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xOQWi |=yxawtHt w CU= |yD u; uwQO xm Q}PBpw] Ov@ty w |=xrtH OvJ ?OLt '|vwt=y -xOQWi |=yxawtHt

"OQm u=}@ =Q C QO u=OQwS |=yu=tm w pmWxQ=DU w |vwt=y
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F (X) M=v=@
=@ D(1)(X) w D(1)

F (X) Ckw xJ xm u}= -xQ=@ QO |QD|wk |=yxH}Dv s} Q=O OYk =H u}= QO "CU=xOW |iQat
s}y=wN u=Wv xS} w x@ "s}yO x�=Q= 'CU= p=oJ D(1)

F (X) QO D(1)(X) |]}=QW xJ CLD xm u}= w OvQ@=Q@ sy
"OvQ@=Q@ sy =@ Q@H wO u}= OW=@ s_vt �F 'X Qo = xm O=O

u}= QO "CU}v xO=U s}v (D(1)(X); k � k) xOW p}tmD xm OyO|t u=Wv �Bishop� A=W}@ R= |r=Ft
xOW p}tmD 'OW=@ p=oJ XQO XQ}PBpw] u=OQwS |=yu=tm -xty `=tDH= |Dkw xm s}yO|t u=Wv xt=vu=}=B

"CU=xO=U s}v (D(1)(X); k � k)
OW=@ s=D w |vwt=y xOQWi -xawtHt X |Dkw s}yO u=Wv xm CU= u}= xt=vu=}=B u}= |=y hOy R= |m}
|t u=Wv xS} w x@ "OW=@v =} OW=@ pt=m (D(1)(X); k � k) xJ 'CU= X =@ Q@=Q@ D(1)(X) |=yCWQU |=[i

"CU= xDUw}B Q=mOwN Qw] x@ (D(1)(X); k � k) Q=OsQv Q@H Q@ |DWQU Qy s}yO

|=x]kv |vwt=y xOQWi -xawtHt '=yxOW p}tmD 'M=v=@ |a@=D Q@H 'Q}PBjDWt `@=wD 'Q=OsQv Q@H %|O}rm |=y xS=w
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xtOkt
(perfect) s=D w xOQWi |=y xawtHt Q} R Q@ Q}PBjDWt `@=wD R= pmWDt Q=OsQv |a@=D |=yQ@H R= X=N |=xOQ
|iQat A.M. Davie w H.G. Dales hwQat u=O}[=} Q wO \UwD |Oq}t 1973 p=U QO \rDNt -xLiY
X=wN Ov=xOW xO}t=v (Dales-Davie) |w}O�Rr}O |=yQ@H ,=Q}N= xm '=yQ@H u}= "CiQo Q=Qk xar=]t OQwt w OW
|=xtOkt =OD@= pw= pYi QO "CU=xOW s=Hv= =yv; |wQ |O=} R |=y|UQQ@ uwvm =D 1973 p=U R= w OvQ=O |@r=H
Q} R KQW x@ M=v=@ |a@=D Q@H w Q=OsQv |a@=D Q@H TBU w CU=xOW xOQw; =yv; |U=U= X=wN w M=v=@ |=yQ@H Q@

"OwW|t |iQat
(A; k �k) Ovv=t Q=OsQv Q@H l} 'X Q@ Q=OsQv |a@=D Q@H "OW=@ hQOU=y w xOQWi |=[i l}X s}vm ZQi
xwqa x@ w OW=@ pt=W =Q =yC@=F w Ovm =OH sy R= =Q X \=kv A xm OW=@ C(X) R= |Q@H Q} R A xm|Qw] x@ CU=
x@ xHwD =@ "s}t=v|t X Q@ M=v=@ |a@=D Q@H =Q A OW=@ pt=m (A; k � k) Qo = "kfkX � kfk 'f 2 A Qy |=R=x@

"CU= xDUw}B Q=mOwN Qw] x@ A Q=OsQv |a@=D Q@H Q@ |Q=Okt |DN} Qty Qy h} QaD u}=
-xOQWi xawtHt Q@ A Q=OsQv |a@=D Q@H xm s}yO|t u=Wv [13] QO T.G. Honary -x}[k R= xO=iDU= =@
x=ov; kfkX = 1 Qo = 'f 2 A Qy |=R= x@ w OW=@ |a}@] A CN=wvm} Q=DU@ Qo = =yvD w Qo = CU= |a}@] ' X

%s}vm|t |iQat Q} R KQW x@ =Q D(1)(X) Q@H =OD@= swO pYi QO " lim
n!1 kfnk

1
n = 1

-x]kv QO =Q X Q@ f Q=Okt \rDNt `@=D "OW=@ \rDNt -xLiY R= s=D w xOQWi xawtHt l} X s}vm ZQi
x=o Qy s}} wo Q}PBjDWt z0 2 X

f 0(z0) = lim
z2X
z!z0

f(z)� f(z0)
z � z0

=@ =Q (D(1)(X); k � k) -xOW p}tmD w D(1)(X) =@ =Q X Q@ Q}PBjDWt xDUw}B Qw] x@ `@=wD Q@H "OW=@ OwHwt
Q} R R= |Q=}U@ |=Q@ "kfk = kfkX +kf 0kX ' f 2 D(1)(X)Qy |=R= x@ u; QO xm 's}yO|tV}=tv ~D(1)(X)

Ov=xDW=Po X |wQ =Q |]}=QW |w}O w Rr}O "CU}v pt=m D(1)(X) Q@H \rDNt -xLiY s=D w xOQWi |=yxawtHt
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xOW |iQat 'CU= Q}PBpw] |=yu=tm R= ?U=vt |=xawtHt F xm |Dkw 'D(1)(X) Q@H =@ Q_=vDt D(1)
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pw= pYi

|a@=D |=yQ@H w M=v=@ |=yQ@H QO x}rw= s}y=it

M=v=@ |=yQ@H |iQat 1�1
"s} R=OQB |t M=v=@ |=yQ@H |=y|oS} w w s}y=it R= |NQ@ |iQat x@ VN@ u}= QO

Qr=mU= u=O}t |wQ Q@ A |Q=OQ@ |=[i R= CU= CQ=@a �\rDNt =} |k}kL� Q@H l} "h} QaD 1�1�1
Qy |=Q@ xm|Qw] x@ 'A� A �!

