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ÂØÈ� ø ü÷�¢¤Àì
.�¤�ÁÚ� Â¨ ´È� �¤ ��üðÀ÷¥ ¥� �Ü�Âõ ßþ� Ý÷��µ� �� ¢�õÂê �Îä ´õ�¨ ø üþ�÷��� ßõ �� �î �Âî�ª �¤ ï¤�� ý�À¡ÂØÈ� ,À÷¢�� ùÀ�� üõ�� ø ö�±�µÈ� üðÀ÷¥ Û��Âõ üõ�Þ� ¤¢ �î Ý÷��Âúõ ö�Âû��¡ ø ö�¤¢�Â� ø �¤�î�Àê ¤¢�õ ø ¤À� ¥�.Ý�î üõý�Â� ø À÷�ùÀ�Èî ßõ ý�Â� ñ�¨ �¨ ßþ� üÏ ¤¢ ü��Þ�¥ ÂÏ�¡ �� ß��ø ¤ ñ�Þ� Âµî¢ ý�ì� ���� À�Þ�¤� ¢�µ¨� ¥�ü®�þ¤ Ç¿� À���¨� üõ�Þ� ¥� ß���Ýû .Ý�îüõ ü÷�¢¤Àì ø ÂØÈ� �÷�Þ�Þ¬ ,À÷�ù¢�� üì�¡� ý�Úó� ×þ ßõ¤�¿µê� �î ýÂ�Ê÷ Ý·�õ Âµî¢ ø Ýè ü� üì¢�¬ ��Âú� Âµî¢ ,ü��¨¤ø Âµî¢ ,ýÀ�ú÷ á¤�¥ Âµî¢ ö�þ�ì� ¥� É¡��.Ý�îüõ ý¤�ÁÚ¨�³¨ ,Ýµª�¢ �¤ ö�Èþ� ý¢Âð�ª.�¤�¢ �¤ ÂØÈ� ñ�Þî À÷�ù¢¤ø� ¢��ø �� ßõ ý�Â� ü��¡ ��ÂÏ�¡ �Àõ ßþ� ¤¢ �î ��þ�ä ö�µ¨ø¢ ¥�
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�õÀÖõý�û�µª¤ ¤¢ â�¨ø ¤��Æ� ý�û¢Â�¤�î �� ñ�ãê ø ù¢ÂµÆð ¤��Æ� �¡�ª ×þ ÛØª �� ö��î� ,üÎ¡Â�è üã��� ��ó�÷�¥øÂõ� ���®�þ¤ ¤¢ ...ø üØª�� ,üä�Þµ�� ��Üä ,¢�Êµì� ,¤�õ� ,ü¨À�úõ ,´Æþ¥ ,üÞ�ª ,×þ��ê �ÜÞ� ¥� ÓÜµ¿õö���ä �� �î ¢�ªüõ üÎ¡Â�è ��¢�ãõ Û� �� Â¹�õ ,�û�µª¤ ßþ� ¤¢ Û��Æõ ¥� ý¤��Æ� Û� .´¨� �ÂÎõ ��÷¢ ¤¢Ç��� ,üÎ¡Â�è ��÷�¨�÷ ,¥�ØÆþø ����¨ ´îÂ� ,����¨ ü½Î¨ ���õ� ,üØ�µ¨�� ¢��õ ¤�µê¤ �� ö���üõ ñ�·õ.¢Âî ù¤�ª� ... ø ý��µÆû ý�û¤�µî�¤ öø¤¢ ý�ûÀ�þ�Âê ,üþ�õÂð�þ ��÷ ßþ� �� ü��Ö�Ö½� �î�Âõ ,��÷¢ Â±µãõ ý�ûù�ÚÈ÷�¢ °Üè� ¤¢ �î Ý��îüõ ùÀû�Èõ �µª¤ ßþ� ´�Þû� ÂÏ�¡ ��Å�¨�� À÷�ªüÞ÷ ¢øÀ½õ ü®�þ¤ Ç¿� �� �fõø�ó �î ,ù�ÚÈ÷�¢ ÓÜµ¿õ ý�ûùÀØÈ÷�¢ �� �µÆ��ø ,ö� ���Èõ ý�û��÷.À�µÆû �µÆ��ø üØª�� ø ¢�Êµì� ý�ûùÀØÈ÷�¢ �� ¢¤��õ üÌã� ¤¢ üµ� ø ´¨� ùÀª;¢Â� ��÷ ���õ¥ ßþ� ¤¢ Âþ¥ ý�û�¡�ª ¥� ö���üõ ¤�Êµ¡� �� üÎ¡Â�è ��ó�÷� ¤¢ ÓÜµ¿õ ¶��±õ ´ã¨ø �� ���� ��.´��� �ÎÖ÷ �þÂÑ÷ •.üó�½� ��¢�ãõ ø �ûùøÂðÝ�÷ �þÂÑ÷ ;(üÎ¡Â�è ø üÎ¡ ) ���Øþ ý�û¤���Â�� •.ü��þ���ú� Û��Æõ ø ü��Â��ç� ý�û©ø¤ •¤¢ �õ �Áó .¢¤�¢ üÜ�ÞØ� ���Ê½� ý�ûù¤ø¢ ¤¢ §¤¢ ßþÀ�� öÀ÷�¤Áð �� ¥��÷ �ûö� ¥� ×þ Âû üÖÞä ü¨¤Â� �î´¨� üÎ¡Â�è ��¢�ãõ Û� ý�Â� Ýúõ ¤���� ×þ �î Ýþ¥�¢Â�üõ ´��� �ÎÖ÷ �þÂÑ÷«�¡ �¡�ª �� �õ�÷ö�þ�� ßþ�ý�Â�  �÷�� ´��� �ÎÖ÷ ��Ìì .´ê�þ ©ÂµÆð ...ø 2íÂ�î ,í�Â� ,¤¢ø�ª �Ü�¨ø �� ø ý¤�Áð�þ�� 1 �÷�� Í¨�� �î¤¢ø�ª ´��� �ÎÖ÷ ��Ìì ø Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý�Â� ���� üÚ÷�Úþ ø ¢��ø ¢¤�õ ¤¢ 3ÓóÀ��ó-¢¤�Ø�� ��Ìì ��±��´��� �ÎÖ÷ �þÂÑ÷ ¤¢ .´¨� ùÀª ù¢�Ôµ¨� Û�Æ÷�ÂÔþ¢ ��¢�ãõ ý�Â� ���� ¢��ø ¢¤�õ ¤¢ 5�÷�ÿ� ��Ìì ��±�� ý�Â�:´Æû �ÂÎõ Âþ¥ �ÜÿÆõ �¨
Banach 1

