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ÂØÈ� ø ü÷�¢¤Àì
ö� .À�÷�¢Âð À�õùÂú� ö� ¥� �Âõ Û±ì ý�ûù¤ø¢ ø ù¤ø¢ ßþ� ñ�Ï ¤¢ �î üÈ÷�¢ ´Þã÷ ÂÏ�¡ �� ¤�ð¢¤øÂ� ¥� §�³¨ ��.¢¤�¢üõ ü÷�¥ ¤� Àû��¿� �î ¤Àì Âû ø Àû��¿� �î Âû �� ø ´¨ø� ¢�÷ Ç÷�¢ ��Þ� �î �µÞûü� ¢��ø.Ýþ�Þ÷üõ ï¤�� ø¢ ö� ÝþÀÖ� �¤ �ä�Þ¹õ ßþ� ö�Èþ� ��Þ�¥ §�� �� ø Ý÷��Âúõ ¤¢�õ ø ¤À� ¥� ö�ø�Âê ÂØÈ� ��¥� .�¤�¢ �¤ ÂØÈ� ñ�Þî ��ù¢�� ö�Èþ� Ç÷�¢ ø �ûüþ�Þ�û�¤ ¥� À�õùÂú� �î ß�þø ¤ Âµî¢ ý�ì� ���� ¤ÀÖ÷�Âð ¢�µ¨� ¥�.Ýþ�Þ÷üõ ü÷�¢¤Àì ,��ù¢Â� ùÂú� ��÷ ö�Èþ� Ç÷�¢ ���¹�ð ¥� �î ü®�þ¤ Ç¿� À���¨��¤ ÂØÈ� ñ�Þî À÷¢�Þ÷ üþ�Þ�û�¤ ø ×Þî ßõ �� ü®�þ¤ ý�û¤��ê� �Â÷ ¥� ���ú� ù¢�Ôµ¨� ¤¢ �î ü�Æ� ýÀúõ ý�ì� ¥�´�Öê�õ ýø¥¤� ø �ÂØÈµõ À÷ÀþÂê� �¤ ù¤ø¢ ßþ� ü÷ÀÈ÷ ©�õ�Âê ��ÂÏ�¡ ø ��Ñ½ó �î Ý��¡ ö�µ¨ø¢ ¥� .�¤�¢.�¤�¢ ö�÷� ý�Â�.Ý÷��Þõ ù¢�¢ ¤�Âì ßõ ¤��µ¡� ¤¢ ö�ú�� ø ¤�Øª� ¤�ð¢¤øÂ� �î ´Þã÷ �Þû ßþ� ¥� ö�þ�� ¤¢

