ø Àª øÂ�ø ¤ ��¢�ãõ �÷�ðßþ� �� ´�ãÞ� Àª¤ Â� ´��¤ø Â���b� ý�ãó�Îõ ñ�� ¤¢

.¢�Þ÷ ��¿µ÷�
¤¢ ý���Â® Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ Ã�÷ ø üõ�Þä Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ �õ�÷ö�þ�� ßþ� ¤¢

Abel2

Laplace3

Volterra4

Fredholm5
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.´¨� �µêÂð ¤�Âì �ãó�Îõ ¢¤�õ ��¢�ãõ ßþ� ý�Â� ���� ¢��ø ø ùÀª �µêÂð ÂÑ÷
ý�Â� �î ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã � ,ñø� ÛÊê ¤¢ .´¨� ùÀª Û�ØÈ� ÛÊê �¨ ¥� �õ� ÷ö� þ� � ßþ�
ý�ãó�Îõ �� ¤�Êµ¡� �� ,ôø¢ ÛÊê ¤¢ .´¨� ùÀª �þ�¤� ,À�µÆû ¥��÷ ¢¤�õ Àã� ý�ûÛÊê ý�ãó�Îõ
ý����ú� ñÂµ�î Ûþ�Æõ ý�Â� �¤ ���ú� ñÂµ�î ¢��ø ,ô�¨ ÛÊê ¤¢ .Ýþ¥�¢Â�üõ ���ú� ñÂµ�î ý�þÂÑ÷
¢��ø ¢¤�õ ¤¢ ß���Ýû .Ý��îüõ ´��� ,À�µÆû Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ ù�Úµ¨¢ �¤�¬�� �î
- ñ�ÂÚµ÷� ��¢�ãõ ø Û�Æ÷�ÂÔþ¢ - ñ�ÂÚµ÷� ��¢�ãõ ý�Â� PWC − α −mild ø α −mild ý�û����

.Ý��îüõ ¶½� ý���Â® Û�Æ÷�ÂÔþ¢
.À�ª��üõ [18] ø [16] ,[15] ,[13] ,[3] ,�õ�÷ö�þ�� ßþ� üÜ¬� â���õ ´¨� Âî£ �� ô¥�
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1 ÛÊê

¥��÷Ç�� Ý�û�Ôõ ø Óþ¤�ã�

,À�µÆû ü�� ý�ûÛÊê ý�ãó�Îõ ¥�� ÷Ç�� �î üþ� þ�Ìì ø �� óø� Ý�û�Ôõ ø Óþ¤�ã � ,Ç¿� ßþ� ¤¢
ýÂÆî �±�Âõ ��Æ� ø Ã�ó�÷� ,ñ�ÂÚµ÷� ��¢�ãõ ¥� ü��õÀÖõ Ç¿� �¨ ¤¢ °ó�Îõ ßþ� .À÷�ªüõ ý¤ø�¢�þ

.À÷� ùÀª ù¢¤ø� �Ï��Âõ ý�ûñ�·õ ø �þ�Ìì ø Óþ¤�ã� ,Ç¿� Âû ¤¢ �î ´¨� ùÀª ýÀ���µ¨¢

ñ�ÂÚµ÷� ��¢�ãõ ¥� ü��õÀÖõ 1.1

.À�õ�÷ ñ�ÂÚµ÷� ý�ó¢�ãõ Àª�� �µª�¢ ¤�Âì Ýû ñ�ÂÚµ÷� ´õ�ä Âþ¥ ñ�ú¹õ â��� ö� ¤¢ �î �¤ ý��ó¢�ãõ
�¤�¬�� ñ�ÂÚµ÷� ý�ó¢�ãõ üÜî ÛØª

φ(x)u(x) = f(x) + λ

∫ β(x)

α(x)
K(x, t)F (u(t))dt, (1.1)

ø α(x) ø ô�Üãõ Âµõ�¤�� λ ,ñ�ÂÚµ÷� ý�ó¢�ãõ ý�µÆû K(x, t) ,ñ�ú¹õ â��� u(x) ö�¤¢ �î Àª��üõ
.À�µÆû ô�Üãõ Û±ì ¥� f(x) â��� ø �ó¢�ãõ ý�µÆû .À�ª��üõ ñ�ÂÚµ÷� ¢øÀ� β(x)