Schauder, Bruk, Kirk 2
Picard-Lindelof 3

Peano 5�÷



.´��� �ÎÖ÷ üÚ÷�Úþ ø ¢��ø •.´��� ¯�Ö÷ �ä�Þ¹õ ¤�µ¡�¨ •.�ûö� üþ�ÂÚÞû ø ´��� ¯�Ö÷ °þÂÖ� ý�û©ø¤ •üû��µõ ý�ûù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ� ü¨¤Â� ,¢Â�ðüõ ¤�Âì �ãó�Îõ ¢¤�õ �õ�÷ö�þ�� ßþ� ¤¢ �î üä�®�õ �÷�� ý�û�Ìê ¤¢ üÜî ü±÷�¹õ ü®�±Ö÷� ø ë�½ó��÷ ü±÷�¹õ ü®�±Ö÷� ,ü±÷�¹õ ü®�±Ö÷� ,ü®�±Ö÷� ý�û´ª�Ú÷ ¥�.Àª��üõ ý¤�ÂØ� ý�û©ø¤ ¥� ù¢�Ôµ¨� �� ´¡���Øþ ¤�Ï ��  �÷�� ø üÖ�Ö�Ý���ð ü®�±Ö÷� �¤ T : K → K ´ª�Ú÷ ,Àª�� E üÖ�Ö� üÎ¡ ¤�ÀõÂ÷ ý�Ìê ¥� üú��÷ ý��ä�Þ¹õ Âþ¥ K Âð��Î��¤ ,K �� ÕÜãµõ y ø x Âû ý�Â� ù�ðÂû
‖Tx− Ty‖ ≤ ‖x− y‖.

y ø x ��Þ� ý�Â� �î Àª�� ¢���õ ö��� limn→∞ µn = 0 �î µn üÔ�õ�÷ �ó�±÷¢ Âð� ß��»Þû .Àª�� ¤�ÂìÂ��Î��¤ ,K �� ÕÜãµõ
‖T nx− T ny‖ ≤ (1+ µn)‖x− y‖,¥� üÞ�Þã� ö���ä �� �û´ª�Ú÷ ¥� §�î ßþ� .¢�ªüõ ùÀ�õ�÷ ü±÷�¹õ ü®�±Ö÷� ´ª�Ú÷ ù�ðö� Ý�ª�� �µª�¢ �¤ý��ä�Þ¹õ Âþ¥ K Âð� �î À÷¢Âî ��±�� �ûö� .À÷Àª üêÂãõ ℄15[ íÂ�î ø 1 Û��ÿð Í¨�� ,ü®�±Ö÷� ý�û´ª�Ú÷ö� ¤¢ ,Àª�� ü®�±Ö÷� üµª�Ú÷ T : K → K ø Àª�� E üÖ�Ö� üÎ¡ ¤�ÀõÂ÷ ý�Ìê ¥� üú��÷ ø �µÆ� ,�À½õý�û´ª�Ú÷ ø ü®�±Ö÷� ý�û´ª�Ú÷ ´��� �ÎÖ÷ °þÂÖ� �� ý¤��Æ� ¢�Âê� .Àª��üõ üµ��� �ÎÖ÷ ý�¤�¢ T �¤�¬üþ�ÂÚÞû ý�þ�Ìì ℄12[ ¤¢ 2��þÀ�� .℄28 ,24 ,23 ,6[À÷��µ¡�¢Â� ¤�ÂØ� ý�û©ø¤ ¥� ù¢�Ôµ¨� �� ,ö� �µê�þ Ý�Þã��� ¯��Âõ ¸þ�µ÷ ø ¢Âî ��±��  �÷�� ý�û�Ìê ¤¢ ë�½ó��÷ ü±÷�¹õ ü®�±Ö÷� ý�û´ª�Ú÷ ý�Â� �¤ Ó�ã® ø ý�ìü®�±Ö÷� ý�û´ª�Ú÷ ¥� �µê�þ Ý�Þã� §�î ×þ ℄1[ ¤¢ 3Â±ó� �fÂ�¡� .¢�¢ �ã¨�� ø À�È¿� ¢�±ú� �¤ üÜ±ì ���Öõ¤¢ �¤ �û´ª�Ú÷ ßþ� ´��� �ÎÖ÷ °þÂÖ� ý�û©ø¤ ø ¢Âî üêÂãõ üÜî ü±÷�¹õ ü®�±Ö÷� ý�û´ª�Ú÷ ��÷ �� ü±÷�¹õ.¢�¢ ¤�Âì �ãó�Îõ ¢¤�õ  �÷�� ý�û�Ìê