(x;y)7!x�y A ?Q[ CW=ov x=Qty x@ �C \rDNt u=O}t =} R |k}kL u=O}t� F
%s}W=@ xDW=O � Qr=mU= Qy w x; y; z 2 A

(y + x) � z = y � z + x � z w x � (y + z) = x � y + x � z �1
x � (y � z) = (x � y) � z �2

�(x � y) = (�x) � y = x � (�y) �3
Q@H xJv=vJ "s} Q@|t Q=m x@ y w x ?Q[rY=L |=Q@ =Q O=tv u}ty R}v =t w xy OvU} wv|t x � y |=H x@ ,qwtat
x=ov; 'kxyk � kxkkyk 'x; y 2 A Qy |=R= x@ xm k � k Ovv=t |tQv |va} 'OW=@ |Q@H sQv l} x@ RyHt A

"s}} wo Q=OsQv Q@H l} =Q (A; k � k)

Q@H "OW=@ pt=m VtQv CLD A x=oQy s}} wo M=v=@ Q@H l} =Q (A; k � k) Q=OsQv Q@H "h} QaD 2�1�1
xm 'kek = 1 Ovvm |t ZQi ,qwtat w OW=@ xDW=O xm} QYva ?Q[ pta x@ C@Uv x=oQy s}} wo Q=Om} =Q A M=v=@
xy = yx s}W=@ xDW=O x; y 2 A Qy |=R=x@ x=oQy s}} wo |}=H x@=H =Q A Q@H "CU= xm} QYva u=ty e u; QO

"xx�1 = x�1x = e xm OW=@ OwHwt A QO x�1 w[a x=oQy s}} wo Q}PBuwQ=w =Q x 2 A w[a "
'x; y 2 X Q y |=R= x @ x= o Q y O v } w o | }= B rw ] =Q f : (X; d) �! (Y; �) C W= o v
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2 |a@=D |=yQ@H w M=v=@ |=yQ@H QO x}rw= s}y=it 1 pYi

"d(x; y) = �(f(x); f(y))

x=oQy s}t=v |t (X; d) l} QDt |=[i -xOW p}tmD =Q (Y; �) pt=m l} QDt |=[i "h} QaD 3�1�1
Qo = "OW=@ p=oJ Y QO f(X) xm|Qw] x@ OW=@ xDW=O OwHw f : (X; d) �! (Y; �) Ovv=t |}=Brw] CW=ov

"OQm |krD Y -xawtHt Q} R l} =Q X u=wD |t x=ov; s}vm QwYD |m} =Q f(X) w X
|DL=Q x@ " lim

n!1 d(pn; qn) = 0 Qo = fpng � fqng s}vm|t h} QaD fqng w fpng |Wwm xr=@vO wO |=Q@
'OW=@ |RQ= sy |=yxOQ s=tD -xawtHt X� s}vm ZQi "CU= A |wQ |RQ=sy x]@=Q l} � xm OQm C@=F u=wD |t

"s}vm|t h} QaD u}vJ R x@ X� �X� R= =Q � CW=ov uwvm = :X� = f[fpng] : fpng 2 Ag |va}

�([fpng]; [fqng]) = lim
n!1 d(pn; qn):

"CU= |Wwm fd(pn; qn)g -xr=@vO ErFt |w=Ut=v R= xO=iDU= =@ =Pr OvDUy |Wwm fqng w fpng |=yxr=@vO uwJ
u}= xm ([fpng]; [fqng]) = ([frng]; [fsng]) s}vm |t ZQi lv}= "CU= |y=vDt w OwHwt q=@ OL TB
w lim
n!1 d(pn; rn) = 0 =Pr w fqng � fsng w fpng � frng TB "OvDUy A |=[a= R= xr=@vO Q=yJ

s} Q=O n Qy |=R= x@ |iQ] R= " lim
n!1 d(qn; sn) = 0

d(pn; qn) � d(pn; rn) + d(rn; sn) + d(sn; qn):

d(rn; sn) � d(rn; pn) + d(pn; qn) + d(qn; sn):

lim
n!1 d(rn; sn) � lim

n!1 d(pn; qn) w lim
n!1 d(pn; qn) � lim

n!1 d(rn; sn) xH}Dv QO
� =Pr w �([fpng]; [fqng]) = �([frng]; [fsng]) u}=Q@=v@ " lim

n!1 d(pn; qn) = lim
n!1 d(rn; sn) =Pr w

"CU= X� |wQ l} QDt l} Ck}kL QO � xm O=O u=Wv u=wD |t |v=U; x@ "CU= h} QaD VwN
=Pr w CU= |Wwm fpng1n=1 -xr=@vO x=ov; pn = p 'n Qy |=R= x@ Qo = "p 2 X s}vm|t ZQi p=L
|a@=D Kw[w@ f OwW h} QaD f(p) = [fpg] -x]@=[ =@ f : X �! X� Qo = "Pp = [fpng] = [fpg] 2 X�

