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7 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã��õÀÖõ 1.1ßþÂ�ü�è ø ßþÂ�Õ�Þä ¥� üØþ ùÄþø â���� °Æ�Â� ÍÆ� ø ùÄþø â���� ,ùÄþø Âþ¢�Öõ üõ�Þä �b þÂÑ÷ø ü®�þ¤ ý�û���õ¥ ¤¢ üÞúõ �fµ±Æ÷ ÇÖ÷ ùÄþø Âþ¢�Öõ �b ±¨�½õ ø ´¨� ßþ�÷ ���®�þ¤ ý�úÈ¿�Â¹�õ ©�ã�¤� ý�û�Ü�õ ø �úóÀ÷�� À�÷�õ üØþ��ê ý�ûÝµÆ�¨ Â·î� ö¢Âî �ó�õÂê ¤¢ .¢¤�¢ ×þ��êý�û ùÀþÀ� ßþ� ö���üõ ùÄþø â���� ø ùÄþø Âþ¢�Öõ ö¢¤ø� ´¨À� �� ,Ûþø��ó - �¤�µª� �ó¢�ãõ ��¤�ÀÖõ Û��Æõ ø üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ �Àµ�� ÛÊê ßþ� ¤¢ .¢�¢ ¤�Âì �ãó�Îõ ¢¤�õ �¤ üØþ��ê�ãó�Îõ ¢¤�õ�¤ �Ï��Âõ ý�þ�Ìì ø �û�þÂÑ÷ø ù¢�Þ÷ üêÂãõ �¤ Ûþø��ó � �¤�µª� Ûþ�Æõ Å³¨ 1ý¥Âõ.Ý��îüõ ö��� �¤ ü±÷�¹õ ��ó�÷� Óþ¤�ã� Â¡� ¤¢ ø ù¢�¢ ¤�Âì
üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ 2.1.À���þüõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ö��¥ ¤¢ �¤ ¢�¡ ö��� ßþÂ�üã�±Ï ,´ã�±Ï üõ�Þä ß�÷��ì ¥� ý¤��Æ�ö� Â� Ýî�� üÞÜä ñ�¬� �b Ü�¨ø �� �ú÷� ��Â��ç� ö���õ ø �Ï��Âõ ý�ûÂ�çµõ ,üã�±Ï À÷ø¤ Âû ¤¢°Üè� �¹�µ÷ ,¢�ª ö��� ü®�þ¤ Ý��ä �� ¯�±�¤� ßþ� �î üõ�Ú�û .À÷�ªüõ ¯��Âõ ÂÚþÀØþ �� ,À÷ø ¤ö��� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ß�Þû ÕþÂÏ ¥� üØþ��ê ý�ûÝµÆ�¨ Â·î� .´¨� üÜ�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ.À÷�ªüõÂ�çµõ À�� �þ ×þ �� ´±Æ÷ Ç��ÖµÈõ ø �µÆ��ø Â�çµõ ×þ Â� ÛÞµÈõ �ó¢�ãõ Âû 1.1 ÓþÂã�.À�õ�÷üõ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ �¤ ÛÖµÆõBoundary Value Problems1



8 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�.´¨� �ó¢�ãõ ¤¢ ¢���õ ÕµÈõ ßþÂ���� �b ±�Âõ ,Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Âû �b ±�Âõ 2.1 ÓþÂã�ø üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ :�¤�¬ ø¢ �� ,ö� ¤¢ ��ÖµÈõ �� ���� �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ.Ýþ¤ø�üõ Âþ¥ ¤¢ �¤ ×þ Âû ÓþÂã� �î À�µÆû ü��� Û�Æ÷�ÂÔþ¢ ��¢�ãõÛÖµÆõ Â�çµõ ×þ �ú�� �î ´¨� ý��ó¢�ãõ 2ODE �þ üó�Þãõ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ 3.1 ÓþÂã��ó¢�ãõ üÜî �Âê .