¤�ú�



ùÀ�Ø�,ö�Æ³Þ�¨ ýÂ�ðñ�ÂÚµ÷� ©ø¤ ö�»Þû ý¢Àä ýÂ�ðñ�ÂÚµ÷� ý�û©ø¤ ü¡Â� ü¨¤Â� �õ�÷ ö�þ�� ßþ� üÜ¬� éÀûÂ� fâ��� ñ�ÂÚµ÷� °þÂÖ� ý�Â� ü±¨��õ ý�ûö�Âî �µ¨�¤ ßþ� ¤¢ .Àª��üõ ü÷��õ �ÎÖ÷ ©ø¤ ø ý��Ö÷¥ø£ ©ø¤¯��Âõ ý�ûö�Âî ø ÓÈ�±� ×ã��� ��÷ ø ù¢�Þ÷ ���¤� À÷�ùÀõ� ´¨¢ �� ÂîÁó� ë�ê ý�û©ø¤ ×Þî �� �î [a, b] ù¥��.Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ ö� ��üþ�ûñ�·õ � � ø �µ¡�¢Â� ¥�� ÷ ¢¤�õ ý�û©ø¤ ø Ý�û�Ôõ üêÂãõ �� °¨��õ ý�þ�Ìì ø Óþ¤�ã� ���¤� � � �õ�¢� ¤¢ö�Æ³Þ¨ ø ý��Ö÷¥ø£ ý�û©ø¤ �� Í±�Âõ ý�ûÝó ø �þ�Ìì Å³¨ .Ý��îüõ �Æþ�Öõ Ýû �� �¤ ¶½� ¢¤�õ ý�û©ø¤.Ýþ¤ø�üõ ´¨¢ �� �¤ ö� ÀþÀ� ý�ûö�Âî ø ÓÈ�±� ×ã��� ø ù¢�Þ÷ ���¤� �¤ø �û��Ìì .Ýþ¤ø�üõ ´¨¢ �� �À½õ−(α,m) â���� ý�Â� �¤ ýÀþÀ� ö�Æ³Þ�¨ á�÷ ý�ûýø�Æõ�÷ ö�þ�� ¤¢�À½õ â���� ¥� ýÂÚþ¢ á�÷ ý�Â� ñø� ÛÊê ¤¢ ùÀª üêÂãõ ý�ûÝó ø �þ�Ìì Ý�Þã� üä�÷ �� �¤�ú� ÛÊê ý�ûÝó.À�ª��üõ �À½õ−s ��÷ ��
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�õÀÖõ§øÂ���� ¤¢ �¤ π ¢Àä °þÂÖ� ¥� É¿Èõ �÷�È÷ ß�óø� �î Àª��üõ ùÂþ�¢ â��Â� �� ¯��Âõ â��Â� �ó�Æõ ß�µÆ¿÷×þ ´Æ÷��� �î ¢�� üÆî ß�óø� ( � � 460 ¢øÀ� ) 2ü¨��¡ ¯�ÂÖ� .´ê�þ ö���üõ ( � � 1550 �)1 ÅÞ��.℄29[ À�î â��Â� �fãì�ø �¤ ü�½�õ ÛØª��÷ §À�Þª¤� ¤�ð¥ø ¤ ¥� Å� �î Àª��üõ ( � � 225 � ) 3§À�Þª¤� ö� ¥� ù¥�� ßþ� ¤¢ ýÀã� Ýúõ ¢¤ø�µ¨¢.℄29[Àªüõ �µ¡��ª π ¢Àä ý�Â� üÈ¿� ´þ�®¤ °þÂÖ��±¨�½õ .´¨� ùÀª éøÂãõ ý¢Àä ýÂ�ðñ�ÂÚµ÷� �� ý¢Àä ý�û©ø¤ ×Þî �� ñ�ÂÚµ÷� ×þ ü±þÂÖ� �±¨�½õù��ø ( 1998 ø 1997 ) ℄17[ ø ℄32[ ¤¢ 6ÂõøÂî ø 5Â���ûÂ�� .À�õ�÷üõ 4 â��Â� üû�ð �¤ ñ�ÂÚµ÷� ×þ ý¢Àä.À÷¢Â� ¤�î �� �÷�ðÀ�� ý�ûñ�ÂÚµ÷� ý�Â� �¤ 7ý¥�¨ °ãØõ ù��ø ø �÷�Úþ ñ�ÂÚµ÷� ý¢Àä �±¨�½õ ý�Â� �¤ â��Â�â��Âõ ¥� üÖ�Ö� ��ó�÷� ø ü®�þ¤ ��ó�÷� ý¢���� ø ��óø� ý�þ�Ìì ø Óþ¤�ã� ö��� �� �¤ Â®�� �õ�÷ ö�þ�� ñø� ÛÊê.Ýþ�ù¢�¢ «�Êµ¡� ℄33[ â�Âõ ¥� üþ�ûñ�·õ ø ℄5[ ø ℄23[ â��Âõ ¥� �À½� ø ℄3[ ø ℄25[ ø ℄24[ÓþÂã� �� ñø� Ç¿� ¤¢ .¢¥�¢Â�üõ Å�Ü�µª� ö�Þþ¤ ñ�ÂÚµ÷� °þÂÖ� �� �î ,Àª��üõ ℄8[ â�Âõ ¥� �µêÂðÂ� �ø¢ ÛÊê�ø¢ Ç¿� ¤¢ .Ý�û¢üõ Çþ�Þ÷ �÷�Úþ ñ�ÂÚµ÷� ×þ �¤�¬ �� �¤ �µê�þ Ý�Þã� ý��Ö÷¥ø£ ©ø¤ ý�Î¡ ψg â����¤ ¤�¢ö¥ø ö�Þþ¤ ý�ûñ�ÂÚµ÷� ��¨ Ç¿� ¤¢ .Ý��îüõ ���¤� ÛÊê ßþ� ¤¢ ùÀª Âî£ ©ø¤ ý�Î¡ ý�Â� üþ�ûö�Âî.Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ,ýÀ�Üî üþ�û¢�½�� ���¤� �� �î ,´¨� ùÀª ù¢�¢ «�Êµ¡� ÓÈ�±� ×ã��� ¢¤�õ ¤¢ ¶½� ø üêÂãõ �� ��¨ ÛÊê¥� ¥��÷ ¢¤�õ ý�ûÝó ¥� ù¢�Ôµ¨� �� ÛÊê ßþ� ñø� Ç¿� ¤¢ .À�îüõ ���¤� ÓÈ�±�×ã��� ý�Â� Â�Õ�ì¢ üþ�ûö�Âî.Ýþ¤ø�üõ ´¨¢ �� ÓÈ�±� ×ã��� ý�Â� üþ�û¢�½�� ,ñø� ÛÊê
Ahmes Papyrus 1