'p; q 2 X Qy |=R= x@ u}vJty "CU= l} x@ l}

�(f(p); f(q)) = �(Pp; Pq) = lim
n!1 d(pn; qn) = d(p; q)



3 |a@=D |=yQ@H w M=v=@ |=yQ@H QO x}rw= s}y=it 1 pYi

s}vm ZQi "CU= p=oJ X� QO f(X) s}yO |t u=Wv p=L "CU= X� |wD@ X R= |}=Brw] l} f =Pr
%s}yO|t Q=Qk n Qy |=R= x@ "P = [fpng] 2 X�

Pp1 = [fp1g]; Pp2 = [fp2g]; ::; Ppn = [fpng]; :::

"OvDUy pn u=ty xr=@vO u}= CqtH s=tD |va} ' fpng = fpn; pn; :::; pn; :::g u; QO xm
"limn!1 Ppn = P s}vm|t C@=F lv}= "Ppn 2 f(X) =Pr 'f(pn) = Ppn 'n Qy |=R= x@ uwJ
s}yO u=Wv CU= |i=m 'Ppn �!n!1 P C=@F= |=Q@ '�(Ppn ; P ) = lim

k!1 d(pn; pk) 'n Qy |=R= x@ uwJ
"CU= p=oJX� QO f(X) u}=Q@=v@ "CU= |y}O@ fpng -xr=@vO uOw@ |Wwm R= sy u}= xm ' lim

k;n!1 d(pn; pk) = 0
uwJ "OW=@ X� QO |Wwm |=xr=@vO fxng s}vm ZQi "CU= pt=m � l} QDt =@ X� s}yO|t u=Wv p=L

u}=Q@=v@ "�(xn; f(yn)) < 1
n xm|Qw] x@ OQ=O OwHw yn 2 X 'n Qy |=R= x@ CU= p=oJ X� QO f(X)

�(f(ym); f(yn)) � �(f(ym); xm) + �(xm; xn) + �(xn; f(yn))

<
1
m

+
1
n

+ �(xm; xn):

|iQ] R= "CU= |Wwm X� QO R}v ff(yn)g =Pr CU= |Wwm X� QO fxng uwJ
�(f(yn); f(ym)) = d(ym; yn)

u}=Q@=v@ "x = [fykg] 2 X� =Pr w CU= X QO |Wwm xr=@vO l} fykg xH}Dv QO
�(xn; x) � �(xn; f(yn)) + �(f(yn); x) <

1
n

+ �(f(yn); x):

uwJ
�(f(yn); x) = �([fyng]; [fykg]) = lim

k!1 d(yn; yk)

l} QDtCLDX� u}=Q@=v@ "�(xn; x) �!
n!1 0 xH}Dv QO w lim

n!1�(f(yn); x) = lim
k;n!1 d(yn; yk) = 0TB

u=Wv u=wD|t ,=vt[ "CU= (X; d) -xOW p}tmD Ck}kL QO (X�;�) xm Cio u=wD|t xH}Dv QO w CU= pt=m �

x=ov; OW=@ X R= Qo}O |=xOW p}tmD X�� Qo = Ck}kL QO "OQ=O =Dm} |=xOW p}tmD l} QDt |=[i Qy xm O=O
QO xm OQ=O =Dm} |=xOW p}tmD R}v Q=OsQv Q@H Qy xm OwW xHwD "OvDUy CN} Qu=Um} =Brw] Qw] x@ X�� w X�
"O}}=tv xaH=Qt Aliprantis |k}kL R}r=v; ?=Dm x@ O}v=wD |t QDW}@ C=aq]= |=Q@ "CU= M=v=@ Q@H l} Ck}kL
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Qo = "OW=@ A Q@ |]N la@=D l} ' : A �! C w \rDNt Q@H l} A s}vm ZQi "h} QaD 4�1�1
w \rDNt |DN} Qty Qy "Ov} wo \rDNt |DN} Qty l} =Q ' x=ov; '(fg) = '(f)'(g) 'f; g 2 A Qy |=R=x@

"s}t=v (Character) �xYNWt�CWQU l} =Q QiY=v

CQwY u}= QO "OW=@ A Q=Om} M=v=@ Q@H Q@ CWQU l} ' s}vm ZQi[18, 10.7] "x}[k 5�1�1
k'k = 1 = '(1) w CU= xDUw}B ' �1

"'(f) 6= 0 'f pFt A Q}PBuwQ=w w[a Qy |=Q@ �2

%x=oQy s}} wo A p;xO}= l} =Q A |}=Hx@=H w Q=Om} M=v=@ Q@H R= J -xawtHtQ} R "h} QaD 6�1�1
"OW=@ A |Q=OQ@ |=[iQ} R J �1

"fg 2 J 'f 2 A Qy w g 2 J Qy |=Q@ �2
I}y <RH xm CU= |ak=w p;xO}= l} '�p=t}Um =t� u}W}@ p;xO}= "s}} wo �|ak=w� xQU p;xO}= =Q J 'J 6= A Qo =

"CU}v |Qo}O |ak=w p;xO}=

CQwY u}= QO "OW=@ |}=Hx@=H w Q=Om} M=v=@ Q@H A s}vm ZQi[18, 11.2] "x}[k 7�1�1
"CU}v Q}PBuwQ=w w[a I}y pt=W 'A |ak=w p;xO}= Qy �1

"CU= A p;xO}= R}v �J x=ov; OW=@ A p;xO}= J Qo = �2
"CU= A p=t}Um =t p;xO}= l} <RH A |ak=w p;xO}= Qy �3