À�µÆû üó�Þãõ ��ÖµÈõ ö� ¤¢ ¢���õ ��ÖµÈõ ��Þ� ßþ�Â���� ø ¢¤�¢ ¢��ø ö� ¤¢�¤�¬ �� üó�Þãõ Û�Æ÷�ÂÔþ¢f(x; y; y0; y00; :::; y(n)) = 0 (1.1).´¨� x �� �µÆ��ø Â�çµõ y ø ÛÖµÆõ Â�çµõ x �î ´¨�Â� ÛÞµÈõ �î ´¨� ý��ó¢�ãõ 3PDE �þ ü��� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 4.1 ÓþÂã�.À�µÆû ü��� ��ÖµÈõ ,ö� ¤¢ ¢���õ ��ÖµÈõ ßþ�Â���� .´¨� ÛÖµÆõ Â�çµõ ×þ ¥� Ç���Âê ý�¤�¢ Âð� À�þ�ð üÎ¡ �¤ üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 5.1 ÓþÂã�a0(x)y(n) + a1(x)y(n�1) + :::+ an�1(x)y0 + an(x)y = Q(x).´¨� üÎ¡ Ç��ÖµÈõ ø y �� ´±Æ÷ �ó¢�ãõ ü�ãþ .Àª���Âê ¤¢ Àþ�� ��Üãõ�÷ â��� ßþ� �î ��Üãõ�÷ â��� ×þ ý�¹µÆ� ü�ãþ üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Û�.À�î ëÀ¬ (1.1)Ordinary Di�erential Equations2Partial Di�erential Equations3



9 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�� � õ�¢¤¢ f(x; y)â �� � Ý � � î Â ê :(ü �� µ Ø þ ø ý¢� �ø ü ¨� ¨� � � Ì ì) 6.1 ��Ììb ø a ö� ¤¢ � î ,Àª� � � µ¨� � � ø ùÀª ÓþÂ ã � D = f(x; y) : a � x � b ; �1 < y < 1g�µª�¢ D �� ÕÜãµõ (x; y�) ø (x; y) Âû ý�Â� �î Àª�� �µª�¢ ¢��ø ö��� L ´��� ùø�ã� ,À÷�üû��µõ:Ý�ª��jf(x; y)� f(x; y�)j � Ljy � y�jD ¤¢ ���� ßþ� �Øþ¤�Î� ¢¤�¢ ¢��ø y(x) À�÷�õ y0 = f(x; y) ¥� ü��µØþ ���� ,�¤�Ê�þ� ¤¢.´¨� ÂþÁ�ÕµÈõ ø �µ¨���.[17℄ �� .í.¤ :��±��¼�®�� ,´êÂð À�û��¡ ¤�Âì ù¢�Ôµ¨� ¢¤�õ �î �¤ �úµõ�ä üÌã� ,������ �� ßµ¡�¢Â� ¥� Û±ì.Ý�û¢üõùÀª ÓþÂã� ÂþÁ�ñ�ÂÚµ÷� â��� fø ù¢�� üó�¡Â�è öø¤¢ �� üÖ�Ö� ¢�Àä� ¥� ý�ù¥�� I Ý��î Âê:¢Â� Ý�û��¡ ¤�Ø� �¤ Âþ¥ ý�û ¢�Þ÷ ,Àª�� I ýø¤Cn(I) = nf : I ! Rj´¨� �µ¨��� r = 0; 1; :::; n ý�Â� I ù¥�� ýø¤ f (r)oL1(I) = �f : I ! Rj ZI jf(x)jdx < +1�L2(I) = �f : I ! Rj ZI jf(x)j2dx < +1�
ý¥Âõ ¤�ÀÖõ Û��Æõ 3.1��¢�ãõ °Æ�Â� �f±ó�è ,À�µÆû ü÷�Øõ �b µÆ��ø ö¢�� ü÷�õ¥ �b µÆ��ø ý�� �� �î üØþ��ê Û��Æõø¢ ý¥Âõ ¤�ÀÖõ Û��Æõ .À÷�ªüõ ö��� �ÎÖ÷ ×þ ¥� Ç�� ¤¢ ùÀª ñ�Þä� Íþ�Âª �� Û�Æ÷�ÂÔþ¢