Hippocrates Khyvsy 2
Archimedes 3
Quadrature 4
Ueberhuber 5

Krommer 6
Cubature 7´Èû



ø �þ�Ìì Âþ�¨ ��µ�µ¨� ¤¢ Û±ì Ç¿� ¤¢ ùÀõ� ´¨¢ �� ý�û¢�½�� ø ×ã��� ßþ� �î üþ�û¢Â�¤�î �� �ø¢ Ç¿� ¤¢.Ýþ¥�¢Â�üõ À÷¤�¢ �ûÝó℄26[ ø ℄27[ â��Â õ ¸ þ� µ ÷ ø � þ�Ì ì Ý � Þ ã � � � Àª� �üõ � õ� ÷ ö� þ� � ß þ� ÛÊê ß þÂ¡� � î �¤� ú� ÛÊê ¤¢ý�Â � ,À ÷�ùÀª ö�� � �À½õ ø �À½õ−s â��� � ý�Â � ö�Æ³Þ�¨ á�÷ üó�ÂÚµ ÷� ý�ûýø�Æõ� ÷ «�Ê¡ ¤¢ �î.Ýþ¥�¢Â�üõ �À½õ−(α,m) â������±¨�½õ .´¨� ùÀþ¢Âð ��¤� Ç¿� ø¢ ¤¢ �î ,Àª��üõ Óó�õ Í¨�� ùÀõ� ´¨¢ �� ÀþÀ� ¸þ�µ÷ Ûõ�ª ÛÊê ßþ�¸þ�µ÷ ø �þ�Ìì ¤¢ ùÀª ���¤� ÀþÀ� ý�ûö�Âî .´¨� ùÀª ��¹÷� 8Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� �� ÛÊê ßþ� �� ¯��Âõ.À÷�ùÀõ� ´¨¢ �� Ý�ÖµÆõ ��±�� Å³¨ ø ¤��ê� �Â÷ ×Þî �� §À� �¤�¬ �� ÛÊê ßþ�ùÀõ� ´¨¢ �� ¸þ�µ÷ ø �þ�Ìì ��±�� ¤¢ Ý�ÖµÆõ Â�è �þ Ý�ÖµÆõ ¤�Ï �� ��÷ �õ�÷ ö�þ�� ßþ� ¤¢ ùÀª ö���ä â��Âõ Âþ�¨.À÷�ù¢�� ù¢�Ôµ¨� ¢¤�õ

Maple software 8�÷



ñø� ÛÊê
ý¢���� Óþ¤�ã�ø Ý�û�Ôõ

ùÀ�þ� ý�ûÛÊê ¤¢ �î ´¨� ℄8[ ,℄24[ ,℄3[ ,℄30[ ,℄6[ ,℄33[ â��Âõ ¥� üþ�þ�Ìì ø Óþ¤�ã� ö��� ÛÊê ßþ� éÀûý¢Àä ýÂ�ðñ�ÂÚµ ÷� ý�û©ø¤ ü¡Â� üêÂãõ � � üþ�ûñ�·õ � ��¤� � � ß��»Þû .¢Âî Ý�û��¡ ù¢�Ôµ¨� �ú ÷� ¥�.Ýþ¥�¢Â�üõü��õÀÖõ ý�û��Ìì ø Óþ¤�ã� 1.1.Ýþ¥�¢Â�üõ Åµ�ª ²�ó â���� ø ¤�À÷�Âî Â��ç� �� â���� ø Å�Ü�µª� ö�Þþ¤ ñ�ÂÚµ÷� ÓþÂã� �� �Àµ��Â þ¥ ¤¢ ý�� Î Ö ÷ tk ø [a, b] ¥�Â ê� × þ P = {x0, x1, . . . , xn} Ý � � î ­Â ê 1.1.1 ÓþÂã�:ÛØª �� á�Þ¹õ Âû .Àª�� [xk−1, xk] ýù¥��
S(p, f, α) =

n∑

k=1

f(tk)∆αk,

¢¤�¢ ö�Þþ¤ ñ�ÂÚµ÷� [a, b] Â� α°Æ� Â� f Ý�þ�ð .Ý�õ�÷üõ α°Æ� Â� f ÅÜ�µª� ö�Þþ¤ á�Þ¹õ ×þ �¤:Àª�� �µª�¢ ¢��ø ´�¬�¡ ßþ� �� A À�÷�õ ý¢Àä �î ü�¤�¬ ¤¢1



ø Pε ¥� Â µ Ô þÂÒ P ¥�Â ê� Â û ý�¥� � � � î üÞÆì � � Àª� � Pε À� ÷� õ [a, b] ¥�Â ê� ×þ ,ε > 0 Âû ý�¥� � �Ý�Æþ�÷üõ �¤�¬ ßþ� ¤¢ .∣∣S(P, f, α) − A
∣∣∣ < ε Ý�ª�� �µª�¢ [xk−1, xk] ¤¢ tk ý�û�ÎÖ÷ ��¿µ÷� Âû.[a, b] Â� f ∈ R(α).À��þüõ Ûþ�½� ö�Þþ¤ ñ�ÂÚµ÷� �� ÅÜ�µª� ö�Þþ¤ ñ�ÂÚµ÷� ù�Ú÷� α(x) = x Âð� ß��»Þû

× þ P = {x0, x1, . . . , xn} Â ð� .À ª� � ùÀ ª Ó þÂ ã � [a, b] Â � f â �� � Ý � � î ­Â ê 2.1.1 ÓþÂã�:Ý�Æþ�÷üõ k = 1, 2 . . . , n ý�¥� �� Àª�� [a, b] ¥�Âê�
∆fk = f(xk) − f(xk−1),,[a, b] ¥�Âê� Âû ý�¥� �� �î üÞÆì �� Àª�� �µª�¢ ¢��ø M À�÷�õ üµ±·õ ¢Àä ù�ðÂû

n∑

k=1

|∆fk| ≤M, .´¨� ¤�À÷�Âî Â��ç� �� [a, b] Â� f Ý�þ�ð ù�Ú÷�
´±·õ ý¢Àä �î üµìø À�îüõ ëÀ¬ α ý�±�Âõ ¥� Åµ�ª ²�ó ¯Âª ¤¢ f â�� � Ý� þ�ð 3.1.1 ÓþÂã�:ù�Ú÷� ,x 6= c ø x ∈ B(c) ù�ð Âû �î üÞÆì �� Àª�� �µª�¢ ¢��ø B(c) ö�� ýÀã� ×þ üþ�ð ø M À�÷�õ