"CU= xDU@ p=t}Um =t p;xO}= Qy �4

=yCWQU -xty -xawtHt �A w |}=Hx@=H w Q=Om} M=v=@ Q@H A s}vm ZQi[18, 11.5] "x}[k 8�1�1
CQwY u}= QO "OW=@ A Q@

xm CU= OwHwt |=' 2 �A 'M Ovv=t A p=t}Um =t p;xO}= Qy |=Q@ �1

M = ker(') = ff 2 A : '(f) = 0g

"CU= A p=t}Um =t p;xO}= ' -xDUy x=ov; ' 2 �A Qo = �2
"'(f) 6= 0 s}W=@ xDW=O ' 2 �A Qy |=Q@ Qo = =yvD w Qo = CU= Q}PBuwQ=w A QO f 2 A w[a �3
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"OW=@v A |ak=w p;xO}= I}y QO f Qo = =yvD w Qo = CU= Q}PBuwQ=w A QO f 2 A w[a �4
-xty |=[i 'CU= xOW xO=O K}[wD [6, 1.3.27] QO xm |Qw] u=ty "OW=@ \rDNt Q@H A s}vm ZQi
u=Wv 	A =@ =Q A Q@ xDUw}B |=yCWQU |=[i 'OW=@ Q=OsQv Q@H A Qo = "s}yO|t u=Wv �A =@ =Q A Q@ =yCWQU

[6, 1.3.27]"CU= xOQWi ,=a[wt |}=[i 'xQ=DU h}a[ |SwrwB wD x@ C@Uv 	A |=[i "s}yO|t
"	A = �A x=ov; OW=@ M=v=@ Q@H A Qo = 5"1"1 x}[k Q@=v@ %x_Lqt

|=yCWQU -xty -xawtHt �A w OW=@ |}=Hx@=H w Q=Om} M=v=@ Q@H A s}vm ZQi "h} QaD 9�1�1
"s}yO|t C@Uv f̂(') = '(f) -x]@=[ =@ =Q f̂ : �A �! C `@=D f 2 A Qy x@ "OW=@ A Q@�xDUw}B� \rDNt
Q} R CW=ov Ov=iro p}O@D R= Qw_vt 'Â = ff̂ : f 2 AgZQi =@ xD@r= "s}t=v|t f Ov=iro p}O@D =Q f̂ CW=ov

CU=
A �!

f 7!f̂
Â

"s}t=v �A Q@ Ov=iro |SwrwB wD =Q �A Q@ Â \UwD xOW O}rwD h}a[ |SwrwB wD
u=owO |=[i Qo = "CU= xDUw}B f̂ Qy u; CLD xm CU= �A Q@ |SwrwB wD u} QDh}a[ Ov=iro |SwrwB wD TB
O}rwD A� Q@ =Q xQ=DU h}a[ |SwrwB wD fFf : f 2 Ag xO=wv=N "�A � A� x=ov; s}yO V}=tv A� =@ =Q A
O}OLD f̂ Qy `k=w QO "OwW|t h} QaD Ff (�) = �(f) x]@=[ =@ Ff : A� �! C CW=ov u; QO xm Ovm|t
'CU= xDUw}B Ff Qy u; CLD xm CU= |SwrwB wD u} QDh}a[ 'xQ=DU h}a[ |SwrwB wD uwJ "CU= �A x@ Ff
xDUw}B f̂ Qy u; CLD xm CU= �A Q@ |SwrwB wD u} QDh}a[ '�A x@ A� -xQ=DU h}a[ |SwrwB wD O}OLD TB
�A '|SwrwB wD u}= =@ "CU= �A x@ A� -xQ=DU h}a[ |SwrwB wD O}OLD '�A |wQ Ov=iro |SwrwB wD u}=Q@=v@ "CU=
|=[a= w A p=t}Um =t |=yp;xO}= u}@ l} x@ l} Q_=vD l} uwJ w OOQo|t p}O@D l} SwrwB wD |=[i l} x@

"s}yO|t u=Wv MA x@ w s}t=v|t R}v A p=t}Um =t p;xO}= |=[i =Q �A 'OQ=O OwHw �A

CQwY u}= QO "OW=@ |}=Hx@=H w Q=Om} M=v=@ Q@H l} A s}vm ZQi[18, 11.9] "x}[k 10�1�1
"CU= hQwOU=y w xOQWi 'A p=t}Um =t p;xO}= |=[i 'MA

s= t D uw J "O W= @ | }= Hx @= H w Q=O m } M= v= @ Q @ H A s } v m ZQ i "h } Q a D 11�1�1
|=yp;xO }= -x ty `] k t "CU= |y D= v = y v; `] k t =P r O v DUy Q iY p t=W A p= t }U m = t |=yp;xO }=
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"s}} wo xO=U s}v =QA 'Rad(A) = f0g x=oQy "s}yO|tV}=tv Rad(A) x@ w s}t=v|tA p=m}O=Q =QA p=t}Um =t

|Q}PBjDWt w |Ov@ty 2�1

R= V w U GwR 'X |=Q@ |R=U=OH l} "OW=@ l} SwrwB wD |=[i l} X s}vm ZQi "h} QaD 1�2�1
I}y Qo = s}} wo Ov@ty =Q X |=[i "CU= X Q@=Q@ =yv; `=tDH= 'xm CU= X |=RHt w |yD=v w R=@ |=yxawtHtQ} R

"OW=@v OwHwt u; |=Q@ |R=U=OH
%CU= Q} R CQwY x@ |Ov@ty pO=at h} QaD

"OvW=@X OwN w|yD -xawtHt OvDUy xDU@ sy w R=@ sy xmX |=yxawtHtQ} R =yvD Qo = =yvD w Qo =CU= Ov@tyX |=[i

