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�� ÝþÀÖ�

Ýû�¤ Ç¿� üþ� �ªø¤ üðÀ ÷¥ Â¨�Â¨ ¤¢ ©¢��ø �î ô¤À �
.´¨�

ü õ ÕÈä Çû� Ú ÷ ,À û¢ ü õ Çõ�¤� Çõ� î � î ô¤¢� õ
.ÀÈ¿� üõ À�õ� ©Â�¡ ý�ä¢ ø ,¢¥�õ�

,´¡�õ� ßõ �� �¤ ´ªÁð ø ÕÈä ¥� üþ�û §¤¢ �î ôÂÆÞû
.Ý�î üõ §�Æ�� ñ�Þî �� �¤ üµ¿±ª�¡ ©¤��î ¤¢ �î ø�

ù¢�� ßõ ¤ø�þ ø ù�ÂÞû ñ�� �Þû ¤¢ ø �È�Þû �î ôÃþÃä Âû��¡
.ø� ý�Â� ¤��Â� ø ö�È¡¤¢ ý�ùÀ�þ� ýø¥¤� �� ø
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ü÷�¢¤Àì ø §�³¨
ùÀ÷¥ Ýó¢ ¤¢ �¤ À�õ� ¤�÷ ù¤��Þû �î �µÞû ü� ø ñ�Ãþ� ¢Ãþ� ù�ð¤¢ �� §�³¨ ��
¤¢ .À¨¤ ô�¹÷� �� Ýúõ ßþ� �� ´ª�¢ ü÷�¥ ¤� ßõ �� �¤ �¤Àì ßþ� ø ´ª�¢ �Ú÷
ö�Èçþ¤¢ ü� ý�úµ±½õ �î �ÀÔ÷�� ÀÞ½õ Âµî¢ ý�ì�¥� Ý÷�¢ üõ ô¥� �¹�þ�
ý�ì� ¥� ß��»Þû .Ýþ�Þ÷ ü÷�¢¤Àì ø ÂØÈ� ¢�Þ÷ ö�¨� ßõ Â� �¤ ù�¤ ÛØÈõ
À÷¢Âî Û±Ö� �¤ �õ�÷ ö�þ�� ßþ� ù¤ø�Èõ ´Þ�¥ �î ñ�Þ� üê¤�ä Â±î� üÜä Âµî¢
ñ�¬ ÀÞ½õ Âµî¢ ý�ì� ���� À�Þ�¤� À���¨� ¥� ø ô¤�¢ �¤ ý¤�ÃÚ¨�³¨ ´þ�ú÷
.Ýþ�Þ÷ üõ ÂØÈ� �õ�÷ ö�þ�� ßþ� ö�¤ø�¢ �ÀÔ÷�� �®Â�Üä Âµî¢ ý�ì� ø ö��½ÜÊõ
À÷�ù¢�� ßõ ���Ê½� �õ�¢� ë�Èõ ø ë�µÈõ ù¤��Þû �î ôÃþÃä ¤¢�õ ø ¤À� ¥�
Â� ö�Èþ� ñ�±ì ¤¢ �î ü��Ú�¨ ´�ó�ÿÆõ ùÀúä ¥� Ý÷��µ� ô¤�øÀ�õ� .ô¤�ÃÚ¨�³¨
¢�¡ ´ªÁð ø Â±¬ �� �î Ý÷��Âúõ ÂÆÞû ¥� .Ýþ�Â� ý¥�Âê�Â¨ �� ´¨� ßõ ©ø¢
ôÃþÃä ´¨ø¢ ¥� ´þ�ú÷¤¢ .ô¤�¢ �¤ ÂØÈ� ñ�Þî ¢�Þ÷ üû�ÂÞû ù�¤ �õ�¢� ¤¢ �Âõ
�Âõ �õ�÷ ö�þ�� öÀ÷�¨¤ ö�þ�� �� ¤¢ ý�½÷ �� �î ´¨ø¢ á¤�¥ �Âû¥ Ý÷�¡ ¤�îÂ¨

.Ýþ�Þ÷ üõ ÂØÈ� �÷�Þ�Þ¬ À÷¢�Þ÷ ý¤�þ
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¤�µÔÚÈ��

ô�úÔõ ù¢�� �ú÷�À�®�þ¤ �ì�ä ¢¤�õ �úó�¨ �î  �÷�� ý�ûÂ±� ôø¢ ö�ðø¢ ¤¢ Ýúõ Ý�û�Ôõ ¥� üØþ

¤¢ ø ´¨� ùÀª ÓþÂã� Ã÷¤� Í¨�� 1951 ñ�¨ ¤¢ ô�úÔõ ßþ� .´¨� 1Ã÷¤� ü�ãõ �� ö¢�� ÝÑ�õ

�ó�Öõ ¥� �µêÂð Â� �õ�÷ ö�þ�� ßþ� .´¨� ô�úÔõ ßþ� ¥� Â��µõ ���Öõ ¥� ý¤��Æ� Â�¡� ý�û ñ�¨

M. Daws, Arens regularity of the algebra of operators on a Banach space, Bull.

London Math. Soc. 36, (2004), 493-503,

ÛÊê ¤�ú� Ûõ�ª ø ¢¥�¢Â� üõ ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä Â±� ýÃ÷¤� ö¢�� ÝÑ�õ �� �î ´¨�

.´¨�

ø  �÷�� ý�û�Ìê ,¤�¢ ôÂ÷ ý�û�Ìê ¢¤�õ ¤¢ ¥��÷ ¢¤�õ Ý�û�Ôõ ö��� �� ñø� ÛÊê ý�Àµ�� ¤¢