4



ü�ãþ ,¢�ª Âû�Ò ñ�ÂÚµ÷� ´õ�ä Âþ¥ ¤¢ üÎ¡ �¤�¬�� ñ�ú¹õ â�� � ,ñ�ÂÚµ÷� ý�ó¢�ãõ ¤¢ ù�ðÂû
ö���ä �� .À�þ�ð üÎ¡ Â�è �¤ö� �¤�¬ßþ� Â�è ¤¢ .À�õ�÷ üÎ¡ �¤ ñ�ÂÚµ÷� ý�ó¢�ãõ ,F (u(t)) = u(t)

ý�ó¢�ãõ ñ�·õ
u(x) = 2

3x +
∫ 1
0 xt u(t)dt,

ý�ó¢�ãõ ø K(x, t) = xt ý�µÆû �� üÎ¡ ñ�ÂÚµ÷� ý�ó¢�ãõ

u(x) = 1
2 cosx +

∫ 1
0 (x− t)2u2(t)dt,

.´¨� K(x, t) = (x− t)2 ý�µÆû �� üÎ¡Â�è ñ�ÂÚµ÷� ý�ó¢�ãõ
�¤ö� ,¢�ª Âû�Ò ö� �¤�¡ Ýû ø ñ�ÂÚµ÷� ´õ�ä Âþ¥ ¤¢ Ýû ö� ��ÖµÈõ ø ñ�ú¹õ â��� ,�ó¢�ãõ ¤¢ ù�ðÂû
.À�ª��üõ Û�Æ÷�ÂÔþ¢ -ñ�ÂÚµ÷� ��¢�ãõ ¥� üþ�û�÷�Þ÷ ,Âþ¥ ��¢�ãõ .À�þ�ð Û�Æ÷�ÂÔþ¢ -ñ�ÂÚµ÷� ý�ó¢�ãõ

1) u′(x) = −x +
∫ 1
0 xtu(t)dt, u(0) = 1,

2) u′′(x) + (x− 1)u′(x) = sinx +
∫
(x2 + 1)tu(t)dt, u(0) = 1, u′(0) = 3,

3) (2x + 1)u′(x) = ex + λ
∫
(x− t)(u′(t) + u(t))dt, u(0) = 0.

ÛØª �� ��¢�ãõ ù�Úµ¨¢ ß���Ýû





ẋ(t) + A(t)x(t) = F (t, x(t), (Sx)(t)) t ∈ (0, T )\D
x(0) = x0

∆x(ti) = Ji(x(ti)) i = 1,2, . . . , n

(2.1)

�� D = {t1, t2, . . . , tn} ⊆ (0, T ) ö� ¤¢ �î À�õ� ÷üõ ý���Â® Û�Æ÷�ÂÔ þ¢ - ñ�ÂÚµ÷� ý�ó¢�ãõ �¤
¤�Ï�� ý�µÆ� üÎ¡ ý�ûÂÚÜÞä ¥� ý�ù¢��÷�¡ {A(t)|t ∈ [0, T ]} ø 0 < t1 < t2 < . . . < tn < T

�¤�¬�� üÎ¡Â�è ñ�ÂÚµ÷� ÂÚÜÞä ×þ S ,ß�ãõ ñ�Ú�

(Sx)(t) =
∫ t

0
K(t, τ)g(τ, x(τ))dτ,
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Ã�÷ ø ´¨� üÎ¡Â�è üµª�Ú÷ Ji, 1 ≤ i ≤ n ø ù��¿ó¢ ÂÚÜÞä F

∆x(ti) = x(ti + 0)− x(ti − 0).

Ã�ó�÷� ¥� üÞ�û�Ôõ 2.1

üÜ¡�¢ �Â®Û¬�� 1.1 ÓþÂã�
¥� ´¨� üã��� (ý��ÎÖ÷ �Â®Û¬��) üÜ¡�¢ �Â®Û¬�� ,Àª�� ý¤�¢Â� ý�Ìê ×þ V ⊆ Rn Âð�

«��¡ ý�¤�¢ ø ¢�ªüõ ù¢�¢ ö�È÷ (x, y) 7→ x.y ´ª�Ú÷ �� �î R �� V × V

,x.x ≥ 0 ,x ∈ V Âû ý�¥� �� (1

,x = 0 Âð� �ú�� ø Âð� x.x = 0 (2

,x.y = y.x , x, y ∈ V Âû ý�¥� �� (3

,(x + y).z = x.z + y.z ø x.(y + z) = x.y + x.z ,x, y, z ∈ V Âû ý�¥� �� (4

(ax).y = x.(ay) = a(x.y) ,a ∈ R ø x, y ∈ V Âû ý�¥� �� (5

�Â®Û¬�� ý�Ìê Àª�� ùÀª ÓþÂã� üÜ¡�¢ �Â®Û¬�� ö� ¤¢ �î ý¤�¢Â� ý�Ìê Âû .Àª��üõ
.¢¤�¢ ô�÷ üÜ¡�¢