Geobel 1
Chidume 2

Alber 3ù¢



�î {ln} ø {µn} üÔ�õ� ÷ ý�û� ó� ± ÷¢ Âð� ¢�ªüõ ùÀ�õ� ÷ üÜî ü± ÷�¹õ ü®�±Ö ÷� T : K → K ´ª�Ú÷ö��� Φ(0) = 0 �î Φ : R
+ → R

+ ý¢�ã¬ �fÀ�î� ø �µ¨��� â��� ß��»Þû ø n → ∞ üµìø µn, ln → 0�Î��¤ ,K �� ÕÜãµõ y ø x Âû ý�Â� �î Àª�� ¢���õ
‖T nx− T ny‖ ≤ ‖x− y‖ + µnΦ

(
‖x− y‖

)
+ ln,ý�û©ø¤ öÀ�È¿� �ã¨�� �� �¤ ¢�¡ ��Ö�Ö½� ý¢�þ¥ ö�ÖÖ½õ Â�¡� ý�û¢ ø¢ ¤¢ .Àª�� ¤�ÂìÂ� n ≥ 1 ý�Â�«�Êµ¡� üÎ¡ Â�è ý�û´ª�Ú÷ ý�û§�î ¥� üû��µõ ý�ûù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ� ý�Â� ¤�ÂØ�ý�Â� ,ý¤�ÂØ� ©ø¤ 1 üÜä Â�È� ø ��þÀ�� 2006 ñ�¨ ¤¢ .℄30 ,29 ,22 ,19 ,18 ,16 ,8 ,7 ,2[ À÷�ù¢�¢ß��»Þû .À÷¢Âî ���¤� ë�½ó��÷ ü±÷�¹õ ü®�±Ö÷� ý�û´ª�Ú÷ ¥� üû��µõ ý�ûù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ�ý�û´ª�Ú÷ ¥� üû��µõ ý�ûù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ� ý�Â� ýÂÚþ¢ ý¤�ÂØ� ©ø¤ 2øÀê�e ø ��þÀ��.Ýþ¥�¢Â�üõ �ûö� ü¨¤Â� �� �õ �õ�÷ö�þ�� ßþ� ¤¢ �î À÷¢Âî ���¤� üÜî ü±÷�¹õ ü®�±Ö÷�:´¨� ùÀª Ý�Ñ�� Âþ¥ �¤�¬ �� ÛÊê ¤�ú�¤¢ �õ�÷ö�þ�� ßþ��Ôþ� �¤ ü¨�¨� ÇÖ÷ ´��� �ÎÖ÷ �þÂÑ÷ ýÂ�ðÛØª ¤¢ �î Ýþ¢¤ø� �¤ üã��� ��ó�÷� ��óø� Ý�û�Ôõ ¥� ü¡Â� ñø� ÛÊê ¤¢¤¢ üþ�ÂÚÞû ñ�¬� ü¨¤Â� �� Å³¨ .Ýþ¢Âî ö��� �¤ ýÂþÁ��Â÷ ø ýÂþÁ�×þÂµõ �� ¯��Âõ Ýúõ ý�þ�Ìì .À��îüõ¤�¢¤�¡Â� ü��¡ �À½� ¥� �î Ýþ¢Âî üêÂãõ �¤ �À½õ ´¡���Øþ ¤�Ï ��  �÷�� ý�Ìê .Ý�µ¡�¢Â�  �÷�� ý�û�Ìêüð¢ÂÈê ø üÚµ¨��� �õ�î Ý�û�Ôõ ��÷ ö�þ�� ¤¢ .À��îüõ �Ôþ� ü¨�¨� ÇÖ÷ ý¤�ÂØ� ý�û©ø¤ üþ�ÂÚÞû ¤¢ ø ´¨�.Ý��îüõ ö��� �¤ �ûö� ¢¤�õ ¤¢ üþ�þ�Ìì ø ù¢Âî üêÂãõ ´ª�Ú÷ ×þ ý�Â� �¤�î Àª��üõ �û´ª�Ú÷ ýÂ¨ ßþ� �� �õ ¤�î ùÀÞä �î Ýþ¥�¢Â�üõ üÞúõ ý�û´ª�Ú÷ üêÂãõ �� �ø¢ ÛÊê ¤¢ü®�±Ö÷� ,ü±÷�¹õ ü®�±Ö÷�-�±ª ,ü÷��õ á�÷ ¥� ü±÷�¹õ ü®�±Ö÷� ,ü±÷�¹õ ü®�±Ö÷� ,ü®�±Ö÷� ý�û´ª�Ú÷ø �ûñ�·õ ���¤� �� ø À�ª��üõ �û´ª�Ú÷ ßþ� �ÜÞ� ¥� �µÆ�üõ¢
 ø ü÷�ðø¢ ,üÜî ü®�±Ö÷�-�±ª ,üÜî ü±÷�¹õý�Â � � µÆ �üõ¢ Û¬� ß� �»Þû .Ý�û¢üõ ö�È÷ �¤ ÂÚ þÀØ þ � � �ûö� ¥� ü¡Â � ß� � �Î ��¤ üÔÜ µ¿õ ý� þ�Ìì��±�� ¤¢ �î �¤ 2�¡ ø 1�ª Ýó ø¢ ��÷ ÛÊê ö�þ�� ¤¢ .¢�ªüõ ��±�� ø ö��� ë�½ó��÷ ü±÷�¹õ ü®�±Ö÷� ý�û´ª�Ú÷