|f(x) − f(c)| < M |x− c|α,.À � î ëÀ¬ c ý�ÎÖ ÷ ¤¢ α ý� ± �Â õ ¥� Åµ � ª ²� ó ¯Âª ¤¢ � î Àª� � ü ã �� � f À � � î ­Â ê .ß þÂ Þ �.¢¤�¢ ÕµÈõ c ¤¢ f ,α > 1 Âð� ø ´¨� �µ¨��� c ¤¢ f ,α > 0 Âð�
� .À��î �ã��Âõ ℄3[ â�Âõ ¤¢ 5 ÛÊê 1 ßþÂÞ� �� .ö�ûÂ�2



.[a, b] Â� f ∈ R(α) ù�Ú÷� ,Àª�� ¤�À÷�Âî Â��ç� �� ù¥�� ßþ� Â� α ø �µ¨��� [a, b] Â� f ù�ðÂû 4.1.1 ��Ìì
� .À�þ�Þ÷ á��¤ ℄3[ â�Âõ ¥� 7 ÛÊê 27 ��Ìì �� .ö�ûÂ�:´ª�÷ ö���üõ ∫ b

a fdα ¢¤�õ ¤¢ ë�ê ý��Ìì ��®øÂÔõ �� 5.1.1 Ýó
∣∣∣∣∣∣

b∫

a

f(t)dα(t)

∣∣∣∣∣∣
≤ sup

t∈[a,b]

|f(t)| b∨
a
(α).Àª��üõ [a, b] ù¥�� Â� u â��� Ûî Â��ç� ü�ãõ �� b∨

a
(u) ¢�Þ÷ �î,Àª�� [a, b] ýù¥�� ý�Â� üû��¿ó ¢ ¥�Âê� P : a = x0 < x1 < . . . < xn−1 < xn = b À��î­Âê .ö�ûÂ�Â� α ø �µ¨��� f : [a, b] → R Âð� ñ�� .‖ P ‖= sup

x∈{1,2,...,n}
|xi − xi−1| �� ,n→ ∞ üµìø , ‖ P ‖→ 0 �î:Ýþ¤�¢ Àª�� ¤�À÷�Âî Â��ç� �� ù¥�� ßþ�

∣∣∣∣∣
b∫

a

f(x)dα(x)

∣∣∣∣∣ =

∣∣∣∣ lim
‖P‖→0

n−1∑
i=0

f(ξi)[α(xi+1) − α(xi)]

∣∣∣∣

≤ sup
x∈[a,b]

|f(x)| sup
P∈P [a,b]

n−1∑
i=0

|α(xi+1) − α(xi)|

≤ sup
x∈[a,b]

|f(x)| b∨
a
(α)

�

.f ∈ R(α) ù�Ú÷� ,Àª�� ö�Þþ¤ ÂþÁ�ñ�ÂÚµ÷� [a, b] ýø¤ f ø Åµ�ª-²�ó−L üã��� α Âð� 6.1.1 Ýóü��þ�� ø üþ��� ö�Þþ¤ á�Þ¹õ .Ýþ¥�¢Â�üõ ö�Þþ¤ ¯Âª ü¨¤Â� �� f ∈ R(α) �Ø�þ� ��±�� ¤�Ñ�õ �� .ö�ûÂ�:Ýþ¤�¢ ø Ý�û¢üõ Û�ØÈ� �¤
U(P, f, α) =

n∑
i=1

Mi∆αi Mi = sup
xi−1≤x≤xi

f(x)

L(P, f, α) =
n∑

i=1

mi∆αi mi = inf
xi−1≤x≤xi

f(x)

3



|U(P, f, α) − L(P, f, α)| =

∣∣∣∣
n∑

i=1

(Mi −mi)∆αi

∣∣∣∣

≤
n∑

i=1

|Mi −mi| |∆αi|

≤
n∑

i=1

|Mi −mi|L|xi − xi−1|

≤ L
n∑

i=1

(Mi −mi)∆xi

≤ Lε

� f ∈ R(α) �¹�µ÷ ¤¢ù� Ú ÷� f ′ ∈ L1[0, 1] ø � µ ¨� � � (0, 1) Â � f ′ Â ð� f : [0, 1] → R â �� � ý�Â � 7.1.1 Ýó.Àª��üõ ¢øÀ½õ f �Áó ø À÷¢���õ f ′
−(1) ø f ′

+(0):ÝþÂ�ðüõ ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ F â��� .ö�ûÂ�
F (x) =

x∫

0

f ′(t)dt (0 ≤ x ≤ 1).´¨� �µ¨��� F Å� ,´¨� ÂþÁ� ñ�ÂÚµ÷� f ′ ö��:Ýþ¤�¢ ℄24[ â�Âõ ÝµÔû ÛÊê 21 ý��Ìì ����� �Áó ´¨� ¢���õ f ′ ,x ∈ (0, 1) ý�ÎÖ÷ Âû ¤¢ ö��
f(x) − f(1

2 ) =
x∫
1
2

f ′(t)dt(0 < x < 1)