.Ý��î üõ ö��� �¤ ý¤�Æ÷�� ý�û �Â®«�Ê¡ ¤¢ ü·��±õ Å³¨ .Ýþ¥�¢Â� üõ  �÷�� ý�ûÂ±�

¯Âª ø Ýþ��µ¡�¢Â�  �÷�� ý�ûÂ±� ôø¢ ö�ðø¢ ýø¤ Ã÷¤� ý�û �Â® üêÂãõ �� ôø¢ ÛÊê ¤¢

ø �þ��� Ý�û�Ôõ ô�¨ ÛÊê ¤¢ .Ý�û¢ üõ ¤�Âì ü¨¤Â� ¢¤�õ �¤ ö¢�� ýÃ÷¤� ÝÑ�õ ñ¢�ãõ ý�û

.Ýþ¥�¢Â� üõ �ó�±÷¢ ø �þ��� ø ,¤�� ø �þ��� ß�� �Î��¤ �� ö� ¥� Å� ø Ýþ¤ø� üõ �¤ �þ��� �Âê
Arens1
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ø Óþ¤�ã� ö��� ¥� Å� ¢�ª üõ Ûõ�ª �¤ �õ�÷ ö�þ�� üÜ¬� ´ÞÆì �î ô¤�ú� ÛÊê ¤¢ ô�¹÷�Â¨

��±�� ×þ �� ü¨�Øã÷�Â��¨ ý�û�Ìê ø ö����Âê ù¤��¤¢ ýÂÊµ¿õ ö��� Ã�÷ ø ô¥� ��Ñ��õ

 �÷�� Â±� ,B(E) ù�Ú÷� Àª�� ü¨�Øã÷�Â��¨  �÷�� ý�Ìê E Âð� �î Ý�û¢ üõ ö�È÷ ù���î �µ±Æ÷

´¨� ýÃ÷¤� ÝÑ�õ ,�Â® ÛÞä ö���ä �� �ûÂÚÜÞä °�îÂ� �� E ýø¤ ¤�À÷�Âî üÎ¡ ý�ûÂÚÜÞä

ö��� �¤ À�ª�� üõ B(E) ö¢�� Ã÷¤� ÝÑ�õ ý�Â� E ýø¤ ý¤øÂ® Íþ�Âª �î ¸þ�µ÷ ¥� ü¡Â� ø

ý¤�Ï �� ´¨� ¢���õ E À�÷�õ ü¨�Øã÷�  �÷�� ý�Ìê �î Ý�û¢ üõ ö�È÷ �Þ��¡ ¤¢ .Ý��î üõ

.´Æ�÷ ýÃ÷¤� ÝÑ�õ B(E) �î
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1 ÛÊê
ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã�

��óø� Ý�û�Ôõ 1.1

�� ´¨� ý¤øÂ® ¤�µª�÷ ßþ� ¤¢ �î �¤ üÞ�û�Ôõ ø ü��õÀÖõ ý�þ�Ìì ø Óþ¤�ã� ÛÊê ßþ� ¤¢

ýø¤ �û ñøÀõ , � ÷� � ý�ûÂ±� ,¤�¢ ôÂ ÷ ý�û�Ìê ö�� üÞ�û�Ôõ .Ý��î üõ ö�� � ¤�Êµ¡�

.À�µÆû Ý�û�Ôõ ßþ� �ÜÞ� ¥� ýÂþ�Ê� ôÂ÷ ø ¤�¢ ôÂ÷ ý�û�Ìê ý¤�Æ÷�� �Â® , �÷�� ý�ûÂ±�

ý�þ�Ìì ü¡Â� ø �û�Ìê ßþ� ¥� üþ�û ñ�·õ ,¤�¢ ôÂ÷ ý�û�Ìê üêÂãõ �� Ç¿� ßþ� ¤¢

.Ýþ¥�¢Â� üõ �õ�÷ ö�þ�� ßþ� ¤¢ ¥��÷ ¢¤�õ ø ¤�úÈõ

X ýø¤ ôÂ÷ �±ª ×þ ,Àª�� F ö�À�õ ýø¤ ý¤�¢Â� ü�Ìê X À��î ­Âê 1.1.1ÓþÂã�
,α ∈ F ø x, y ∈ X Âû ý�Â� �î ý¤�Ï �� ,R �� X ¥� P À�÷�õ ´¨� üã���

,P (x) ≥ 0 ( Óó�

,P (αx) = |α|P (x) ( �
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.P (x + y) ≤ P (x) + P (y) ( �

,ù�ðÂû Ý�þ�ð üõ ôÂ÷ ×þ X ýø¤ P ôÂ÷ �±ª ��

.P (x) = 0⇒ x = 0 (¢

ö�È÷ ‖ .‖ �� �¤ ôÂ÷ �f �Þãõ ø Ý�þ�ðüõ ¤�¢ ôÂ÷ ý�Ìê �¤ ö� Àª�� ôÂ÷ ×þ ý�¤�¢ X ý�Ìê Âð�

.À�î üõ �Öó� d(x, y) = ‖x− y‖ �¤�¬ �� ×þÂµõ ×þ X ýø¤ ôÂ÷ ßþ� .Ý�û¢üõ

ôÂ÷ ¥� ùÀª Û¬�� ýÂµõ ý�Ìê ù�ðÂû ,Ý�þ�ð  �÷� � �¤ X ¤�¢ ôÂ÷ ý�Ìê 2.1.1ÓþÂã�
.Àª�� Ûõ�î üþ�Ìê

f : X → C Â ð� ´ ¨� × þ¦� ó� �� � ý� Ì ê × þ X À � � î ­Â ê 3.1.1 ñ�·õ
:Ý � � î ü õ Ó þÂ ã � � ÷� ð ß þ� �¤ ‖.‖∞ ù� ð ö� ,À ª� � ¤�À ÷�Â î ü ã �� �

‖ f ‖∞ = sup{| f(x) |: x ∈ X}.