Y |=Q@ |R=U=OH l} "OW=@ u; |=[iQ} R Y w l} SwrwB wD |=[i l} X s}vm ZQi "h} QaD 2�2�1
" �A\B = � wA\ �B = � ,=}v=F wCU= Y Q@=Q@ =yv; `=tDH= ,qw= xmCU=X |yD=v |=yxawtHtQ} R R=B wA GwR

'OW=@ X R= |Ov@ty -xawtHtQ} R Y w X |=[i |=Q@ |R=U=OH l} D w C Qo =[18] "sr 3�2�1
"Y � D =} Y � Cx=ov;

"CU= Ov@ty 'xDUw}B |=yCW=ov CLD Ov@ty |=yxawtHt Q} wYD[18] "x}[k 4�2�1

u}= x@X Q@ =Q � |RQ=sy x]@=Q "x; y 2 X w l} SwrwB wD |=[i l} X s}vm ZQi "h} QaD 5�2�1
-xOQ Qy "OW=@ y w x pt=W xm OW=@ OwHwt X R= |Ov@ty xawtHtQ} R Qo = x � y xm s}vm|t h} QaD CQwY

"s}} wo X -xir-wt l} =Q |RQ=sy

"s}} wo xvt=O =} xRwL l} =Q xLiY Ov@ty w R=@ -xawtHt Q} R Qy "h} QaD 6�2�1

s}�wo R=@ =Q f : X �! Y CW=ov "OvW=@ l} SwrwB wD |=y=[i Y w X s}vm ZQi "h} QaD 7�2�1
"OW=@ R=@ Y QO f(U) 'X R= U Ovv=t |R=@ -xawtHt Qy |=Q@ Qo =
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R= @ -xR= @ w s}Uk D Q @=Q @ CtUk xU x @ =Q C0 = [0; 1] -xR= @ "QwDv=m -xawtHt Q=DN=U 8�2�1
s}vm|t x_Lqt w C1 = [0; 13 ] [ [23 ; 1] s}yO|t Q=Qk "s}vm|t hPL =Q d1;1 = (13 ; 23) |va } '| v=}t
xU x @ =Q C1 -xDU @ |=yxR= @ R= l } Qy p=L "sy R= =OH xDU @ -xR= @ 21 = 2 `=tDH= = @ CU= Q @=Q @ C1 xm
w d2;1 = (19 ; 29) =@ =Q |v=}t |=yxR=@ w s}vm|t hPL =Q =yv; R= l} Qy |v=}t R=@ -xR=@ w s}UkD Q@=Q@ CtUk
|va} 's}t=v|t C2 Ov=t|t |k=@ C1 R= =yxR=@ u}= hPL R= TB xm =Q |=xawtHt "s}yO|t u=Wv d2;2 = (79 ; 89)

l} Qy "CU= uWwQ Cn R= Cn+1 uDN=U �|}=QkDU=� Ov};Qi uwvm = :C2 = [0; 19 ] [ [29 ; 13 ] [ [23 ; 79 ] [ [89 ; 1]

|=yxR=@ w s}vm|t hPL =Q =yv; |v=}t |=yxR=@ w s}UkD Q@=Q@ CtUk xU x@ =Q Cn sy R= =OH -xDU@ -xR=@ 2n R=
CQwY x@ QwDv=m -xawtHt "OQ=O s=v Cn+1 Ov=t |t |k=@ Cn R= xJv; "s}yO|t u=Wv dn;1; :::; dn;2n =@ =Q |v=}t
QO x R= |W}=tv x=ov;x 2 C xJv=vJ �22� QO |k}kL R}r=v; =@ |}=vW; ?=Dm Q@=v@ "OwW |t h} QaD C = \1n=1Cn

"an 2 f0; 2g u; QO xm x =
P1

n=1 an3n CWwv u=wD|t|va} 'OwW|tv Qy=_ 1 skQ u; QO xm OQ=O OwHw 3 |=v@t

=@ =Q f : C �! [0; 1] `@=D w ai 2 f0; 2g xm x = (0=a1a2a3:::)3 s}vm ZQi "h} QaD 9�2�1
|Q=Okt dp;k |}=yDv= \=kv QO f `@=D "bn = an2 u; QO xm 's}vm |t h} QaD P1n=1 an3n 7!P1

n=1 bn2n -x]@=[
R= f(13) = f(0 022:::) = (0 011:::)2 = (0 1)2 = 12 'd1;1 = (13 ; 23) QO p=Ft |=Q@ 'OQ=O u=Um}
"OwQ |t Q=m x@ u=Um} Qw] x@ R}v =yxR=@ Qo}O |=Q@ u}= w f(23) = f((0 2)3) = (0 1)2 = 12 Qo}O |iQ]
xm OW=@ xDW=O C@=F |Q=Okt dp;k |=yxR=@ |wQ f `@=D xm|Qw] x@ O=O `}UwD [0; 1] -xR=@ |wQ u=wD|t =Q f `@=D

"Ovt=v QwDv=m `@=D =Q `@=D u}= CU= dp;k -xR=@ |}=yDv= \=kv QO `@=D Q=Okt u=ty
Q @ x DUw } B |a @= D xwqa x @ w CU= =w vm } f Qw D v= m ` @= D w OQ=O v = y v D x]k v I}y Qw D v= m -xaw tHt
CU= Q iY Q @=Q @ u; jDWt w Q }P BjDWt | v= }t |=yxR= @ QO f Qw D v= m ` @= D xm v }= ? r=H w CU= [0; 1]

| v= } t -xR= @ | }= y D v= x] k v l } x0 s } v m ZQ i =Q } R "CU} v Q }P Bj DW t Qw D v= m -xaw tH t \= k v QO = t=
jDWt Q=Okt CU= C @= F | v= }t -xR= @ |wQ ` @= D Q=Okt uwJ f h } Q a D x @ xHw D = @ CQwY u }= QO OW= @
Qw D v= m -xaw t H t w[a x0 uwJ Q o }O hQ] R= = t= CU= Q iY j DW t hQ] l } R= =P r CU= Q iY
"CU}v OwHwt f jDWtTB OQ=O OwHw QwDv=m x]kvC}=yv|@ x0 |o}=Uty Qy |=R= x@ =PrCU}v =yvD x]kvTBCU=
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M=v=@ |a@=D |=yQ@H w |a@=D |=yQ@H 3�1