F (x) − F (1
2 ) =

x∫
1
2

f ′(t)dt(0 ≤ x ≤ 1)

⇒ F (x) − F (1
2 ) = f(x) − f(1

2 ) , (0 < x < 1)

⇒ f(x) = F (x) + f(1
2 ) − F (1

2 ) , (0 < x < 1)

⇒ lim
x→0+

f(x) = F (0) + f(1
2 ) − F (1

2 ) = f(1
2 ) − F (1

2 )4



.Àª��üõ üû��µõ ø ¢���õ ��÷ lim
x→0+

f(x) Å� ´¨� ¢���õ f(1
2 ) − F (1

2 ):Ýþ¤�¢ ß��»Þû
lim

x→0−

f(x) = F (1) + f(
1

2
) − F (

1

2
)

� .¢¤�¢ ¢��ø ��÷ lim
x→0−

f(x) Å� ´¨� üû��µõ ø ¢���õ F (1) + f(1
2 ) − F (1

2 ) ö��ÕµÈõ ý�¤�¢ x ý�ÎÖ÷ ¥� Â�è �� �ÎÖ÷Âû ¤¢ α ,f ∈ R(α) ø �µ¨��� f : (a, b) → R â��� Âð� 8.1.1 Ýó:Ýþ¤�¢ø fα′ ∈ R �¤�¬ ßþ� ¤¢ ,Àª�� �µ¨���
b∫

a

fα
′

dx =

b∫

a

fdα+ f(x)(α(x+) − α(x−)).Àª��üõ x ý�ÎÖ÷ ¤¢ α â��� ²� ø ´¨�¤ À� ü�ãõ �� α(x−) ø α(x+) �îýø� � � î p : x0 = a < x1 < . . . < xk = x < xk+1 < . . . < xn = b ¥�Â ê� ý�¥� � � .ö� ûÂ �:Ý�û¢üõ Û�ØÈ� �¤ Âþ¥ ÅÜ�µª�-ö�Þþ¤ ø ö�Þþ¤ á�Þ¹õ ´Æû x ý�ÎÖ÷
S(p, fα′) =

n∑
i=1

f(ti)α
′(ti)∆xi

S(p, f, α) =
n∑

i=1

f(ti)∆αi

5



¤�ÀÖõ ý��Ìì ×Þî �� ø Àª�� xk ø xk−1 ß�� �õ tk �Ø�þ� ­Âê �� ø á�Þ¹õ ø¢ ßþ� Û®�Ô� Û�ØÈ� ��:Ýþ¤�¢ ß�Ú÷��õ
S(p, f, α) − S(p, fα′)

=
n∑

i=1

f(ti) [α′(ti)∆xi − ∆αi]

=
k−1∑
i=1

f(ti) [α′(ti)∆xi − ∆αi] + f(tk) [α′(tk)∆xk − ∆αk]

+ f(tk+1) [α′(tk+1)∆xk+1 − ∆αk+1] +
n∑

i=k+1

f(ti) [α′(ti)∆xi − ∆αi]

=
k−1∑
i=1

f(ti) [α′(ti) − α′(νi)] ∆xi+f(tk) [α′(tk)∆xk − ∆αk]

+ f(tk+1) [α′(tk+1)∆xk+1 − ∆αk+1] +
n∑

i=k+1

f(ti) [α′(ti) − α′(νi)] ∆xi

=
∑

i6=k,k+1

f(ti) [α′(ti) − α′(νi)] ∆xi + f(tk)α′(tk)∆xk + f(tk+1)α
′(tk+1)∆xk+1

− f(tk)[α(xk) − α(xk−1)] − f(tk+1)[α(xk+1) − α(xk)]:´ª�¢ Ý�û��¡ ßµêÂð ÕÎõ ¤Àì ø ë�ê ý�Î��¤ ß�êÂÏ �� f(x)[α(x+) − α(x−)] �¤�±ä ö¢Âî �ê�®� ��
|S(p, f, α) − S(p, fα′) + f(x)[α(x+) − α(x−)]|

≤ ∑
i6=k,k+1

|f(ti)| |[α′(ti) − α′(νi)]|∆xi

+ |f(x)[α(x+) − α(x−)] − f(tk)[α(x) − α(xk−1)] − f(tk+1)[α(xk+1) − α(x)]|

+ |f(tk)| |α′(tk)|∆xk + |f(tk+1)| |α′(tk+1)|∆xk+1

≤ ∑
i6=k,k+1

|f(ti)| |[α′(ti) − α′(νi)]|∆xi

+ |f(x)[α(x+) − α(x−)] − f(tk)[α(x) − α(xk−1)] − f(tk+1)[α(xk+1) − α(x)]|

+MfMα′∆xk +MfMα′∆xk+1 :�î Àþ¢ ö���üõ ∆xk,∆xk+1 → 0 ­Âê ��
|f(x)[α(x+) − α(x−)] − f(tk)[α(x) − α(xk−1)] − f(tk+1)[α(xk+1) − α(x)]|

+MfMα′∆xk +MfMα′∆xk+1 −→ 0:�î ´Æû δ1 > 0 ùÀª ù¢�¢ ε Ǒ�¥� �� Å�
∆xk,∆xk+1 < δ1 ⇒ |f(x)[α(x+) − α(x−)] − f(tk)[α(x) − α(xk−1)] − f(tk+1)[α(xk+1) − α(x)]|