10 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�ÛØª �� �ø¢ �±�Âõ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ ×þ Ûõ�ª ,üÜî ´ó�� ¤¢ ý��ÎÖ÷y00 = f(x; y; y0); a � x � b; (2.1)ý¥Âõ Íþ�Âª ù�ÂÞû ��y(a) = �; y(b) = �;.´¨� ���� ý�¤�¢ ë�ê ý¥Âõ ¤�ÀÖõ �ÜÿÆõ À�îüõ ß�ÞÌ� �î üÎþ�Âª .À�µÆû�b ���÷ ýø¤ Â� f(x; y; y0) �î Ý��î Âê (2.1) ý¥Âõ ¤�ÀÖõ �ó�Æõ ¤¢ 7.1 ��ÌìR = f(x; y; y0) : a � x � b ; �1 < y <1 ; 1 < y0 <1gù�ðÂû À�ª�� �µ¨��� R ýø¤ Â� �f�y0 ø �f�y ùø�ã� .Àª�� �µ¨����f�y (x; y; y0) > 0 , (x; y; y0) 2 R Âû ý�¥� �� .1�î Àª�� �µª�¢ ¢��ø M ´��� ×þ .2����� �f�y0 (x; y; y0)����� �M ; (x; y; y0) 2 R Âû ý�¥� ��.¢¤�¢ ¢Âê �� ÂÊ½�õ ���� øÂÔõ ý¥Âõ ¤�ÀÖõ �ÜÿÆõ ù�Ú÷�.[15℄ .í.¤ : ��±��ý¥Âõ ¤�ÀÖõ �ÜÿÆõ 8.1 ñ�·õy00 + e�xy + sin y0 = 0; 1 � x � 2;y(1) = y(2) = 0



11 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã��¤�¬ �� ö���üõ �¤f(x; y; y0) = �e�xy � sin y0; ö�� ´ª�÷ ��÷�f�y (x; y; y0) = xe�xy > 0 ø����� �f�y0 (x; y; y0)����� = j � os y0j � 1.´¨� ¢Âê �� ÂÊ½�õ ���� ý�¤�¢ �ÜÿÆõ ßþ�Â����ý¥Âõ ¤�ÀÖõ �ÜÿÆõ Âð� 9.1 �¹�µ÷y00 = p(x)y0 + q(x)y + r(x); a � x � b;y(a) = �; y(b) = �; :À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢,À�ª�� �µ¨��� [a; b℄ Â� r(x); q(x); p(x) (Óó�.[a; b℄ Â� q(x) � 0 (�.´¨� ¢ÂÔ� ÂÊ½�õ ���� ý�¤�¢ ë�ê �ÜÿÆõ ù�Ú÷�ßÚÞû ý¥Âõ ¤�ÀÖõ Û��Æõ 1.3.1�ø¢ �b ±�Âõ üÎ¡ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõA(x)u00 +B(x)u0 + C(x)u = f(x) (3.1)



12 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�Âû ý�¥� �� f ø C ,B ,A0 ,A â���� �î ¢�ªüõÂê �¹�þ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ [a; b℄ ýù¥�� Â� �¤�¤�¬ �� ö���üõ �¤ (2.1) �b ó¢�ãõ ù�Ú÷� A0 = B Âð� ,A(x) > 0 ø À�ª�� �µ¨��� ù¥�� ßþ� ¤¢ x´ª�÷ Âþ¥ddx "A(x)dudx#+ C(x)u = f(x) (4.1)ß�êÂÏ �Â® �� ö���üõ ù¤��Þû �î Ý�õ�÷üõ (3.1) �ó¢�ãõ ë�½ó�¢�¡ �¤�¬ �¤ (4.1) �ó¢�ãõ.¢Âî ÛþÀ±� ë�½ó�¢�¡ �� ( 1AeR BA dx) ¤¢ (3.1)�ó¢�ãõ�ó¢�ãõ ¥� ü���� ßµê�þ Ç¿� ßþ� ¤¢ddx "p(x)dudx#+ q(x)u = 0; a � x � b; (5.1)ü÷Àª �À� Íþ�Âª ��B1(u) = �u(a) + �u0(a) = 0B2(u) = u(b) + Æu0(b) = 0 (6.1)ø �2 + �2 6= 0 ø À�µÆû üÖ�Ö� ý�û´��� Æ ø  ,� ,� °þ�Â® �¹�þ� ¤¢ .Ý��îüõ ü¨¤Â� �¤.p(x) > 0 ø À�µÆû �µ¨��� [a; b℄ ùb¥�� Â� q ø p ß��»Þû ø 2 + Æ2 6= 0.