"s} wW |t QmPDt =Q M=v=@ |=y=[i OQwt QO |=yx}[k =OD@=

X R= f w OvW=@ M=v=@ |=[i wO Y w X s}vm ZQi[6, A.3.23] �R=@ CW=ov x}[k� "x}[k 1�3�1
"CU= R=@ CW=ov l} f CQwY u}= QO "OW=@ =WwB w xDUw}B '|]N CW=ov l} Y x@

w O v W= @ M= v= @ |= [ i wO (Y; k � k2) w (X; k � k1) s } v m ZQ i "x H } D v 2�3�1
u }= QO "O W= @ l } x @ l } w = Ww B 'x D Uw } B '| ] N C W= o v f : (X; k � k1) �! (Y; k � k2)

akxk1 � kf(x)k2 � bkxk1 'x 2 X Qy |=R=x@ xm OQ=O OwHw a; b > 0 CQwY

Oa@ |=yVN@ QO xm '=Q =yv; |rm X=wN R= |NQ@ w xOQm h} QaD =Q �M=v=@� |a@=D |=yQ@H VN@ u}= QO
xDUw}B \rDNt `@=wD Q@H C(X) w hQwOU=y w xOQWi |=[i l} X s}vm ZQi "s}vm|t QmP 'OvDUy R=}vOQwt

"CU= M=v=@ Q@H l} kfkX = supx2X jf(x)j CN=wvm} sQv =@ C(X) [ s}v=O|t xmv=vJ "OW=@ X Q@

w X Q@ xDUw}B \rDNt `@=wD Q@H C(X) w hQwOU=y w xOQWi |=[i X s}vm ZQi "h} QaD 3�3�1
'x; y Ovv=t X R}=tDt w[a wO Qy |=R=x@ x=oQy Ovm|t =OH =Q X \=kv A s}} wo "OW=@ C(X) R= |Q@HQ} R A

"f(x) 6= f(y) xm OwW Ci=} f Ovv=t A R= |w[a

Ovv=t Q=OsQv Q@H l} 'X Q@ Q=OsQv |a@=D Q@H "OW=@ xOQWi |=[i l} X s}vm ZQi "h} QaD 4�3�1
pt=W =Q =yC@=F w Ovm =OH sy R= =Q X \=kv A xm OW=@ C(X) R= |Q@H Q} R A xm|Qw] x@ 'CU= (A; k � k)
|a@=D Q@H =Q A OW=@ pt=m VtQv CLD (A; k � k) Qo = "kfkX � kfk 'f 2 A Qy |=R= x@ xwqa x@ w "OW=@
,=vt[ "s}} wo CN=wvm} Q@H =Q A OW=@ RQ=sy CN=wvm} sQv =@ A sQv xm X=N Cr=L QO "s}t=v|t X Q@ M=v=@
kfkX � kfk \QW x=ov; OW=@ R}v M=v=@ k � k sQv CLD xm OW=@ C(X) R= |Q@H Q} R A Qo = xm s}vm|t xHwD

"CU= Q=QkQ@ f 2 A Qy |=Q@ Q=mOwN Qw] x@

"CU= xDUw}B A Q@ |Q=Okt |=ysU}iQwtwty s}} wo@ xmv}= =@ CU= pO=at kfkX � kfk \QW "xDmv
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"x : A �! C|Q=Okt|DN} Qty 'x 2 X Qy|=Q@ "OW=@X Q@|a@=D Q@HA s}vmZQi "h} QaD 5�3�1
"s}vm|t h} QaD "x(f) = f(x) -x]@=[ =@ f 2 A Qy |=R=x@ =Q

x@ CQwY u}= QO "OW=@ X -xOQWi |=[i Q@ Q=OsQv |a@=D Q@H l} A xm s}vm ZQi "x}[k 6�3�1
u}= Qo = "CU= xDUw}B w l} x@ l} x 7! "x -x]@=[ =@ � : X �! 	A CW=ov w "x 2 	A x 2 X Qy |=R=

"CU= R=@ |DW=ov � x=ov; OW=@ R}v =WwB CW=ov
"j"x(f)j = jf(x)j � kfkX � kfk s} Q=O f 2 A Qy |=R= x@ 'Q=OsQv |a@=D Q@H h} QaD x@ xHwD =@ "u=yQ@
|=R= x@ |va} ""x(f) = "y(f) 'f 2 A Qy |=R= x@ CQwY u}= QO ""x = "y s}vm ZQi p=L ""x 2 	A TB
� CW=ov TB "x = y =Pr CU= X \=kv -xOvvm =OH A Q=OsQv |a@=D Q@H uwJ "f(x) = f(y) 'f 2 A Qy
'f 2 A Qy |=R= x@ CQwY u}= QO "x! �! x0 xm OW=@ X QO |QwD fxwg s}vm ZQi "CU= l} x@ l}
u}=Q@=v@ ""x! �! "x0 �xQ=DU h}a[ |SwrwB wD =@� 	A QO =Pr w ""x!(f) = f(x!) �! f(x0) = "x0(f)