+MfMα′∆xk +MfMα′∆xk+1 < ε6



Å � .´ ¨� ´ ¡�� � Ø þ ý� µ ¨� � � (x, b] ø [a, x) Â � α′ �Á ó À ÷¢� �� õ lim
t→x+

α′(t) ø lim
t→x−

α′(t) ö� �:Ýþ¤�¢ ø u, v ∈ [a, x) �þ u, v ∈ (x, b] �î ´Æû ¢���õ δ2 > 0

|u− v| < δ2 ⇒ |α′(u) − α′(v)| < εÝ�û��¡ p ⊇ p′ε Ǒ�¥� �� .∀i ∆xi < δ �î Àª�� x Ûõ�ª ý¥�Âê� p′ε ÝþÂ�ð ø δ = min{δ1, δ2} Ý��î ­Âê:´ª�¢
|S(p, f, α) − S(p, fα′) + f(x)[α(x+) − α(x−)]| ≤Mfε

∑
i6=k,k+1

∆xi + ε

≤Mf (b− a)ε+ ε:�î Àª�� ý¥�Âê� p′′ε ÝþÂ�ð ñ��∣∣∣∣∣∣
S(p′′ε , f, α) −

b∫

a

fdα

∣∣∣∣∣∣
< ε:Ýþ¤�¢ �¤�¬ ßþ� ¤¢ p ⊇ p′ε ø pε = p′ǫ ∪ p′′ε Ý��î ­Âê

∣∣∣∣∣S(p, fα′) −
b∫
a

fdα− f(x)[α(x+) − α(x−)]

∣∣∣∣∣ ≤
∣∣∣∣∣−

b∫
a

fdα+ S(p, f, α)

∣∣∣∣∣

+ |−S(p, f, α) + S(p, fα′) − f(x)[α(x+) − α(x−)]|

≤ 2ε+Mf (b− a)ε

�,À ª� � Io ýø¤ � µ ¨� � � Õ Ü Î õ ¤� Ï � � ü µ ª� Ú ÷ f : I ⊂ R → R À � � î ­Â ê 9.1.1 Ýó:´ª�¢ Ý�û��¡ �¤ Âþ¥ ¢�½�� ù�Ú÷� ,a < b ø a, b ∈ Io �î f ′ ∈ L1[a, b] �Ø÷���
1
6

[
f(a) + 4f(a+b

2 ) + f(b)
]
− 1

b−a

b∫
a

f(x)dx

= b−a
2

1∫
0

[(
t
2 − 1

3

)
f ′ ( 1+t

2 b+ 1−t
2 a
)

+
(

1
3 − t

2

)
f ′ ( 1+t

2 a+ 1−t
2 b
)]
dt.Àª��üõ I öø¤¢ ��úÔõ �� Io �î:Ýþ¤�¢ Ǒ�� �� Ǒ�� ýÂ�ð ñ�ÂÚµ÷� ©ø¤ ¥� ù¢�Ôµ¨� �� .ö�ûÂ�

1∫
0

(
t
2 − 1

3

)
f ′ ( 1+t

2 b+ 1−t
2 a
)
dt = 2

b−a

(
t
2 − 1

3

)
f
(

1+t
2 b+ 1−t

2 a
)∣∣∣

1

0
−

1∫
0

1
b−af

(
1+t
2 b+ 1−t

2 a
)
dt

= 2
b−a

[
1
6f(b) − (− 1

3 )f
(

a+b
2

)]
−

1∫
0

1
b−af

(
1+t
2 b + 1−t

2 a
)
dt

(1)
7



1∫
0

(
1
3 − t

2

)
f ′ ( 1+t

2 a+ 1−t
2 b
)
dt =

(
1
3 − t

2

)
2

a−bf
(

1+t
2 a+ 1−t

2 b
)∣∣∣

1

0
+

1∫
0

1
a−bf

(
1+t
2 a+ 1−t

2 b
)
dt

= 2
a−b

[
− 1

6f(a) − 1
3f
(

a+b
2

)]
+ 1

a−b

1∫
0

f
(

1+t
2 a+ 1−t

2 b
)
dt

(2):Ýþ¤�¢ (2) ø (1) âÞ� �� ñ��
1∫
0

[(
t
2 − 1

3

)
f ′ ( 1+t

2 b + 1−t
2 a
)

+
1∫
0

(
1
3 − t

2

)
f ′ ( 1+t

2 a+ 1−t
2 b
)]
dt

= 2
b−a

[
1
6f(b) + 2

3f
(

a+b
2

)
+ 1

6f(a)
]
− 2

(b−a)2

1∫
0

f(x)dx

��ä�Þ¹õ ßþ� Â� X × Y Â� ùÀª ÓþÂã� k â��� ø ,À�ª�� R ù¥�� Âþ¥ ø¢ Y ø X Ý��î­Âê 10.1.1 ��Ìì,�f ·õ ,Àª�� ¤�À÷�Âî ø �µ¨���
|k(x, y)| ≤M,:�¤�¬ ßþ� ¤¢ .g ∈ L1(Y ) ø f ∈ L1(X) ß��»Þû .X × Y ¤¢ y, x Âû ý�¥� ���ó¢�ãõ �� Y Â� ùÀª ÓþÂã� F â��� ø ,¢¤�¢ ¢��ø ∫