�µêÂð ÂÑ÷ ¤¢ x.y =
∑n

i=1 xi yi �¤�¬�� Rn ýø¤ ¢¤�À÷�µ¨� üÜ¡�¢ �Â®Û¬�� ,�õ�÷ö�þ�� ßþ� ¤¢
.¢�ªüõ

ù¥�À÷� 2.1 ÓþÂã�
¥� M À�÷�õ üú��÷ ý��þ�¢Âð ,X ýø¤ �û�ä�Þ¹õ ¥� Â±� ×þ ,Àª�� üú��÷ ý�ä�Þ¹õ X À��î Âê

ü�ãþ .´¨� �µÆ� ýÂ�ðÝÞµõ ø üû��µõ ý�ûá�Þµ�� ´½� �î ´¨� X ý�û�ä�Þ¹õÂþ¥
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1)A ∈ M ⇒ Ac ∈ M,

2) A1, A2, . . . , An ∈ M ⇒ ⋃n
i=1 Ai ∈ M.

.1⋂n
i=1 Ai ∈ M ¢�ªüõ �¹�µ÷ ë�ê ´�¬�¡ ø¢ ¥�

Âð� ß���Ýû

{Ai}i∈N ∈ M ⇒
∞⋃

i=1

Ai ∈ M,

.À�õ�÷üõ Â±� -σ �¤ M ù�ðö�

Â±� -σ �¤ X ¤¢ âì�ø ¥�� ý�û�ä�Þ¹õ ý�Ü�¨ø �� ùÀª À�ó�� Â±� -σ .Àª�� ýÂµõ ý�Ìê X À��î Âê
.À�õ�÷üõ ñ¤�� ý�û�ä�Þ¹õ �¤ ñ¤�� Â±� -σ ý�Ìä� .À�û¢üõ Çþ�Þ÷ BX �� ø ùÀ�õ�÷ X ýø¤ ñ¤��

ö�� üã�� � M ýø¤ ù¥�À÷� ×þ .Àª�� M À�÷�õ Â±� -σ ×þ �� Ãú¹õ X ý�ä�Þ¹õ À��î Âê
�îý¤�Ï�� ´¨� µ : M → [0,∞)

µ(∅) = 0 (Óó�
ù�ðö� ,Àª�� M ¤¢ �Ã¹õ ý�û�ä�Þ¹õ ¥� ý��ó�±÷¢ {Ai}i∈N Âð� (�

µ



∞⋃

1

Ai


 =

∞∑

1

µ(Ai).

ö� ¥� Ã�÷ ö¢�� üû��µõ üãÞ� ´�¬�¡ ø ¢�ªüõ ùÀ�õ�÷ ÂþÁ�©¤�Þª üãÞ� ´�¬�¡ (�) ´�¬�¡
:ü�ãþ ,¢�ªüõ �¹�µ÷

µ(
n⋃

1

Ai) =
n∑

1

µ(Ai),

.´êÂð ÂÑ÷ ¤¢ üú� i > n ý�Â� �¤ Ai ö���üõ �Âþ¥
,M ¤¢ âì�ø ý�û�ä�Þ¹õ ø À�þ�ð ÂþÁ�ù¥�À÷� ý�Ìê �¤ (X, M) ,Àª��Â±� -σ ×þ M ⊆ P (X) Âð�
ý�Ìê (X, M, µ) ù�ðö� ,Àª�� (X,M) ýø¤ ý�ù¥�À÷� µ Âð� .À÷�ªüõ ùÀ�õ�÷ ÂþÁ�ù¥�À÷� ý�û�ä�Þ¹õ
R ýø¤ ñ¤�� ýù¥�À÷� �¤ ¢�ªüõ ÓþÂã� BR ý��õ�¢ � � �î R ýø¤ ý�ù¥�À÷� .¢�ªüõ ùÀ�õ� ÷ ù¥�À÷�

.´¨� ⋂n

i=1 Ai = (
⋃n

i=1 Ac
i )

c �Âþ¥1
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.À�þ�ð
�þ) ÂþÁ�ù¥�À÷� -(M, N) �¤ f : X → Y ö�� üã��� ,À�ª�� ÂþÁ�ù¥�À÷� ý�û�Ìê (Y, N) ø (X, M) Âð�
ù�ðÂû ´¨� ñ¤�� ÂþÁ�ù¥�À÷� f : R→ C â��� .f−1(E) ∈ M ,E ∈ N Âû ý�Â� ù�ðÂû À�õ�÷ ( ÂþÁ�ù¥�À÷�

.Àª�� ÂþÁ�ù¥�À÷� -(BR,BC)
:Ý��îüõ ÓþÂã� .0 < p < ∞ ø Àª�� ÂþÁ�ù¥�À÷� üã��� f À��î Âê

‖ f ‖p =
[∫

| f |pdµ

]1
p

,

�¤�¬�� Lp(X,M, µ) ý�Ìê �¤�¬ßþ� ¤¢

Lp(X, M, µ) =
{
f : X → C : ‖ f ‖p < ∞, ÂþÁ�ù¥�À÷� â��� f}

,

¤�Ï�� �¤ Lp(X, M, µ) ,À�ª�±÷ Ýúõ µ ýù¥�À÷� ø M ø X ý�û�ä�Þ¹õ �îü�¤�¬ ¤¢ .¢�ªüõ ÓþÂã�
.¢�ªüõ ù¢�¢ Çþ�Þ÷ Lp �� �¬�¡

�û�Ìê á��÷� 3.1 ÓþÂã�
||.|| : x 7→‖ x ‖ �� �î [0,∞) �� X ¥� ´¨� üã��� X ¤¢ ôÂ÷ ù�ðö� ,Àª�� ý¤�¢Â� ý�Ìê ×þ X Âð�

«��¡ ý�¤�¢ ø ¢�ªüõ ù¢�¢ ö�È÷

,‖ x ‖≥ 0 ,x ∈ X Âû ý�¥� �� (1

,x = 0 Âð� �ú�� ø Âð� ‖ x ‖= 0 (2

, ‖ ax ‖=| a |‖ x ‖ ,a ∈ R ø x ∈ X Âû ý�¥� �� (3

.‖ x + y ‖≤‖ x ‖ + ‖ y ‖ ,x, y ∈ X Âû ý�¥� �� (4

¤¢ ñ�·õ ö���ä�� .À�þ�ð ¤�¢ôÂ÷ ý�Ìê Àª�� ùÀª ÓþÂã� ôÂ÷ ö� ¤¢ �î �¤ ý¤�¢Â� ý�Ìê Âû .Àª��üõ
�¤�¬�� �¤ ôÂ÷ Rn

‖ (x1, x2, · · · , xp) ‖=
√

x21 + x22 + · · ·+ x2n,
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.Ý��îüõ ÓþÂã�
ßþ� .À�îüõ ÓþÂã� X ýø¤ Âµõ ×þ ρ(x, y) =‖ x− y ‖ â��� ,Àª�� ¤�¢ôÂ÷ ý¤�¢Â� ý�Ìê ×þ X Âð�
.¢�ªüõ ùÀ�õ�÷ X ýø¤ üõÂ÷ ý¦�ó���� ,Âµõ ßþ� Í¨�� ùÀª ÓþÂã� ý¦�ó���� .À�þ�ð üõÂ÷ Âµõ �¤ Âµõ
(.Àª�� �ÂÚÞû ,üÈî ý�ó�±÷¢ Âû)Àª�� Ûõ�î üõÂ÷ Âµõ �� ´±Æ÷ �î �¤ X À�÷�õ ¤�¢ôÂ÷ ý¤�¢Â� ý�Ìê Âû

.À�þ�ð  �÷�� ý�Ìê
ôÂ÷ �� Rn ý¤�¢Â� ý�Ìê �f ·õ

‖x‖ =




n∑

i=1

x2i




1
2

,

.x = (x1, x2, . . . , xn) ∈ Rn ��ßþ� ¤¢ .´¨�  �÷�� ý�Ìê
X Ûõ�ª �î ´¨� X ý�û�ä�Þ¹õÂþ¥ ¥� τ À�÷�õ ý�ù¢��÷�¡ ,X üú��÷ ý�ä�Þ¹õ ýø¤ ý¦�ó����×þ

ü�ãþ .´¨� �µÆ� üû��µõ ý�ûí�Âµª� ø ù��¿ó¢ ý�ûá�Þµ�� ´½� ø ù¢�� ∅ ø




1) {Vα}α∈A ⊆ τ ⇒ ⋃
α∈A Vα ∈ τ,

2) V1, V2, ..., Vn ∈ τ ⇒ ⋂n
i=1 Vi ∈ τ.