Bashir Ali 1
Ofoedu 2

Schu 1
Xu 2ù¢¥�þ



.Ý�þ�Þ÷üõ ö��� �¤ À��îüõ �Ôþ� ü¨�¨� üÈÖ÷ ý¤�ÂØ� ý�û©ø¤ üþ�ÂÚÞû ý�þ�Ììü®�±Ö÷� ý�û´ª�Ú÷ ¥� üû��µõ ù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ� ý�Â� ý¤�ÂØ� ©ø¤ ×þ ��¨ ÛÊê ¤¢¤¢ �û´ª�Ú÷ íÂµÈõ ´��� �ÎÖ÷ �� ©ø¤ ßþ� üþ�ÂÚÞû ý�Â� üê�î ø �¥� Íþ�Âª ø ¢�ªüõ üêÂãõ üÜî ü±÷�¹õ¤¢ ý¤�ÂØ� ©ø¤ üþ�ÂÚÞû ý�Â� üê�î ¯Âª �õ�¢� ¤¢ .Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ ù��¿ó¢ üÖ�Ö�  �÷�� ý�û�Ìê.¢�ªüõ ü¨¤Â� �À½õ ´¡���Øþ ¤�Ï ��  �÷�� ý�û�Ìêý�û´ª�Ú÷ ¥� üû��µõ ý�ûù¢��÷�¡ íÂµÈõ ´��� �ÎÖ÷ °þÂÖ� ý�Â� ý¤�ÂØ� ©ø¤ ×þ �¤�ú� ÛÊê ¤¢ý¤�ÂØ� �ó�±÷¢ ý¤�À÷�Âî ,�û´ª�Ú÷ ¥� üû��µõ ý�ûù¢��÷�¡ ßþ� ý�Â� ø ¢�ªüõ üêÂãõ ,ë�½ó��÷ ü±÷�¹õ ü®�±Ö÷�üÖ�Ö�  �÷�� ý�û�Ìê ¤¢ ,�û´ª�Ú÷ íÂµÈõ ´��� �ÎÖ÷ �� ¤�ÂØ� �ó�±÷¢ ý�ì üþ�ÂÚÞû �õ�¢� ¤¢ .¢�ªüõ ��±��ý�ûù¢��÷�¡ ý�Â� ø ù¢Âî üêÂãõ ý¤�ÂØ� ©ø¤ ×þ ��÷ ÛÊê ö�þ��¤¢ .¢¢Âðüõ ��±�� ,�À½õ ´¡���Øþ ¤�Ï��,�û´ª�Ú÷ ßþ� íÂµÈõ ´��� �ÎÖ÷ �� ùÀª üêÂãõ ¤�ÂØ� �ó�±÷¢ Ó�ã® üþ�ÂÚÞû ,ü®�±Ö÷� ý�û´ª�Ú÷ ¥� üû��µõ.¢¢Âðüõ ��±��

ù¢¥�ø¢



ñø� ÛÊê
��óø� Ý�û�Ôõ

.Ý��îüõ ö��� À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÀã� ý�ûÛÊê ¤¢ �î �¤ üã��� ��ó�÷� Ý�û�Ôõ ¥� ü¡Â� ÛÊê ßþ� ¤¢ü��þ�� À� ø üþ��� À� 1.1¥� ü¬��¡ Û�ó¢ ß�Þû �� .Àª��üõ ü��þ�� ø üþ��� ¢øÀ� ¥� ù¢�Ôµ¨� À� ×þ ¢��ø ��±�� ý�Â� À�Þ÷��� ©ø¤ ×þ.Ý��îüõ ö��� �¤ ü��þ�� ø üþ��� ¢øÀ�Ý�û¢üõ ¤�Âì k ≥ 1 Âû ý�Â� .Àª�� [−∞,∞] ¤¢ ý��ó�±÷¢ {an} Ý��î ­Âê 1.1.1 ÓþÂã�
.ck = inf{ak, ak+1, ak+2, ...} ø bk = sup{ak, ak+1, ak+2, ...}Ý�û¢üõ ¤�Âì ß��»Þû