Cio u=wD |t |DL=Q x@ '� CW=ov uOw@ l} x@ l} x@ xHwD =@ OW=@ R}v =WwB � Qo = p=L "CU= xDUw}B � CW=ov
U c TB CU= xOQWi |=[i X uwJ " �(U c) = (�(U))c s} Q=O X QO U Ovv=t R=@ -xawtHt Qy |=R= x@ xm
w CU= xDU@ (�(U))c xm OwW|t xH}Dv � |oDUw}B R= CU= hQwOU=y 	A uwJ w CU= xOQWi |=xawtHt
� "CU= R=@ CW=ov l} � CW=ov w R=@ �(U) =Pr

"s}t=v |t |a}@] Q@H l} =Q A x=ov; OW=@ =WwB 3"3"1 x}[k QO � CW=ov Qo = "h} QaD 7�3�1

"CU= xO=U s}v 'C(X) XNq=@ 'X Q@ M=v=@ |a@=D Q@H Qy[23, 5"1"2 x}[k] "x}[k 8�3�1

QO f Q o = "OW= @ X Q @ M= v= @ |a @= D Q @H A s } v m ZQ i [23, 6"1"2 x }[ k] "x }[ k 9�3�1
"OW=@|a}@]A xm u; QotCU}v Q=QkQ@?r]tTma|rwCU= QiYhr=NtX Q@ xQ=wty f x=ov; OW=@ Q}PBuwQ=wA

"kf̂k	A = kfkX 'f 2 A Qy |=Q@ x=ov; OW=@X Q@|a}@] w Q=OsQv|a@=D Q@HA Qo = "x}[k 10�3�1
'f 2 A Qy |=R= x@ xH}Dv QO "CU= |Q=Okt |DN} Qty l} 	A w[a Qy u}=Q@=v@ 'CU= |a}@] A uwJ "u=yQ@
� kfkX = supx2X jf(x)j = supx2X j"x(f)j = sup 2	A j�(f)j = kf̂k	A
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O}OLD CW=ov x=ov; OW=@ X Q@ M=v=@ |a@=D Q@H l} A Qo = [13] (Honary) "x}[k 11�3�1
�A =Hv}= QO " kf̂k�A = kfkX 'f 2 A Qy |=R=x@ Qo = =yvD w Qo = CU= |DN} Qv=Uty l} F : � �A �! �A

"CU= A CN=wvm} Q=DU@

R}v 'A CN=wvm} Q=DU@ ' �A x=ov; OW=@ X Q@ |a}@] M=v=@ |a@=D Q@H A Qo = [13] "xH}Dv 12�3�1
"CU}v Q=QkQ@ u; Tma |rw 'CU= |a}@]

xm |Qw] x@ 'OvW=@ X Q@ M=v=@ |a@=D Q@H wO B w A Qo =[13] "xH}Dv 13�3�1
A � B �1

kfkA � KkfkB 'f 2 A Qy |=R=x@ xm |Qw] x@ OW=@ xDW=O OwHw K > 0 C@=F �2
"OW=@ |a}@] Q@H l} B �3

"CU= |a}@] A x=ov; �A = �B Qo = xS} w x@ " �A �= � �A x=ov;
%s}yO|t x�=Q= p}P KQW x@ =Q 7"3"1 -x}[k R= |t}taD p=L

B w X Q@ Q=OsQv |a@=D Q@H l} (A; k � k) 'xOQWi |=[i l} X xm s}vm ZQi "x}[k 14�3�1
%OW=@ Q=QkQ@ Q} R \}=QW Qo = =yvD w Qo = CU= |a}@] A CQwY u}= QO "OW=@ A CN=wvm} Q=DU@

"CU= X Q@ |a}@] Q@H l} B �hr=
"limn!1 kfnk 1

n = 1 x=ov; kfkX = 1 Qo = f 2 A Qy |=R=x@ �?
|Q=Okt |DN} Qty Qy =Pr w kfkX � kfk 'f 2 A Qy |=R= x@ TB CU= Q=OsQv |a@=D Q@H A uwJ "u=yQ@
|a@=D Q@H B |iQ] R= "CU= |Q=Okt A Q@ xDUw}B CWQU Qy x=ov; OW=@ |a}@] A Qo = "CU= xDUw}B A Q@
Qo = "�B = 	B Qo}O CQ=@a x@ 'CU= xDUw}B �CN=wvm} sQv CLD� B Q@ CWQU Qy TB 'CU= CN=wvm}
x=ov; F ( ) =  jA ' 2 �B Qy |=R= x@ |va} 's} Q}o@ Q_v QO O}OLD CW=ov l} =Q F : 	B �! 	A

w QiY=v |DN} Qty l} R}v A x@ u; O}OLD 	B R=  CWQU Qy |=R=x@ =Q} R 'CU= h} QaDVwN CW=ov u}=
xH}Dv QO w j jA(f)j = j (f)j � kfkX � kfk 'f 2 A Qy |=R= x@ |iQ] R= "CU= �A R= |w[a =Pr

" jA 2 	A



11 |a@=D |=yQ@H w M=v=@ |=yQ@H QO x}rw= s}y=it 1 pYi

xm|Qw] x@ OQ=O OwHw x 2 X w A QO ffng Ovv=t |=xr=@vO x=ov; � 2 	A w f 2 B Qo = p=L
uwJ "� = "x w kfn � fkX �! 0

j�(fn)� �(fm)j = j"x(fn)� "x(fm)j = jfn(x)� fm(x)j � kfn � fmkX �! 0

xmv}= |=Q@ "s}vm|t h} QaD  (f) = lim
n!1�(fn) CQwY x@ =Q  CW=ov p=L "CU= OwHwt lim

n!1�(fn) =Pr
uwJ "kgn � fkX �!