ø ´¨� Bd(X) ü�ã þ X ýø¤ ¤�À ÷�Âî â ��� � ý�Ìê ¤¢ ôÂ ÷ ×þ ‖ . ‖∞ ¢�¢ ö�È÷ ö�� � üõ

.´¨�  �÷�� ý�Ìê ×þ (Bd(X), ‖ . ‖∞)

1 ≤ p < ∞ ,Àª�� ö� ýø¤ µ ´±·õ ù¥�À÷� �� ù¥�À÷� ý�Ìê ×þ X À��î ­Âê 4.1.1 ñ�·õ
ÓþÂã� ‖f‖p = (

∫
X |f |p)

1
p �¤�¬ �� �¤ ‖ f ‖p .Àª�� X ýø¤ ÍÜµ¿õ ÂþÁ�ù¥�À÷� üã��� f ø

�î ÝþÂ � üõ ¤�î � � f À� ÷� õ Â þÁ � ù¥�À ÷� â ��� � �ä�Þ¹õ Çþ�Þ ÷ ý�Â � �¤ Lp(µ) .Ý� �î üõ
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�î ÝþÂ� üõ ¤�î �� f À�÷�õ ýÂþÁ� ù¥�À÷� â���� ý�Â� �¤ L∞(µ) ß��»Þû ‖ f ‖p< ∞

‖ f ‖∞= inf{α : α > |f | a.e} = esssup | f |< ∞.

 � ÷� � ü þ�û�Ìê 1 ≤ p ≤ ∞ ý�Â � �ûLp(µ) ý�Ìê �î Àû¢ üõ ö�È ÷ ]?[.3.11 ��Ìì

f ö� ¤¢ �î À�µÆû ý¥¤� Ýû ý�û §�î âì�ø ¤¢ Lp(µ) ý�Ìä� �î ´¨� Âî£ �� ô¥� .À�µÆû

,x ∈ XÂû ý�Â� �±þÂÖ� Âð� �ú�� ø Âð� À�ãì�ø §�î ×þ ¤¢ g ø

f = g.

� µ ¨� � � ø üÎ¡ â ��� � ô� Þ � �b ä� Þ¹ õ À � ª� � ¤�¢ ôÂ ÷ ü þ� û�Ì ê X,Y Â ð� 5.1.1 ñ�·õ
Â þ¥ ñ� Þ ä� ´½ � � ä� Þ¹ õ ß þ� .Ý � û¢ ü õ Ç þ� Þ ÷ B(X, Y ) � � �¤ Y � � X ¥� T À � ÷� õ

(T + αS)(x) = T (x) + αS(x),

(αT )(x) = αT (x) T, S ∈ B(X, Y ), α ∈ C.

ø ¢�ª üõ ÛþÀ±� ý¤�¢Â� ý�Ìê ×þ ��

‖ T ‖= sup{‖ T (x) ‖:‖ x ‖≤ 1} (T ∈ B(X,Y ))

üþ�Ìê Y üµìø Àû¢ üõ ö�È÷ ]?[.7.4 ��Ìì .À�î üõ ÛþÀ±� ¤�¢ ôÂ÷ ý�Ìê ×þ �� �¤ ö�

ý�� �� ��Þãõ Y = C �î üµó�� ¤¢ .¢�ª üõ ÛþÀ±�  �÷�� üþ�Ìê �� B(X, Y ) ´¨�  �÷��

 �÷�� ù¤��Þû X
′ ´¨� ¤�¢ ôÂ÷ üþ�Ìê X üµìø �¹�µ÷ ¤¢ .À÷Â� üõ ¤�î �� �¤ X

′ ,B(X,C)
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ü�û�Ìê ý�Â� 1 Åþ¤ Çþ�Þ÷ ��Ìì .À�õ�÷üõ X ý�Ìê ö�ðø¢ ��Þãõ �¤ X
′ .¢�� Àû��¡

¤¢ �î ´¨� Âî£ �� ô¥� .1/p +1/q = 1 ö� ¤¢ �î Lp(µ)′ ∼= Lq(µ) �î Àû¢üõ ö�È÷ Lp(µ)

ö�ðø¢ üÜî ´ó�� ¤¢ �õ� ,L1(µ)′ ∼= L∞(µ) Ýþ¤�¢ ,´¨� üû��µõ-σ ,µ üµìø p = 1 ´ó��

X = N ø ùÀ÷¤�Þª ù¥�À÷� µ �î üõ�Ú�û ,Ý��î üõ ý¤ø�¢�þ .´Æ�÷ L1(µ) Â��Â� L∞(µ) ý�Ìê

.À�û¢ üõ Çþ�Þ÷ lp �� �¤ Lp(µ) ù�ð ö�

�õøÃó �÷ üþ�Ìê Âþ¥ M ø ¤�¢ ôÂ÷ üþ�Ìê X À��î ­Âê ( 2  �÷�� - ö�û ) 6.1.1 ��Ìì
¤�À÷�Âî üÎ¡ ×ã��� ù�ð ö� Àª�� ¤�À÷�Âî üÎ¡ ×ã��� ×þ f : M → C Âð� .Àª�� X ¥� �µÆ�

üõ �¤ F ß��»Þû .´¨� f Â��Â� M �� F ÀþÀ½� �î ý¤�Ï �� ´¨� ¢���õ X
′ ¤¢ F À�÷�õ

.‖ f ‖=‖ F ‖ �î ´ê�þ ý� �÷�ð �� ö���

2.]?[.16.5 ��.í.¤ . ö�ûÂ�
.Ý�õ�÷ üõ X ýø¤ Â� f  �÷�� - ö�û ©ÂµÆð ×þ ��Þãõ �¤ ë�ê ��Ìì ¤¢ F

ö� ö�ðø¢ X
′ ø ¤�¢ ôÂ÷ ý�Ìê ×þ X À��î ­Âê .( Ó�ã® ý¦�ó���� ) 7.1.1ÓþÂã�

Âû �î X ýø¤ τ ý¦�ó���� ßþÂ� Ó�ã® ü�ãþ ,X ýø¤ X
′ Í¨�� ùÀª À�ó�� ý¦�ó���� .Àª��

σ(X,X
′
) �� �¤ ö� ø À�þ�ð X ýø¤ Ó�ã® ý¦�ó���� �¤ Àª�� �µ¨��� τ �� ´±Æ÷ f ∈ X

′

ÛØª �� ý�û �ä�Þ¹õ ô�Þ� âì�ø ¤¢ .À�û¢ üõ ö�È÷

U(f, x0, ε) = {x ∈ X :| f(x)− f(x0) |< ε}, f ∈ X
′
, x0, ε > 0

Riesz Representation Theorem1

Hahn Banach Theorem2
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Ó�ã® ý¦�ó���� ù�ÂÞû �� X.À�û¢ üõ X ýø¤ Ó�ã® ý¦�ó���� ý�Â� �þ��Âþ¥ ×þ Û�ØÈ�

. Ý�û¢ üõ ö�È÷ (X,wk) �� üû�ð �¤

Âð� �ú�� ø Âð� ´¨� x �� Ó�ã® ý�ÂÚÞû X ¤�¢ ôÂ÷ ý�Ìê ¤¢ {xn} �ó�±÷¢ 8.1.1 ù¤�Ãð
.f(xn) → f(x) ,Ý�ª�� �µª�¢ f ∈ X

′ Âû ý�Â�

2.]?[ �� .í.¤ .ö�ûÂ�

.(X, wk)
′
= X

′ ù�ð ö� Àª�� ¤�¢ ôÂ÷ üþ�Ìê X Âð� 9.1.1 ��Ìì
2.]?[.V .1.2 �� .í.¤ .ö�ûÂ�

´ª� Ú ÷ À ª� � ö� ôø¢ ö� ðø¢ X
′′ ø ¤�¢ ôÂ ÷ ü þ� Ì ê X À � � î ­Â ê 10.1.1ÓþÂã�

.Ý�õ�÷ é¤�ãµõ üûÀþ�� ¢�ª üõ ÓþÂã� κX(x)(f) = f(x) �¤�¬ �� �î �¤ κX : X → X
′′

Ý�û��¡ Çþ�Þ÷ x üû�ð �þ ø x̂ �� �¤ κX(x) �õ�¢� ¤¢ .Ý�õ�÷ ü���¥�� �¤ X Àª�� �ª�� κX ù�ðÂû

üµ¿þÂÞû ×þ κX ¢�¢ ö�È÷ ö��� üõ Àª��  �÷�� üþ�Ìê X Âð� �î ´¨� ý¤ø�¢�þ �� ô¥� .¢�¢

.(]?[ ��.í.¤ ) .´¨� X ′′ �µÆ� ý�Ìê Âþ¥ ×þ ýø¤ �� X ¥� �³ó�Ï

ö� ö�ðø¢ X
′ ø ¤�¢ ôÂ÷ üþ�Ìê X À��î ­Âê (.ù¤�µ¨ Ó�ã® ý¦�ó���� ) 11.1.1ÓþÂã�

�î ´¨� X ′ ýø¤ ý¦�ó��� � ßþÂ� Ó�ã® ,X ′ ýø¤ τ Ó�ã® ý¦�ó��� � ¥� ¤�Ñ�õ .Àª��

üûÀþ�� κX ö� ¤¢ �î ¢�ª üõ �µ¨� � � κX(x) ,x ∈ X Âû ý�Â � ý¦� ó� �� � ö� � � ´±Æ÷

.Ý�û¢ üõ ö�È÷ (X ′
, wk∗) �� üû�ð �¤ ý¦�ó���� ßþ� ù�ÂÞû �� X ′′ .´¨� X ′′ ¤¢ X é¤�ãµõ

Ã�÷ σ(X
′
, X

′′
) Ó�ã® ý¦�ó���� ý�¤�¢ ´¨� ¤�¢ ôÂ÷ üþ�Ìê X

′ �î �¹÷� ¥� ´¨� Âî£ �� ô¥�
11



X
′ ýø¤ Ó�ã® ý¦�ó���� ¥� Â� Ó�ã® X

′ ýø¤ ù¤�µ¨ Ó�ã® ý¦�ó���� ��®ø �� .Àª��üõ

ÛØª �� ý�û �ä�Þ¹õ ,x ∈ X ø f ∈ X
′ ,ε > 0 Âû ý�Â� âì�ø ¤¢ .´¨�

U(f0, x, ε) = {f ∈ X
′
:| ϕ(x)(f)− ϕ(x)(f0) |< ε}

= {f ∈ X
′
:| f(x)− f(x0) |< ε}.