.γ = sup{c1, c2, c3, ...} ø β = inf{b1, b2, b3, ...}Ý�Æþ�÷üõ ø ùÀ�õ�÷ {an} �ó�±÷¢ ü��þ�� À� �¤ γ ø üþ��� À� �¤ β
.γ = lim inf

n→∞
an ø β = lim sup

n→∞
an1



:À÷�ªüõ Õ�Ö½� ü÷�¨� �� Âþ¥ «��¡.limk→∞ ck = γ ø limk→∞ bk = β �¹�µ÷ ¤¢ ø ´¨� ý¢�ã¬ {ck} ø üóø�÷ {bk} �f ø�.limi→∞ ami
= γ ø limi→∞ ani

= β �î ý¤�Ï�� À÷¢���õ {ami
} ø {ani

} À�÷�õ {an} ¥� üþ�û�ó�±÷¢Âþ¥ �f�÷��ù�ðö� ,Àª�� �ÂÚÞû {an} Âð�
lim inf
n→∞

an = lim
n→∞

an = lim sup
n→∞

an.:À÷¤�ÂìÂ� Âþ¥ ��Ø�� [−∞,∞] ¤¢ {bn} ø {an} ý�û�ó�±÷¢ ý�Â� 2.1.1 ��Ìì;lim supn→∞(−an) = − lim infn→∞ an (i)

lim supn→∞(an + bn) ≤ lim supn→∞ an + lim supn→∞ bn (ii);Àª�±÷ ∞−∞ ÛØª �� �ûá�Þ¹õ ¥� ×þ º�û �Ø�þ� Â� ¯øÂÈõù�ðö� ,an ≤ bn ,n ≥ 1 Âû ý�¥� �� Âð� (iii)
. lim inf

n→∞
an ≤ lim inf

n→∞
bn ø lim sup

n→∞
an ≤ lim sup

n→∞
bn

� ( ℄26[ ¥� 27 �½Ô¬ �� ¢�ª á��¤) .ö�ûÂ�
 �÷�� ý�Ìê 2.1.Àª�� �µª�¢ ö� ¤¢ ýÀ� X ¤¢ üª�î �ó�±÷¢ Âû Âð� Ý�þ�ð ��� �¤ X ×þÂµõ ý�Ìê 1.2.1 ÓþÂã��� �ÂÚÞû ø ,´¨� üª�î (12 , 13 , 14 , · · ·) �ó�±÷¢ �Âþ¥ ´Æ�÷ ��� ÕÜÎõ ¤Àì Âµõ �� (0,1) ¥�� �Ü¬�ê 2.2.1 ñ�·õ

△ .´¨� ��� [0,1] �µÆ� �Ü¬�ê üóø .Àª��üõ ÂÔ¬
2



△ .À�µÆû ��� ÕÜÎõ¤Àì Âµõ �� ÍÜµ¿õ ¢�Àä� ø üÖ�Ö� ¢�Àä� �ä�Þ¹õ 3.2.1 ñ�·õ
X ¥� f ¤�À÷�Âî â���� ��Þ� ¥� B(X,M) �ä�Þ¹õ ù�ðö� ,Àª�� ��� ×þÂµõ ý�Ìê ×þ M ø �ä�Þ¹õ ×þ X Âð�.Ý��îüõ ÓþÂã� Âþ¥ À�÷�ÞûM ¤¢ �Ü¬�ê °Æ� Â� �¤ B(X,M) ¤¢ �Ü¬�ê .´¨� ��� ×þÂµõ ý�Ìê ×þ M ��

d(f, g) = sup{d(f(x), g(x)) : x ∈ X}.¤�À÷�Âî â���� �Þû Ûõ�ª Cb(X,M) ù�ðö� ,Àª�� ��� ×þÂµõ ý�Ìê ×þ M ø üØþ��ó���� ý�Ìê ×þ X Âð�.´¨� ��� �î Àª��üõ B(X,M) ¥� �µÆ� ý�ÌêÂþ¥ ×þ ,M �� X ¥� �µ¨���
‖x‖ üÔ�õ�÷ ¢Àä ×þ x ∈ X Âû ý�Â� Âð� ,Ý�þ�ð üÎ¡ ¤�ÀõÂ÷ �¤ X ÍÜµ¿õ ý¤�¢Â� ý�Ìê 4.2.1 ÓþÂã�,α À�÷�õ Âó�Ø¨� Âû ø x, y ∈ X Âû ý�¥� �� �îý¤�Ï�� ,Àª�� �µª�¢ ¢��ø,‖x+ y‖ ≤ ‖x‖ + ‖y‖ (i),‖αx‖ = |α|‖x‖ (ii).x = 0 ù�ðö� ,‖x‖ = 0 Âð� (iii)Âµõ ßþ� .¢�ªüõ ÛþÀ±� d Âµõ �� ×þÂµõ ý�Ìê ×þ �� X ¤�ÀõÂ÷ üÎ¡ ý�Ìê ,d(x, y) = ‖x− y‖ ö¢�¢ ¤�Âì ��.Ý�õ�÷üõ �Â÷ Í¨�� ùÀª ÓþÂã� Âµõ �¤.Àû¢üõ �¹�µ÷ �¤ ü·Ü·õ ýø�Æõ�÷ ��� ÓþÂã� ¤¢ (i) ´�¬�¡