X

f(x)k(x, y)dxÙ±ó ñ�ÂÚµ÷� ,Y ¤¢ y Âû ý�¥� �� (�
F (y) =

∫

X

f(x)k(x, y)dx .´¨� �µ¨��� Y Â��ó¢�ãõ �� X Â� ùÀª ÓþÂã� G â��� ø ,¢¤�¢ ¢��ø ∫
Y

g(y)k(x, y)dy Ù±ó ñ�ÂÚµ÷� ,X ¤¢ x Âû ý�¥� �� (�
G(x) =

∫

Y

g(y)k(x, y)dy .´¨� �µ¨��� X Â�,ü�ãþ .À�þø�Æõ Ýû �� ø À÷¤�¢ ¢��ø ∫
X

f(x)G(x)dx ø ∫
Y

g(y)F (y)dy Ù±ó ñ�ÂÚµ÷� ø¢ (�
∫

X

f(x)
[ ∫

Y

g(y)k(x, y)dy
]
dx =

∫

Y

g(y)
[ ∫

X

f(x)k(x, y)dx
]
dy.

8



� .À��î ù�Ú÷℄3[ â�Âõ 10 ÛÊê 40 ��Ìì �� ��±�� ý�Â� .ö�ûÂ�
ýÂþÁ�ù¥�À÷� ��úÔõ 2.1¼�®�� �¤ �µ¨��� â��� ø ¥�� ý�ä�Þ¹õ �� ×þ��ó���� ý�Ìê ¯�±�¤� ø Ý��îüõ ö��� �¤ ý��ó���� ��úÔõ �Àµ��.Ý�û¢üõ¥� ù�ðÂû Ý�þ�ð X ¤¢ ý��ó���� ×þ �¤ X ý�ä�Þ¹õ ý�û�ä�Þ¹õÂþ¥ ¥� τ ý�þ�¢Âð (Óó� 1.2.1 ÓþÂã�:Àª�� À�õùÂú� Âþ¥ ´�¬�¡ �¨,X, ∅ ∈ τ (i),V1 ∩ V2 ∩ · · · ∩ Vn ∈ τ ù�Ú÷� ,Vi ∈ τ ,i = 1, · · · , n ý�¥��� Âð� (ii)ù�Ú ÷� ,Àª� � (Â þÁ �� ÷ ©¤�Þª � þ ,Â þÁ �©¤�Þª ,üû� � µ õ) τ ý�Ìä� ¥� üû��¿ó¢ ý�þ�¢Âð {Vα} ù� ðÂû (iii).∪αVα ∈ τ¤¢ ¥�� ý�û�ä�Þ¹õ �¤ τ ý�Ìä� ø ×þ��ó���� ý�Ìê ×þ �¤ X ù�Ú÷� ,Àª�� X ¤¢ ý��ó���� ×þ τ ù�ðÂû (�.À�õ�÷üõ XÂð� ´¨� �µ¨��� f Ý�þ�ð ù�Ú÷� ,Àª�� Y ý���� X ¥� üµª�Ú÷ f ø ù¢�� ×þ��ó���� ý�Ìê ø¢ Y ø X ù�ðÂû (�.Àª�� X ¤¢ ý¥�� ý�ä�Þ¹õ f−1(V ) ,Y ¤¢ V ¥�� �bä�Þ¹õ Âû ý�¥���

:Ý�õ�÷üõ E ý�Ê¿Èõ â��� �¤ Âþ¥ â��� ,Àª�� �ä�Þ¹õ ×þ E Âð� 2.2.1 ÓþÂã�
χE(x) =

{
1

0

x ∈ E

x /∈ E

9



�¤ ÂþÁ�ù¥�À÷� â��� ø ÂþÁ� ù¥�À÷� ý�ä�Þ¹õ ,ÂþÁ�ù¥�À÷� ý�Ìê ß�� ¯�±�¤� ø Ý�þ�Þ÷üõ ö��� �¤ Â±�-σ ��úÔõ ñ��.Ý�û¢üõ ¼�®��¥� M ù�ðÂû Ý�õ�÷ X ¤¢ Â±�-σ ×þ �¤ X ý�ä�Þ¹õ ý�û�ä�Þ¹õÂþ¥ ¥� M ý�þ�¢Âð (Óó� 3.2.1 ÓþÂã�:Àª�� À�õùÂú� Âþ¥ «��¡,X ∈ M (i),´¨� X �� ´±Æ÷ A ÝÞµõ Ac ö� ¤¢ �î ,Ac ∈ M ù�Ú÷� ,A ∈ M Âð� (ii).A ∈ M ù�Ú÷� ,An ∈ M ,n = 1, 2, · · · ý�¥��� ø A = ∪∞
n=1An Âð� (iii)ý�û�ä�Þ¹õ �¤ M ý�Ìä� ø Â þÁ �ù¥�À ÷� ý�Ìê ×þ �¤ X ù� Ú ÷� ,Àª� � X ¤¢ Â ±�-σ ×þ M ù� ðÂ û (�.Ý�õ�÷üõ X ¤¢ ÂþÁ�ù¥�À÷�

f Ý�þ�ð ù�Ú÷� ,Àª�� Y ý���� X ¥� üµª�Ú÷ f ø ×þ��ó���� ý�Ìê ×þ Y ,ÂþÁ�ù¥�À÷� ý�Ìê ×þ X ù�ðÂû (�.Àª�� X ¤¢ ÂþÁ�ù¥�À÷� ý�ä�Þ¹õ ×þ f−1(V ) ,Y ¤¢ V ¥�� ý�ä�Þ¹õ Âû ý�¥��� Âð� ´¨� ÂþÁ�ù¥�À÷�
¢¤�¢ ¢��ø M