Àû¢üõ ´¨À� �¤ ë�ê �ÜÿÆõ ý�ú���� �î Ý��îüõ ´��� �¤ ý���Ìì ñ��Âû ý�Â� Âð� �ú�� ø Âð� ´¨� üúþÀ�Â�è ���� ý�¤�¢ (6.1) ø (5.1) �ÜÿÆõ 10.1 ��ÌìÏÂª ,(5.1) �ó¢�ãõ ¥� u2 ø u1 üÎ¡ ÛÖµÆõ ���� ø¢������� B1(u1) B1(u2)B2(u1) B2(u2) ������� = 0 (7.1)u ö� ¤¢ �î ,À�ª��üõ v(x) = Cu(x) �¤�¬ �� �ÜÿÆõ ý�ú���� �b Þû ´ó�� ßþ� ¤¢ .Àª�� ¤�ÂìÂ�.´¨� ý¤��µ¡� üµ��� C ø �ÜÿÆõ ¥� üúþÀ�Â�è ü����



13 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�ßþ� ¢��ø .À�ª�� (5.1) �ó¢�ãõ üÎ¡ ÛÖµÆõ ���� ø¢ [a; b℄ ùb¥�� Â� u2 ø u1 Ý��îÂê .��±��.¢�ªüõ �¹�µ÷ üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ �b þÂÑ÷ ø q ø p Â� ,ùÀª â®ø Íþ�Âª ¥� �û���� �÷�ð¤¢ .Àª�� (6.1) ý¥Âõ ¤�ÀÖõ �� (5.1) �ÜÿÆõ üúþÀ�Â�è ���� ×þ u Ý��îüõ Âê ß��»Þûx 2 [a; b℄ �îý¤�Ï �� ,¢¤�¢ ¢��ø À�µÆ�÷ ÂÔ¬ ø¢ Âû �î C2 ø C1 À�÷�õ üþ�û´��� �¤�¬ ßþ�üÎ¡ Û�ó¢ �� ø À�îüõ ëÀ¬ (6.1) ý¥Âõ Íþ�Âª ¤¢ u ö�� u(x) = C1u1(x) + C2u2(x) ø:´ª�¢ Ý�û��¡ Íþ�Âª ßþ� ö¢��B1(u) = C1B1(u1) + C2B2(u2) = 0B2(u) = C1B2(u1) + C2B2(u2) = 0 (8.1)ü�ãþ ;Àª�� ÂÔ¬ Àþ�� °þ�Â® ö���õÂ�¢ Å� ,À�µÆ�÷ ÂÔ¬ ø¢ Âû C2 ø C1 ö��������� B1(u1) B1(u2)B2(u1) B2(u2) ������� = 02 .´¨� (7.1) ¯Âª ö�Þû ßþ� ø¥� ü µ �� � �ÂÌ õ (8.1) ý� ó¢� ã õ Â û ù� Ú ÷� ,À ª� � ¤�Â ìÂ � (7.1) ¯Â ª Â ð� Â Ú þ¢ éÂ Ï ¥�ö�� �ü õ ,� Ü ÿ Æ õ üú þÀ �Â � è ��� � × þ ö¢¤ø� ´¨À � ý�Â � ß þ�Â �� � � .´¨� Â Ú þ¢ �b ó¢� ã õÝ � û¢ ¤�Â ì ñø� �b ó¢� ã õ ¤¢ Â ð� ,ñ� · õ ý�Â � .¢Â � ¤� î � � ù��¿ ó¢ � � �¤ (8.1) ��¢� ã õ ¥� üØ þ:´ª�¢ Ý�û��¡ C2 = �B1(u1) ; C1 = B1(u2)u(x) = B1(u2)u1(x)� B1(u1)u2(x)(5.1) �b ó¢�ãõ ö¢�� ßÚÞû ø üÎ¡ ¥� ,üêÂÏ ¥� .´¨� (6.1) ø (5.1) ¥� üúþÀ�Â�è ���� �î���� ´þ�ú÷ü� �Áó .´¨� �ÜÿÆõ ¥� ü���� v(x) = Cu(x) ,C Âû ý�¥� �� �î ¢�ªüõ �¹�µ÷.Àþ�üõ ´¨À� �ÜÿÆõ ý�Â� üúþÀ�Â�è