‖x− y‖ ≤ ‖x− z‖ + ‖z − y‖ (x, y, z ∈ X) �÷�� ý�Ìê ,Àª�� ��� ÇõÂ÷ Í¨�� ùÀª ÓþÂã� Âµõ �� ´±Æ÷ �î �¤ ¤�ÀõÂ÷ üÎ¡ ý�Ìê Âû 5.2.1 ÓþÂã�.Ý�þ�ð¤¢ .Àª�� Y ¤�ÀõÂ÷ üÎ¡ ý�Ìê �� X ¤�ÀõÂ÷ üÎ¡ ý�Ìê ¥� üÎ¡ üµª�Ú÷ T Ý��î­Âê 6.2.1 ÓþÂã��¤�¬ �� �¤ ‖T ‖ �¤�¬ ßþ�
‖T ‖ = sup{‖Tx‖ : x ∈ X, ‖x‖ ≤ 1}3



.Ý�þ�ð ¤�À÷�Âî �¤ T üÎ¡ ´ª�Ú÷ ù�ðö� ,‖T ‖ <∞ Âð� .Ý��îüõ ÓþÂã�Âû ,Y ¤�ÀõÂ÷ üÎ¡ ý�Ìê ý�� �� X ¤�ÀõÂ÷ üÎ¡ ý�Ìê ¥� T üÎ¡ ´ª�Ú÷ Âû ý�¥� �� 7.2.1 ��Ìì:À�îüõ ��¹þ� �¤ ÂÚþ¢ ¯Âª ø¢ Âþ¥ ¯Âª �¨ ¥� ×þ;´¨� ¤�À÷�Âî T (Óó�);´¨� �µ¨��� T (�).´¨� �µ¨��� X ¥� �ÎÖ÷ ×þ ¤¢ T (�)
� .℄26[ ¤¢ (4.5) �� ¢�ª á��¤ .ö�ûÂ�ø ¤�ÀõÂ ÷ üÎ¡ ý�Ìê ×þ Y , � ÷� � ý�Ìê ×þ X Ý��î ­Âê (1§ø�ûßþ� µª�- �÷� �) 8.2.1 ��Ìì
M <∞ À�÷�õ ý¢Àä �¤�¬ ßþ� ¤¢ .Àª�� Y ý�� �� X ¥� ¤�À÷�Âî ø üÎ¡ ý�û´ª�Ú÷ ¥� ý��þ�¢Âð {Tα}α∈A,X ¤¢ ñ�Ú� Gδ ×þ �� ÕÜãµõ ý�ûx ��Þ� ý�Â� � þ ,‖Tα‖ ≤ M ,α ∈ A Âû ý�Â� �îý¤�Ï�� ´¨� ¢���õ.sup

α
‖Tαx‖ = ∞

� .℄26[ ¤¢ (8.5) �� ¢�ª á��¤ .ö�ûÂ�ø üÎ¡ ×ã�� � f ø X ¤�ÀõÂ ÷ üÎ¡ ý�Ìê ¥� üþ�ÌêÂ þ¥M Ý��î ­Âê (1 �÷� �-ö�û) 9.2.1 ��Ìì¢�¢ â�¨� � X ýø¤ F À� ÷� õ ¤�À ÷�Â î ø üÎ¡ ×ã�� � � � �¤ f ö�� �üõ �¤�¬ ßþ� ¤¢ .Àª� � M ýø¤ ¤�À ÷�Â î.‖F‖ = ‖f‖ �îý¤�Ï��
� .℄26[ ¤¢ (16.5) �� ¢�ª á��¤ .ö�ûÂ�

Banach-Steinhaus 1
Han-Banach 14



¤�µÆ� ¤¢ x0 ù�ðö� .Àª�� x0 ∈ X ø X ¤�ÀõÂ÷ üÎ¡ ý�Ìê ¥� üþ�ÌêÂþ¥ M Ý��î ­Âê 10.2.1 ��Ìì,x ∈ M Âû ý�Â� �îý¤�Ï�� Àª�± ÷ ¢���õ X ýø¤ f ¤�À÷�Âî ø üÎ¡ ×ã�� � º�û Âð� ÍÖê ø Âð� ´¨� M.f(x0) 6= 0 üóø f(x) = 0
� .℄26[ ¤¢ (19.5) �� ¢�ª á��¤ .ö�ûÂ�
f ¤�À÷�Âî ø üÎ¡×ã��� ù�ðö� ,x0 6= 0 ø x0 ∈ X ø ù¢�� ¤�ÀõÂ÷ üÎ¡ ý�Ìê×þ X Âð� 11.2.1 ��Ìì.f(x0) = ‖x0‖ ø ‖f‖ = 1 �î ý¤�Ï �� ´¨� ¢���õ X ýø¤
� .℄26[ ¤¢ (20.5) �� ¢�ª á��¤ .ö�ûÂ�Â¬��ä ,ǫ > 0 Âû ý�¥� �� ù�ðÂû Ý�þ�ð ¤�À÷�Âî �f î �¤ X ×þÂµõ ý�Ìê ¥� C �ä�Þ¹õÂþ¥ 12.2.1 ÓþÂã��îý¤�Ï�� À�ª�� ¢���õ x1, ..., xn ∈ X

C ⊆
n⋃

i=1S(xi, ǫ).