∗ À�÷�õ X ¤¢ Â±�-σ ßþÂµØ��î ,Àª�� X ý�û�ä�Þ¹õ Âþ¥ ¥� ý��þ�¢Âð F Âð� 4.2.1 ��Ìì.F ⊂ M
∗ �î ý¤�Ï��

� .À�þ�Þ÷ �ã��Âõ ℄24[ ¤¢ (10.1) �� .ö�ûÂ�
B À�÷�õ Â±�-σ ßþÂ�×��î ��� ý��Ìì Â���� .Àª�� ×þ��ó���� ý�Ìê ×þ X À��î­Âê 5.2.1 ÓþÂã�ùÀª À�ó�� Â±�-σ âì�ø ¤¢ Â±�-σ ßþ� .´¨� B �� ÕÜãµõ X ¤¢ ¥�� ý�ä�Þ¹õ Âû �îý¤�Ï�� ´Æû X ¤¢ñ¤� � ý�û�ä�Þ¹õ �¤ ö� Â¬��ä ø X ¤¢ 1ñ¤� � Â ±�-σ �¤ ö� �î ´¨� X ¥� � ý�û�ä�Þ¹õÂ þ¥ ý�Ü�¨ø��.Ý�û¢üõ Çþ�Þ÷ B �� ¤�Êµ¡� �� �þ Bx �� �¤ Â±�-σ ßþ� .Ý�õ�÷üõ.À÷¤�¢ �¤ ÂþÁ�ù¥�À÷� ý�û�ä�Þ¹õ ÇÖ÷ ñ¤�� ý�û�ä�Þ¹õ ø ´¨� ñ¤�� ÂþÁ�ù¥�À÷� ý�Ìê (X,B) �¤�¬ßþ� ¤¢

Borel 110



×þ��ó���� ý�Ìê ý���� (X,B) ÂþÁ�ù¥�À÷� ý�Ìê ¥� ÂþÁ�ù¥�À÷� üã��� f : X → Y ù�ð Âû 6.2.1 ÓþÂã�.Ý�þ�ð ñ¤�� â��� ¤�Êµ¡��� �þ ñ¤�� ÂþÁ�ù¥�À÷� �¤ f ù�Ú÷� ,Àª�� YÓþÂã� ¥� ,Àª�� Y ×þ��ó���� ý�Ìê ý���� (X,B) ÂþÁ�ù¥�À÷� ý�Ìê ¥� �µ¨��� ´ª�Ú÷ ×þ f : X → Y ù�ðÂû�µ¨��� ´ª�Ú÷ Âû ÂÚþ¢ �¤�±ä�� .f−1(V ) ∈ B ,Y ¤¢ V ¥�� ý�ä�Þ¹õ Âû ý�¥��� �î ´¨� ßªø¤ �µ¨��� â����.´¨� ñ¤�� ÂþÁ� ù¥�À÷� (X,B) ¥�
�ûù¥�À÷� ü��õÀÖõ «��¡ 3.1.Ý�û¢üõ ���¤� ù¥�À÷� ý�Ìê ø ´±·õ ýù¥�À÷� ¥� üÔþÂã� �Àµ���î ´¨� [0,∞] ¤¢ Âþ¢�Öõ �� M À�÷�õ Â±�-σ ×þ Â� µ À�÷�õ üã��� ´±·õ ýù¥�À÷� ×þ (Óó� 1.3.1 ÓþÂã�:ù�Ú÷� ,Àª�� M ý�Ìä� ý�À� Ýû ¥� ø ÂþÁ�©¤�Þª ý��þ�¢Âð {Ai} Âð� ü�ãþ .Àª�� ��÷ üãÞ� �¤�Þª

µ(∪∞
i=1Ai) =

∞∑

i=1

µ(Ai).µ(A) < ∞ �îý¤�Ï�� Àª�� �µª�¢ ¢��ø A ∈ M ×þ Ýî´¨¢ Ý��îüõ­Âê ö¢�� üúþÀ� ¥� ��ûÂ� ý�Â�Â ± �-σ Â � � î ´ ± · õ ýù¥�À ÷� × þ �� ÞÌ ÷�� � Â þÁ �ù¥�À ÷� ý�Ì ê ×þ ¥� ´¨� �¤� ± ä ù¥�À ÷� ý�Ì ê Â û(�.´¨� ùÀª ÓþÂã� ÂþÁ�ù¥�À÷� ý�û�ä�Þ¹õ.Àª��üõ Â±�-σ ×þ Â� ùÀª ÓþÂã� ø üãÞ� �¤�Þª �î ´¨� ÍÜµ¿õ Âþ¢�Öõ �� â��� ×þ ÍÜµ¿õ ýù¥�À÷� (�
11