14 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�ßþ� ¤¢ .Àª�� �ÜÿÆõ ¥� ýÂÚþ¢ ���� v Ý��îüõÂê ,��Ìì ´ÞÆì ßþÂ¡� üµ¨¤¢ Õ�Ö½� ý�Â�:Ýþ¤�¢ �Áó ,À��îüõ ëÀ¬ (6.1) ý¥Âõ Íþ�Âª ñø� �b ó¢�ãõ ¤¢ ø¢ Âû v ø u ö�� �¤�¬�u(a) + �u0(a) = 0�v(a) + �v0(a) = 0ÂÔ¬ ø¢ Âû � ø � �î Ý�÷�¢üõ .´¨� � ø � ý�û´��� ý�Â� ßÚÞû ��¢�ãõ ¥� üû�Úµ¨¢ �îü�ãþ ;Àª�� ÂÔ¬ Àþ�� ù�Úµ¨¢ ö���õÂ�¢ ,ø ¤ ßþ� ¥� .À�µÆ�÷w(u; v; a) = ������� u(a) u0(a)v(a) v0(a) ������� = 0 (9.1)ø¢ ü��ØÆ÷ø¤ üµìø �î Ýþ�ªüõ ¤ø�¢�þ ×�þ� .´¨� x = a ¤¢ v ø u 4ü��ØÆ÷ø¤ ö���õÂ�¢ ßþ�ÂÔ¬ À½µõ ù¥�� ßþ� Â� ü��ØÆ÷ø¤ ,¢�ª ÂÔ¬ [a; b℄ ùb¥�� ¤¢ �ÎÖ÷ ×þ ¤¢ (5.1) �ó¢�ãõ ����¤¢ �î w(u; v; x) = 0 , x 2 [a; b℄ Âû ý�¥� � � �î ¢�ªüõ �¹�µ ÷ (9.1) ¥� ßþ�Â �� � � .¢¢Âðüõ.C ´��� ý�¥� �� v(x) = Cu(x) ü�ãþ ;À�µÆû üÎ¡ �µÆ��ø (5.1) �b ó¢�ãõ ���� ø¢ v ø u �¹�µ÷üõ�Þä ���� ý�¤�¢ u(0) = u(�) = 0 ý¥Âõ Âþ¢�Öõ �� u00 + 14u = 0 �ÜÿÆõ 11.1 ñ�·õ,´¨� u2 = os x2 ø u1 = sin x2 �Ø � þ� Âê � � ß þ�Â �� � � .´¨� u(x) = C1 sin x2 + C2 os x2:Ýþ¤�¢������� B1(u1) B1(u2)B2(u1) B2(u2) ������� = ������� sin 02 os 02sin �2 os �2 ������� = �1 6= 0üúþÀ�Â�è ���� øÂÔõ �ÜÿÆõ ý�Â� �Áó .´Æ�÷ ¤�ÂìÂ� üúþÀ�Â�è ���� ¢��ø ¯Âª ü�ãþ¥� ø ,C2 = 0 Ýþ¤�¢ u(0) = 0 ¯Âª ¥� .¢�ªüõÉ¿Èõ ��÷ �ÜÿÆõ Û� �� �f õ�î ßþ� ø Ýþ¤�À÷�¤ u = 0 üúþÀ� ���� ÍÖê �Áó C1 = 0 ¢�ªüõ �¹�µ÷ ø C1 sin �2 = 0 Ýþ¤�¢ u(�) = 0 ¯Âª.Ýþ¤�¢Wronskian4



15 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�ßÚÞû�÷ ý¥Âõ ¤�ÀÖõ Û��Æõ 2.3.1ý¥Âõ ¤�ÀÖõ �ó�Æõ8><>: ddx hp(x)dudxi+ q(x)u = f(x)u(a) = u(b) = 0 (10.1).´¨� �µ¨��� [a; b℄ ùb¥�� Â� f ö� ¤¢ �î ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤,Àª�� ö� ÂÒ��µõ ßÚÞû �b ó�Æõ ���� �ú�� üúþÀ� ���� �î Âê ßþ� �� �¤ (10.1) �ó¢�ãõ �Àµ��ý�¤�¢ (10.1) �b ó¢�ãõ ßÚÞû ´ÞÆì Âð� �î Ý��îüõ ùÀû�Èõ Ç¿� ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢Ý�û��¡ ���� ´þ�ú÷ü� �þ ¢¤�À÷ ���� �f ¬� �þ (10.1) �b ó¢�ãõ ù�Ú÷� Àª�� üúþÀ�Â�è ����.´ª�¢.Àû¢üõ �¤ ë�ê �ÜÿÆõ ���� �î Ý��îüõ ´��� �¤ ý���Ìì ñ��(10.1) �b ó¢�ãõ ���� �î Ý�û¢üõ ö�È÷ ,�ûÂµõ�¤�� Â��ç� ©ø¤ ö¢Â� ¤�î �� �� 12.1 ��Ìì:´¨� Âþ¥ �¤�¬ ��
u(x) = Z ba G(x; Æ)f(Æ)dÆ ö� ¤¢ �îG(x; Æ) = 8>>>>><>>>>>: u1(x)u2(Æ)p(Æ)w(Æ; u1; u2) a � x � Æu1(Æ)u2(x)p(Æ)w(Æ; u1; u2) Æ � x � b.´¨� éøÂãõ 5ßþÂð â��� �� G(x; Æ) øGreen Funtion5