.À�ó¢�ãõ Âþ¥ ý�û¯Âª ,X ×þÂµõ ý�Ìê ý�Â� 13.2.1 ��Ìì.´¨� ù¢ÂÈê X (i).¢¤�¢ �ÂÚÞû ý��ó�±÷¢Âþ¥ X ¤¢ �ó�±÷¢ Âû (ii).´¨� ��� ø ¤�À÷�Âî �f î X (iii)

� .℄20[ ¤¢ 5.3 �� ¢�ª á��¤ .ö�ûÂ�¥� �¤ B ø A ,[f = a] �ó¢�ãõ �� H �½Ô¬Â�� Ý���ðüõ .B ⊂ X ø A ⊂ X Ý��î ­Âê 14.2.1 ÓþÂã�.f(x) ≥ α ,x ∈ B Âû ý�¥�� ø f(x) ≤ α ,x ∈ A Âû ý�¥�� Âð� À�îüõ �À� ÂÚþÀØþ5



�î ý¤�Ï�� Àª�� ¢���õ ǫ > 0 ¢Àä Âð� À�îüõ �À� ÂÚþÀØþ ¥� �fÀ�î� �¤ B ø A ý�û�ä�Þ¹õ H Ý���ðüõ.f(x) ≥ α+ ǫ ,x ∈ B Âû ý�¥�� ø f(x) ≤ α− ǫ ,x ∈ A Âû ý�¥���.À÷¤�¢ ¤�Âì "H éÂÏ ø¢' ¤¢ B ø A �î ´¨� ��úÔõ ßþ� �� ý¥�¨�À� ü¨À�û ÂÑ÷ ¥�

�½Ô¬Â��:1-1ÛØª.À�ª�� üú� í�Âµª� � � ø üú�� ÷ ,�À½õ �ä�Þ¹õÂþ¥ ø¢ B ⊂ X ø A ⊂ X Ý��î ­Âê 15.2.1 ��Ìì.À�îüõ �À� ÂÚþÀØþ ¥� �¤ B ø A �î ´¨� ¢���õ �µÆ� �½Ô¬ Â�� ×þ �¤�¬ ßþ� ¤¢ .Àª�� ¥�� A Ý��î ­Âê
� .℄3[ ¤¢ (1.6) �� ¢�ª á��¤ .ö�ûÂ�.À�ª�� üú� í�Âµª� � � ø üú�� ÷ ,�À½õ �ä�Þ¹õÂþ¥ ø¢ B ⊂ X ø A ⊂ X Ý��î ­Âê 16.2.1 ��Ìì¥� �fÀ�î� �¤ B ø A �î ´¨� ¢���õ �µÆ� �½Ô¬ Â�� ×þ �¤�¬ ßþ� ¤¢ .Àª�� ù¢ÂÈê B ø �µÆ� A Ý��î ­Âê.À�îüõ �À� ÂÚþÀØþ
� .℄3[ ¤¢ (1.7) �� ¢�ª á��¤ .ö�ûÂ�

Lp ý�Ìê 3.1ù�ðÂû Ý�õ�÷üõ X ¤¢ Â±�−σ ×þ �¤ X �ä�Þ¹õ ý�û�ä�Þ¹õÂþ¥ ¥� M �þ�¢Âð 1.3.1 ÓþÂã�6



, X ∈ M .1,´¨� X �� ´±Æ÷ A ÝÞµõ Ac ö� ¤¢ �î ,Ac ∈ M ù�ðö� ,A ∈ M Âð� .2.A ∈ M ù�ðö� ,An ∈ M ,n = 1,2,3, ... Âû ý�¥� �� ø A =
⋃∞

n=1An Âð� .3ÂþÁ�ù¥�À÷� ý�û�ä�Þ¹õ �¤ M ý�Ìä� ø ÂþÁ�ù¥�À÷� ý�Ìê ×þ �¤ X ù�ðö� ,Àª�� X ¤¢ Â±�−σ ×þ M ù�ðÂû.Ý�õ�÷üõ X¤¢Âû ý�¥� �� Âð� ´¨� ÂþÁ�ù¥�À÷� ,Y ×þ��ó���� ý�Ìê ý�� �� X ÂþÁ�ù¥�À÷� ý�Ìê ¥� f ´ª�Ú÷ Ý�þ�ð ß���Ýû.Àª�� X ¤¢ ÂþÁ�ù¥�À÷� �ä�Þ¹õ ×þ f−1(V ) ,Y ¤¢ V ¥�� �ä�Þ¹õø ´¨� ùÀª ÓþÂã� [0,∞] ¤¢ ¢Â� �� M À�÷�õ Â±�−σ×þ Â� �î µ À�÷�õ ´¨� üã��� ´±·õ ù¥�À÷� ×þ ¥� ¤�Ñ�õ,Àª�� M ý�Ìä� ¥� �À�Ýû ¥� ø ÂþÁ�©¤�Þª ý��þ�¢Âð {Ai} ù�ðÂû �î ü�ãõ ßþÀ� ;Àª��üõ ÂþÁ�©¤�Þª üãÞ�ù�ðö�
µ