ÂÑ÷ ¤¢ �¤ S ⊆ X ø (X, τ) üØþ¦�ó���� ý�Ìê .¢�ªüõ ùÀ�õ�÷ ×þ¦�ó���� ý�Ìê ×þ (X, τ) �ø¥
�¤�¬�� S ýø¤ üþ�ÌêÂþ¥ ý¦�ó���� .ÀþÂ�Ú�

τS = {S ∩ U : U ∈ τ}

.À�õ�÷üõ Ã�÷ S ýø¤ ü±Æ÷ ý¦�ó���� �¤ ý¦�ó���� ßþ� .¢�ªüõ ÓþÂã�
Í¨�� ùÀª À�ó�� ý¦�ó���� ,Àª�� X ýø¤ ÍÜµ¿õ â���� ý�Ìê CX ø ù��¿ó¢ üØþ¦�ó���� ý�Ìê X Âð�

ý�û�ä�Þ¹õ
{

g ∈ CX : sup
x∈X

|g(x)− f(x)| < n−1, n ∈ N, f ∈ CX

}
,

.À�þ�ð´¡���Øþ üþ�ÂÚÞû ý¦�ó���� �¤
U ý�Ã¹õ ¥�� ý�ä�Þ¹õ ø¢ ø x 6= y ø x, y ∈ X Âð� .Àª�� ù��¿ó¢ üØþ¦�ó���� ý�Ìê X À��î Âê

9



.À�þ�ð é¤øÀ¨�û ý�Ìê �¤ X ù�ðö� ,y ∈ V ø x ∈ U �îý¤�Ï�� À�ª�� ¢���õ V ø
¥� ÛØÈµõ ,L(X,K) ý�Ìê .Àª�� K ýø¤ ý¤�¢ôÂ÷ ý¤�¢Â� ý�Ìê X ø K = R �þ C À��î Âê
ü�ãþ .¢�ªüõ ù¢�¢ Çþ�Þ÷ X∗ �� ø ¢�ªüõ ùÀ�õ�÷ X ö�ðø¢ ý�Ìê ,X ýø¤ üÎ¡ ý�û×ã��� ý�Þû

X∗ = L(X,K) =
{
f : X −→ K, üÎ¡ ×ã��� f}

.

,´ª�÷ ñ�Ú� ý�û�ä�Þ¹õ ¥� üþ�¤�Þª á�Þµ�� �¤�¬�� ö��µ� �¤ ö� ý�û�ä�Þ¹õÂþ¥ �î üþ�Ìê Âû
.¢�ªüõ ùÀ�õ�÷ ÂþÁ�üþ�À� ý�Ìê

¤�Â ì ø ù¢Âî ÓþÂã � x̂(f) = f(x) ý�Î��® � � �¤ x̂ : X∗ → C â�� � ,x ∈ X À��î Âê ß���Ýû
( ü���¥�� ) ü¨�Øã÷� ý�Ìê �¤ X ù�ðö� ,X∗∗ = X̂ Ý�ª�� �µª�¢ Âð� .X̂ = {x̂|x ∈ X} Ý�û¢üõ

.À�þ�ð
ý�Ì êÂ þ¥ .Y ⊆ X ø À ª� � (ù�� ¿ ó¢ ý�� ä� Þ ¹ õ) ü Ø þ¦� ó� �� � ý�Ì ê × þ X À � � î Â ê
ù¢ÂÈêÇ�� �¤ �Ìê ßþ� .Àª�� ù¢ÂÈê ö� ¤�µÆ� ù�ðÂû À�þ�ð ù¢ÂÈê ü±Æ÷ ¤�Ï�� �¤ Y (ý�ä�Þ¹õÂþ¥)

.À�õ�÷üõ Ã�÷
ö�È÷ Y b X ¢�Þ÷ �� ø ùÀ�õ�÷ X ⊂ Rn ý����÷ ý�ä�Þ¹õÂþ¥ À�î� ¤�Ï�� �¤ Y ⊂ Rn ¤�À÷�Âî ý����÷