n!1 0 xm OW=@ |Qo}O -xr=@vO fgng s}vm|t ZQi CU= h} QaDVwN  s}yO u=Wv

j�(gn)� �(fn)j � j�(gn)� �(gm)j+ j�(gm)� �(fm)j+ j�(fm)� �(fn)j
� kgn � gmkX + kgm � fmkX + kfm � fnkX �! 0;

:F ( ) = � =Pr w  2 	B 'CU= B x@ � `}UwD  xm CU= K[=w : lim
n!1�(fn) = lim

n!1�(gn) xH}Dv QO
CU=xDUw}B F xQ=DU h}a[ |SwrwB wD |oS} w x@ xHwD =@ |iQ] R= "CU= l} x@ l} w =WwB F CW=ov u}=Q@=v@
'|SwrwB wD R= |=x}[k Q@ =v@ 'CU= hQwOU=y 	A w xOQWi 	B uwJ "�s}vm xO=iDU= =yQwD |}=Qoty R= CU= |i=m �
x}[k Q@ =v@ CU= |a}@] A uwJ |iQ] R= "CU= |a}@] B =Pr w 	A �= 	B u}=Q@=v@ "CU= xDUw}B sy F�1

M=v=@ Q@H l} xm OW=@ A -xOW p}tmD A0 s}vm ZQi p=L :kfkX = kf̂k	A 'f 2 A Qy |=R= x@ 6"3"1
f 2 A Qy |=R= x@ uwJ "CU=

lim
n!1 kfnk

1
n = kf̂k	A0 = sup

 2	A0
j (f)j � sup

 2	A
j (f)j = kf̂k	A = kfkX

Q=QkQ@ R}v �?� Ov@ =Pr kfkX = lim
n!1 kfnk

1
n TB kfkX � lim

n!1 kfnk
1
n =Pr w kfkX � kfk |iQ] R=

"CU=
s} Q=O  2 	A Qy w f 2 A Qy |=R= x@ "CU= |a}@] Q@HA s}vm|tC@=F �?� w �hr=� |=yZQi =@ p=L
:kf̂k	A � lim

n!1 kfnk
1
n u}=Q@=v@ :j (f)j = j (fn)j 1n � kfnk 1

n 'n Qy |=R= x@ =Pr w j (f)j � kfk
Ovv=t |=xr=@vO x=ov; f 2 B Qo = p=L :kf̂k	A � kfkX TB lim

n!1 kfnk
1
n = kfkX �?� ZQi Q@=v@ uwJ

' 2 	A Qy |=R= x@ xH}DvQO :kfn � fkX �!
n!1 0 xm OQ=O OwHw A |=[a= R= ffng

j (fn)�  (fm)j = j (fn � fm)j � kfn � fmkX �!
n;m!1 0:
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jOY kgn� fkX �!
n!1 0 \QW QO R}v fgng -xr=@vO Qo = xm O=O u=Wv u=wD|t w CU= OwHwt lim

n!1 (fn) =Pr
|]N B Q@  |iQ] R= "CU= h} QaDVwN  (f) = lim

n!1 (fn) TB : lim
n!1 (fn) = lim

n!1 (gn) Ovm
X R= |w[a TB CU= |a}@] �hr=� Q@=v@ B uwJ : 2 �B = 	B TB CU= QiY=v uwJ w CU= |@ Q[ w
w CU= |Q=Okt |DN} Qty  |va} ' = "x R}v A Q@ =Pr : = "x s} Q=O BQ@ xm|Qw]x@ OwW|t Ci=} x Ovv=t
� "CU= |a}@] A xH}Dv QO

Q} R CQwY x@ =Q X |=xrtHOvJ ?OLt hqe "OW=@ xOQWi X � Cn s}vm ZQi "h} QaD 15�3�1
s}vm|t h} QaD

hull(X) = X̂ = f� 2 Cn : jp(�)j � kpkX p |=xrtHOvJ Qy |=Q@g:

"X = X̂ x=oQy s}} wo |=xrtHOvJ ?OLt =Q X -xawtHt
xir-wt ptmt =@ CU= Q@=Q@ \rDNt xLiY R= X-xOQWi -xawtHt |=xrtHOvJ ?OLt hqe X=N Cr=L QO

"Ov} wo X |vwQ}@ RQt =Q X̂ RQt "s}yO|t u=Wv X̂ =@ xm 'CnX u=Qm|@

=yvDwQo =CU= |=xrtHOvJ ?OLtC R=X xOQWi -xawtHtQ} R[12, Lemma II.1.3] "x}[k 16�3�1
"OW=@ Ov@ty CnX Qo =

xOv=DU= CN=wvm} |=yQ@H 4�1
w C \rDNt xLiY R= X-xOQWi -xawtHt Q@ A(X) w R(X) 'P (X) CN=wvm} |=yQ@H R= |i} Q=aD uwvm =

"OwW xaH=Qt [19] '[12] '[6] x@ QDW}@ C=}�RH |=Q@ "s}yO|t x�=Q= =yQ@H u}= -xQ=@ QO hQ=aDt -xH}Dv |O=OaD

|=y?]k =@ =} wo `@=wD Q@H Ro(X) w X Q@ |=xrtHOvJ `@=wD Q@H Po(X) s}vm ZQi "h} QaD 1�4�1
QO =yQ@HQ} R u}= CN=wvm} Q=DU@ "OvW=@|t C(X) R= |}=yQ@HQ} R Ro(X) w Po(X) =Pr "OW=@ X R= GQ=N
X Q@ CN=wvm} |=yQ@H R(X) w P (X) xH}Dv QO w s}yO|t u=Wv R(X) w P (X) =@ ?}DQD x@ =Q C(X)

"OvDUy