(
∞⋃

i=1Ai

)

=

∞∑

i=1 µ(Ai)ÂþÁ�ù¥�À÷� ý�û�ä�Þ¹õ Â±�−σ Â� ùÀª ÓþÂã� ´±·õ ù¥�À÷� ×þ �î ´¨� ÂþÁ�ù¥�À÷� ý�Ìê ×þ ù¥�À÷� ý�Ìê Âû.µ(A) <∞ ,A ∈ M ×þ Ýî ´¨¢ ý�¥� �� Ý��îüõ­Âì ���úþÀ� ¥� ¥�Âµ�� ý�Â� .Àª�� �µª�¢ ¢�¡�f ¢�ãõ �þ p+ q = pq �î À�ª�� üµ±·õ üÖ�Ö� ¢�Àä� q ø p ù�ðÂû 2.3.1 ÓþÂã�1
p

+
1
q

= 1, (1.1)1 < p <∞ ý�ûýø�Æõ�÷ ( 1.1) �Î��¤ �î ´¨� ¼®�ø .Ý�õ�÷üõ �ø¢�õ ý�û�Þ÷ ¥� ´Ô� ×þ �¤ q ø p ù�ðö��Î��¤ ,p → 1 üµìø .p = q = 2 ¥� ´¨� �¤�±ä Ýúõ «�¡ ´ó�� ×þ .À�îüõ ��¹þ� �¤ 1 < q < ∞ ø.Ý�÷�¢üõ �ø¢�õ ý�û�Þ÷ ¥� ´Ô� ×þ ��÷ �¤ ∞ ø 1 �¹�µ÷ ¤¢ .q → ∞ �î À�îüõ ��¹þ� (1.1)
7



ý�Ìê ×þ X ß���Ýû .1 < p < ∞ ø ù¢�� �ø¢�õ ý�û�Þ÷ ¥� ´Ô� ×þ q ø p Ý��î ­Âê 3.3.1 ��Ìì�¤�¬ ßþ� ¤¢ .À�ª�� [0,∞] ¤¢ ¢Â� �� X Â� ÂþÁ�ù¥�À÷� üã���� g ø f ø µ ù¥�À÷� �� ù¥�À÷�
∫

X

fgdµ ≤

{∫

X

fpdµ

} 1
p
{∫

X

gqdµ

} 1
q (2.1)ø

{∫

X

(f + g)pdµ

} 1
p

≤

{∫

X

fpdµ

} 1
p

+

{∫

X

gpdµ

} 1
p

. (3.1)ýø�Æõ�÷ ,p = q = 2 Âð� .´¨� 2 üØÆê�Ø��õ ýø�Æõ�÷ (3.1) ýø�Æõ�÷ ø 1 ¤Àó�û ýø�Æõ�÷ (2.1) ýø�Æõ�÷.´¨� éøÂãõ 3 ��¤��ª ýø�Æõ�÷ �� (2.1)
� .℄26[ ¤¢ (5.3) �� ¢�ª á��¤ .ö�ûÂ�â�� � ×þ f ø 1 < p < ∞ Âð� .Àª�� µ ´±·õ ù¥�À÷� � � ù¥�À÷� ý�Ìê ×þ X Ý��î ­Âê 4.3.1 ÓþÂã�Ý��îüõ ÓþÂã� ,Àª�� X Â� ÍÜµ¿õ ÂþÁ�ù¥�À÷�

‖f‖p =

{∫

X

|f |pdµ

} 1
p�î Àª�� ùÀª Û�ØÈ� üþ�ûf ��Þ� ¥� Lp(µ) ø

‖f‖p <∞. . Ý�õ�÷üõ f ýLp �Â÷ �¤ ‖f‖p �õ�ä�Þ¹õ Â� üª¤�Þª ù¥�À÷� µ Âð� .Lp(Rk) Ý�Æþ�÷üõ Lp(µ) ý�� �� ù�ðö� ,Àª�� Rk Â� Ù±ó ù¥�À÷� µ Âð�×þ ö���üõ �¤ lp ÂÊ�ä Âû .Ý�û¢üõ ö�È÷ lp �� ,Àª�� ÂþÁ�©¤�Þª A Âð� ø lp(A) �� �¤ Â�Ñ÷ Lp ý�Ìê ,Àª�� Aßþ�Â���� .´êÂð ÂÑ÷ ¤¢ x = {ξn} À�÷�õ ÍÜµ¿õ �ó�±÷¢
‖x‖p =

{
∞∑

n=1 |ξn|p} 1
p

.

Hölder
1

Minkowski 2
Schwartz 38