.Y ⊂ X ù�ðÂû À�û¢üõ

ùøÂðÝ�÷ -C0 4.1 ÓþÂã�
À��î Âê .¢�ªüõ ùÀ�õ�÷ ùøÂðÝ�÷×þ ,ÂþÁ�´îÂª üþ��ø¢ ÛÞä ×þ �� ù�ÂÞû G üú� Â�è ý�ä�Þ¹õ
×þ T (z) ,z ∈ ∆ ý�Â� À��î Âê ø Àª�� ∆ = {z|z ∈ C, ϕ1 ≤ arg(z) ≤ ϕ2, ϕ1 < 0 < ϕ2}

ù�ðÂû ¢�ªüõ ùÀ�õ�÷ ∆ ¤¢ üÜ�Ü½� ùøÂð Ý�÷×þ {T (z)|z ∈ ∆} ýù¢��÷�¡ .Àª�� ¤�À÷�Âî üÎ¡ ÂÚÜÞä

,Àª�� üÜ�Ü½� ∆ ¤¢ z 7→ T (z) (1

,limz → 0, z ∈ ∆ T (z)x = x ,x ∈ X Âû ý�Â� ø T (0) = I (2

.T (z1 + z2) = T (z1) + T (z2) :Ý�ª�� �µª�¢ z1, z2 ∈ ∆ Âû ý�Â� (3
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�¤ ùøÂðÝ�÷ ßþ� ,Àª�� X ýø¤ ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä ¥� ùøÂðÝ�÷ ×þ T (t), t ∈ [0,∞) À��î Âê
ù�ðÂû À�þ�ð �ûÂÚÜÞä ßþ� ¥� �µ¨��� ý�ì ¤�Ï��

∀x ∈ X : lim
t→0

T (t)(x) = x.

.¢�ªüõ ùÀ�õ�÷ ùøÂðÝ�÷ -C0 ×þ ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä ¥� �µ¨��� ý�ì ¤�Ï�� ùøÂð Ý�÷ Âû

�ûÂÚÜÞä 5.1 ÓþÂã�
Ý��îüõ ÓþÂã� �¤ E : X → Y ÂÚÜÞä .X ⊆ Y �îý¤�Ï�� À�ª��  �÷�� ý�û�Ìê Y ø X À��î Âê
ßþ� .À�þ�ð ùÀ�÷�È÷ ÂÚÜÞä �¤ E ÂÚÜÞä �¤�¬ßþ� ¤¢ . E(u) = u ,u ∈ X Âû ý�Â� �îý¤�Ï��

ù�ðÂû ´¨� �µ¨��� öÀ÷�È÷

∀u ∈ X, ∃C : ‖ u ‖Y ≤ C‖ u ‖X .

Y ¤¢ �ÂÚÞû ý�ó�±÷¢Âþ¥ ×þ X ¤¢ ¤�À÷�Âî ý�ó�±÷¢ Âû ø ù¢�� �µ¨��� E ù�ðÂû ´¨� ù¢ÂÈê ùø�ä ��
.Àª�� �µª�¢

¤�Ï�� ÂÚÜÞä Y üØþ¦�ó���� ý¤�¢Â� ý�Ìê �� X üØþ¦�ó���� ý¤�¢Â� ý�Ìê ¥� K üÎ¡ ÂÚÜÞä
ý�ä�Þ¹õÂþ¥ T ¢Â� ø ù¢�� X ¥� üó�Ú� ý�ä�Þ¹õÂþ¥ K ý��õ�¢ ù�ðÂû ¢�ªüõ �µÔð ß�ãõ ñ�Ú�

.Àª�� Y ¥� ý�ùÂ¨
ý�ó�±÷¢ Âû ý�Â� ù�ðÂû ´¨� �µÆ� A : D(A) ⊆ X → X üÎ¡ ÂÚÜÞä ,Àª��  �÷�� ý�Ìê X Âð�
.Ax = y ø x ∈ D(A) Ý�ª�� �µª�¢ , limn→∞Axn = y ø limn→∞ xn = x �î {xn}n∈N ⊆ D(A)

ù�ðÂû ´¨� ¤�À÷�Âî H : D(H) ⊆ X → Y üÎ¡ ÂÚÜÞä .À�ª�� ¤�¢ôÂ÷ ý�Ìê Y ø X À��î Âê

∃C ∈ R; ∀x ∈ D(H) : ||Hx||Y ≤ C ‖ x ‖X .

� � �¤ X ¥� �Ìä Âû � î �¤ D : X → 2Y ý�Î ��¤ .À �ª� � ù��¿ ó¢ ý�û�Ìê Y ø X À � � î Âê
.À�õ�÷ üã���À�� ¢¤�Ú÷üõ Y ¥� üú��÷ ý�ä�Þ¹õÂþ¥
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