.À�û¢ üõ X
′ ýø¤ ù¤�µ¨ Ó�ã® ý¦�ó���� ý�Â� �þ�� Âþ¥ ×þ Û�ØÈ�

üê�î ø ô¥� ¯Âª ù�ð ö� ,Àª�� X¤�¢ ôÂ÷ ý�Ìê ¤¢ ý� �ó�±÷¢ {fn}n∈NÂð� 12.1.1 ù¤�Ãð
x ∈ X Âû ý�Â� �î ´¨� ö� Àª�� X ′ ¤¢ f �� ù¤�µ¨ Ó�ã® ý�ÂÚÞû {fn}n∈N �î ßþ� ý�Â�

.fn(x) → f(x) Ý�ª�� �µª�¢

2.]?[�� .í.¤ . ö�ûÂ�

.(X ′
, wk∗)

′
= X ù�ð ö� Àª�� ¤�¢ ôÂ÷ üþ�Ìê X Âð� 13.1.1 ��Ìì

2.]?[ .V .1.3 �� .í.¤ . ö�ûÂ�

� ä� Þ ¹ õ ù� ð ö� À ª� � ¤�¢ ôÂ ÷ ü þ� Ì ê X Â ð� (3� Ü è�� � � ÷� �) 14.1.1 ��Ìì
.´¨� ù¢ÂÈê ù¤�µ¨ Ó�ã® ý¦�ó���� ¤¢ B′ = {f ∈ X

′
:‖ f ‖≤ 1}

2.]?[ .V .3.1 �� í.¤ . ö�ûÂ�

, Br = {x ∈ X :‖ x ‖≤ r} ø Àª� � ¤�¢ ôÂ ÷ ý�Ìê ×þ X À � � î ­Âê 15.1.1 ù¤�Ãð
ý¦�ó���� �� Br

′ ¤¢ X
′′ ¥� ý� �ä�Þ¹õ Âþ¥ ö���ä �� Br ù�ð ö� Br

′ = {y ∈ X
′′

:‖ y ‖≤ r}
Banach Alaoglu’s Theorem3
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.B̄w∗
r = Br

′ ñ¢�ãõ �¤�±ä�� �þ ø ´¨� ñ�Ú� ù¤�µ¨ Ó�ã®

2 .]?[ .V .4.1 �� .í.¤ .ö�ûÂ�
ù¤�Ãð ¥� ý��¹�µ÷ ö���ä �� �¤ ö� ö��� üõ ø ´¨� éøÂãõ 4 ßþ�µªÀÜð ��Ìì �� Âþ¥ ��Ìì

.¢¤�¢ ¢��ø ]?[ ¤¢ ö� ¥� üÞ�ÖµÆõ ��±�� ß��»Þû ¢Âî ­Âê Û±ì

.X̄w∗ = X
′′ ù�ð ö� Àª�� ¤�¢ ôÂ÷ üþ�Ìê X À��î ­Âê ( ßþ�µªÀÜð ) 16.1.1 ��Ìì
. À�î üõ ö��� �¤  �÷�� ý�Ìê ×þ ö¢�� ü���¥�� ñ¢�ãõ ¯øÂª Âþ¥ ��Ìì

.À÷¥¤� Ýû Âþ¥ ¢¤��õ ù�ð ö� Àª��  �÷�� ý�Ìê ×þ X Âð� 17.1.1 ��Ìì
.´¨� ü���¥�� X ( Óó�

.´¨� ü���¥�� X ′ ( �

.À�Ö±Î�õ Ýû Â� X ′ ýø¤ ù¤�µ¨ Ó�ã® ø Ó�ã® ý�û ý¦�ó���� ( �

.´¨� Ó�ã® ù¢ÂÈê ,X À��ø ý�ð ( ¢

2.]?[ .V .4.1 �� .í.¤ .ö�ûÂ�

üÎ¡ ÂÚÜÞä ,Àª�� X À��ø ý�ð B ø  �÷�� üþ�û�Ìê Y, X À��î ­Âê 18.1.1ÓþÂã�
.Àª�� ù¢ÂÈê Y ¤¢ T (B) ¤�µÆ� ù�ðÂû À�þ�ð ù¢ÂÈê �¤ T : X → Y �µ¨���

� õ� ¢� � Àû��¡ Ã � ÷ Ó�ã® ù¢ÂÈê ýÂÚÜÞä Àª� � ù¢ÂÈê ýÂÚÜÞä T Âð� �î ´¨� ¼®�ø

T ∈ B(X, Y ) Âð� �î ´¨� ý¤ø�¢�þ �� ô¥� .´Æ�÷ ¤�ÂìÂ� üÜî ´ó�� ¤¢ °ÜÎõ ßþ� ÅØä
Goldstien4
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¢�ª üõ ÓþÂã � � ÷�ð ßþ� ø ¢¤�¢ ÕÜã � B(Y
′
, X

′
) � � T ∗ ü�ã þ T üì�½ó� ÂÚÜÞä ù�ð ö�

(]?[.V I.1.4 �� .í.¤ ).T ∗(f)(x) = f(T (x))

(I,≤) üþÃ� °�Âõ �ä�Þ¹õ ¥� ´¨� �¤�±ä ¤�¢ ´ú� �ä�Þ¹õ ×þ �î Ý��î üõ ý¤ø�¢�þ

.α1 ≤ α, α2 ≤ α�î ý¤�Ï �� ´¨� ¢���õ I ¤¢ α ×þ ,I ¤¢ α1, α2 Âû ý�Â� �î ý¤�Ï ��

.´¨� X ý�� �� I ¤�¢ ´ú� �ä�Þ¹õ ¥� ´ª�Ú÷ ×þ ,X ×þ¦�ó���� ý�Ìê ¤¢ ¤�� ×þ

�î ´¨� ßþ� üþ�ÂÚÞû ßþ� ¥� ¤�Ñ�õ .xα → x Ý�Æþ�÷ üõ Àª�� �ÂÚÞû x �� {xα}α∈I ¤�� Âð�

.xα ∈ U ,α > α0 Âû ý�Â� �î Àª�� ¢���õ ý� α0 ,x ¥� U üÚþ�ÆÞû Âû ý�Â�

Ýû Âþ¥ ý�û ù¤�Ãð ù�ð ö� T ∈ B(X, Y ) ø À�ª��  �÷�� üþ�û�Ìê Y, X Âð� 19.1.1 ��Ìì
.À÷¥ ¤�

.´¨� Ó�ã® ù¢ÂÈê ýÂÚÜÞä T ( Óó�

.´¨� Ó�ã® ù¢ÂÈê ýÂÚÜÞä T ∗ ( �

.´¨� T ∗ üì�½ó� ÂÚÜÞä T ∗∗ ö� ¤¢ �î T ∗∗(X
′′
) ⊆ Y ( �

.´¨� �µ¨��� X ′ Ó�ã® ø Y
′ ,ù¤�µ¨ Ó�ã® ý�û ý¦�ó���� ´½� T ∗ ÂÚÜÞä ( ¢

2]?[.V I.4.7 �� .í.¤ (¢⇔ (Óó� ý�Â� ø ]?[. V I.5.5 �� .í.¤ �⇔ �⇔Óó� .ö�ûÂ�

ù¤�Ãð ù�ð ö� ,T ∈ B(X,Y ) ø À�ª��  �÷�� üþ�û�Ìê Y, X Âð� (5 ¤¢�ª) 20.1.1 ��Ìì
.À÷¥ ¤� Ýû Âþ¥ ý�û

.´¨� ù¢ÂÈê ýÂÚÜÞä T ( Óó�
Schauder’s Theorem5
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.´¨� ù¢ÂÈê ýÂÚÜÞä T ∗ ( �

¤�� ×þ T ∗(fα) ∈ Iα ù�ð ö� ,Àª�� Y ′ ¤¢ ù¤�µ¨ Ó�ã® ý�ÂÚÞû ¤�� ×þ {fα} ∈ Iα Âð� ( �

.´¨� ôÂ÷ �� �ÂÚÞû

2]?[.V I.5.6 �� .í.¤ (�⇔ (Óó� ý�Â� ø ]?[.V I.3.4 �� .í.¤ (�⇔ (Óó� ý�Â� .ö�ûÂ�
Ý�÷�¢üõ ,Àª�� ¤�¢ ôÂ÷ ý�û�Ìê ¥� ý� ù¢��÷�¡ {Xi; i ∈ I} À��î ­Âê .ÓþÂã� ø ý¤�Áð ¢�Þ÷
.´¨� ý¤�¢Â� ý�Ìê ×þ ý� �Ôó�õ Âó�Ø¨� �Â® ø âÞ� ´½� ∏

Xi ü�ÂÌÜ¬�� ý�Ìê

.Ý � � î ü õ Ó þÂ ã � � ÷� ð ß þ� �¤ ∏
Xi ¥� ⊕pXi ø ⊕∞Xi ý�û�Ì ê Â þ¥ 1 ≤ p < ∞ ý�Â �

⊕pXi = {x ∈ ∏
i Xi :‖ x ‖= (

∑
i∈I ‖ x(i) ‖p)1/p < ∞}

ø

⊕∞Xi = {‖ x ‖= supi ‖ x(i) ‖< ∞}

 �÷�� ý�û�Ìê �û Xi Âð� �î ¢�¢ ö�È÷ ö��� üõ .Ý�û¢ üõ Çþ�Þ÷ l∞(Xi, I) �� ù�ð �¤ ⊕∞Xi

.À�µÆû  �÷�� ý�û�Ìê l∞(Xi, I) ø ⊕pXi ù�ð ö� À�ª��

 �÷�� ý�ûÂ±� 2.1

�� �¤ üµÞÆì �¤�¡ ý�Ìê ø �úóøÀõ ,�úó� ùÀþ� , �÷�� ý�ûÂ±� ¥� ¥��÷ ¢¤�õ Ý�û�Ôõ Ç¿� ßþ� ¤¢

.Ý��îüõ ¼þÂÈ� ¤�Êµ¡�
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A×A ¥� (x, y) → xy �Â® â��� ù�ÂÞû �� F ö�À�õ ýø¤ A ý¤�¢Â� ý�Ìê 1.2.1ÓþÂã�
Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª α ∈ F ø x, y, z ∈ A Âû ý�Â� ù�ðÂû Ý�þ�ð Â±� ×þ �¤ A ��

,(xy)z = x(yz) ü�ãþ Àª�� ÂþÁ� ´îÂª ùÀª ÓþÂã� �Â® ( Óó�

,(y + z)x = yx + zx ø x(y + z) = xy + xz ( �

,(αx)y = α(xy) = x(αy) ( �

x, y ∈ A Âû ý�Â� ü�ãþ Àª�� üþ�¹��� �Â® �� ´±Æ÷ A ù�ðÂû Ý�þ�ð üþ�¹��� �¤ A Â±�

¢���õ Ý�û¢ üõ ö�È÷ 1 �� �¤ ö� �î ýÂÔ¬�÷ ÂÊ�ä ù�ðÂû Ý�þ�ð ¤�ÀØþ �¤ A ø .xy = yx

.1x = x1 = x Ý�ª�� �µª�¢ x ∈ A Âû ý�Â� �î ý¤�Ï �� Àª��

.Àª�� �µÆ� �Â® �� ´±Æ÷ B ù�ðÂû Ý�þ�ð Â±� Âþ¥ ×þ �¤ A Â±� ¥� B üÎ¡ ý�ÌêÂþ¥

Â±� ×þ A �î ü�¤�¬ ¤¢ Ý�þ�ð  �÷�� Â±� ×þ �¤ (A, ‖ . ‖)  �÷�� ý�Ìê 2.2.1ÓþÂã�
.‖ xy ‖≤‖ x ‖‖ y ‖ Ý�ª�� �µª�¢ x, y ∈ A Âû ý�Â� ø Àª��

�¤ ϕ ∈ B(A,B) .À�ª� � F ö�À�õ ýø¤  �÷� � Â ±� ø¢ B ø A À��î ­Âê 3.2.1ÓþÂã�
�� ×þ ϕ üµìø .ϕ(xy) = ϕ(x)ϕ(y) ,x, y ∈ A Âû ý�Â� ù�ðÂû Ý�õ�÷  �÷�� ý�ûÂ±� üµ¿þÂÞû

ø ×þ �� ×þ �î üõ�Ú�û ø üµ¿þ¤øÂ� �¤ ö� Àª�� �ª�� �î ü÷�õ¥ ø üµ¿þÂØ� �¤ ö� ´¨� ×þ

×þ ù�ðÂû Ý�õ�÷ �³ó�Ï ´¿þÂØþ �¤ B ø A  �÷�� ý�ûÂ±� . Ý�þ�ð üµ¿þÂØþ �¤ ö� Àª�� �ª��

ö�È÷ A ∼= B �� �¤ ö� ´ó�� ßþ� ¤¢ �î Àª�� �µª�¢ ¢��ø B ýø¤ �� A ¥� ôÂ÷ Ðê�� üµ¿þÂØþ

.Ý�û¢ üõ
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×þ �¤ {eα}α∈I ⊆ A ¤�� .Àª�� ¤�ÀØþ Â�è ¤�ÀõÂ÷ Â±� ×þ A À��î ­Âê 4.2.1ÓþÂã�
�� ) eαa → a ,a ∈ A Âû ý�Â� ù�ðÂû Ý�þ�ð A ý�Â� (´¨�¤ ,°��Â� ��) ²� ü±þÂÖ� ü÷�Þû

Àª�� ´¨�¤ ü±þÂÖ� ü÷�Þû ø ²� ü±þÂÖ� ü÷�Þû ×þ {eα}α∈I ⊆ A Âð� .(aeα → a ,°��Â�

�� {eα}α∈I ù�ðÂû Ý�þ�ð ¤�À÷�Âî �¤ {eα}α∈I ü±þÂÖ� ü÷�Þû .Ý�õ�÷ üõ ü±þÂÖ� ü÷�Þû �¤ ö�

¤�À÷�Âî ü±þÂÖ� ü÷�Þû ×þ �¤ {eα}α∈I ´ó�� ßþ� ¤¢ .Àª�� ¤�À÷�Âî A ¥� ý� �ä�Þ¹õÂþ¥ ö���ä

,Ý�þ�ð Ó�ã® (´¨�¤ ,°��Â� ��) ²� ü±þÂÖ� ü÷�Þû ×þ �¤ {eα}α∈I ⊆ A¤�� .Ý�þ�ð üõ

´¨� ¼®�ø .(f(xeα) → f(x) ,°��Â� �� )f(eαx) → f(x) ,x ∈ A ø f ∈ A
′ Âû ý�Â� ù�ðÂû

(´¨�¤ ,°��Â� ��) ²� ü±þÂÖ� ö�Þû ×þ (´¨�¤ ,°��Â� ��) ²� ü±þÂÖ� ü÷�Þû Âû �î

.´¨� Ó�ã®

,°��Â� ��)²� ñ�ùÀþ� ×þ �¤ A ¥� I Â±� Âþ¥ .Àª�� Â±� ×þ A À��î ­Âê 5.2.1ÓþÂã�
×þ �¤ I .(xa ∈ I ,°��Â� ��)ax ∈ I ,x ∈ I Âû ø a ∈ A Âû ý�Â� ù�ðÂû Ý�þ�ð A (´¨�¤

.Àª�� A ´¨�¤ ø ²� ñ�ùÀþ� ×þ ù�ðÂû Ý�þ�ð A �êÂÏø¢ ñ�ùÀþ�

,°��Â� ��) ²� ß�È�� ñ�ùÀþ� ×þ �¤ A ¥� I (�êÂÏø¢ ,´¨�¤ ,°��Â� ��) ²� ùÂ¨ ñ�ùÀþ�

J À�÷�õ ÂÚþ¢ (�êÂÏø¢ ,´¨�¤ ,°��Â� ��) ²� ñ�ùÀþ� Âû ý�Â� ù�ðÂû Ý�þ�ð (�êÂÏø¢ ,´¨�¤

.J = A �þ I = J Ý�ª�� �µª�¢ I ⊆ J ⊆ A �î

�¤�¡ ý�Ìê .´¨� A  �÷� � Â±� ¥� �µÆ� ùÂ¨ ñ�ùÀþ� ×þ I À��î ­Âê 6.2.1ÓþÂã�
�Ìê ßþ� ,x ∈ A �î x + I ÛØª �� ý¥¤� Ýû ý�û §�î ô�Þ� ¥� ´¨� �¤�±ä A/I üµÞÆì
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.¢�ª üõ ÛþÀ±� Â±� ×þ �� Âþ¥ Âó�Ø¨� �Â® ø �Â® ø âÞ� ñ�Þä� ´½�

(x + I) + (y + I) = (x + y) + I (x, y ∈ A)

(x + I)(y + I) = xy + I (x, y ∈ A)

α(x + I) = αx + I (α ∈ C, x ∈ A)

A/I ýø¤ ôÂ÷ ×þ ‖ x + I ‖:= inf{‖ x + y ‖ : y ∈ I} ù�ð ö� ,x + I ∈ A/I Âð� ß��»Þû

.(]?[.V .2.1 �� í.¤) .À�î üõ ÓþÂã�

.¢�ª üõ  �÷�� Â±� ×þ �� ÛþÀ±� A/I ,ß��»Þû ´ó�� ßþ� ¤¢

.x− y ∈ I Âð� �ú�� ø Âð� x + I = y + I ø x, y ∈ A Âû ý�Â� �î ´¨� ý¤ø�¢�þ �� ô¥�

ý¤�¢Â� ý�Ìê ×þ ø Â±� ×þ °��Â� �� F ö�À�õ ýø¤ M,A À��î ­Âê 7.2.1ÓþÂã�
A×M ¥� (a,m) 7→ am üóøÀõ �Â® ´ª�Ú÷ ù�ðÂû Ý�þ�ð ²� ñøÀÞ�A ×þ �¤ M .À�ª��

.Àª�� Âþ¥ «��¡ ý�¤�¢ M ý�� ��

.Àª�� üÎ¡ M ýø¤ m 7→ am ´ª�Ú÷ a ∈ A Âû ý�Â� ( Óó�

.Àª�� üÎ¡ M ý�� �� A ¥� a 7→ am ´ª�Ú÷ m ∈ M Âû ý�Â� ( �

.a(bm) = (ab)m ,a, b ∈ A ø m ∈ M Âû ý�Â� ( �

M ,Àª�� �µª�¢ üú��Èõ «��¡ M �� A×M ¥� (a, m) 7→ ma üóøÀõ �Â® �î ü�¤�¬ ¤¢

ùø�ä �� ø Àª�� ´¨�¤ ñøÀÞ�A ø ²� ñøÀÞ�A ×þ M Âð� .Ý�þ�ð ´¨�¤ ñøÀÞ�A ×þ �¤

.Ý�õ�÷ �êÂÏø¢ ñøÀÞ�A ×þ �¤ M ù�ð ö� (am)b = a(mb) ,a, b ∈ A Âû ø m ∈ M Âû ý�Â�
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üþ�û�Ìê M ø A ù�ðÂû Ý�õ�÷ ¤�¢ ôÂ÷ ²� ñøÀÞ�A ×þ �¤ M ²� ñøÀÞ�A 8.2.1ÓþÂã�
Ý�ª�� �µª�¢ m ∈ M ø a ∈ A Âû ý�Â� �î Àª�� ¢���õ k > 0 ø À�ª�� ¤�¢ ôÂ÷

‖ am ‖≤ k ‖ a ‖‖ m ‖ .

.¢�ª üõ ÓþÂã � � ��Èõ ¤�Ï �� ´¨�¤ ñøÀÞ�A ¥� ù¢�Ô µ¨� � � Ã � ÷ ¤�¢ ôÂ ÷ ´¨�¤ ñøÀÞ�A

¤�¢ ôÂ÷ ñøÀÞ�A ×þ ù�ðÂû ,Ý�þ�ð ¤�¢ ôÂ÷ ñøÀõ ø¢ A ×þ �¤ M �êÂÏø¢ ñøÀÞ�A ß��»Þû

,´¨�¤ ,°��Â� ��) ²� ñøÀÞ�A ×þ M �î ü�¤�¬ ¤¢ .Àª�� ´¨�¤ ¤�¢ ôÂ÷ ñøÀÞ�A ø ²�

(�êÂÏø¢ ,´¨�¤ ,°��Â� ��) ²� ñøÀÞ�A �¤ ö� Àª��  �÷�� üþ�Ìê M ø ¤�¢ ôÂ÷ (�êÂÏø¢

´ó�� ßþ� ¤¢ ø ´¨�  �÷�� ñøÀõ øÀ�A ×þ A  �÷�� Â±� Âû ñ�·õ ö���ä �� .Ý�õ�÷ üõ  �÷��

.k = 1

ý¤�Æ÷�� �Â® Û¬�� 3.1

�� �ÂÌÜ¬�� ßþ� ýø¤ ý�úõÂ÷ ,¤�¢ ôÂ÷ ý�û�Ìê ý¤�Æ÷�� �Â® ¥� üÞ�û�Ôõ Ç¿� ßþ� ¤¢

.Ý��îüõ ö��� �¤ ü�� ý�úÜÊê ¤¢ ¥��÷ ¢¤�õ �µÆ��ø ý�þ�Ìì ø ýÂþ�Ê� ôÂ÷ ùÄþø

ßþ� ö�ðø¢ Y
′ ø X

′ ø F ö�À�õ ýø¤ ¤�¢ ôÂ÷ ý�Ìê ø¢ Y ø X Ý��î ­Âê 1.3.1ÓþÂã�
ýø¤ �¤ x ⊗ y üÎ¡ ø¢ ×ã��� �¤�¬ ßþ� ¤¢ y ∈ Y ø x ∈ X Ý��î ­Âê .À�ª�� �û�Ìê

Ý��î üõ ÓþÂã� ß��� X ′ × Y ′
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(x⊗ y)(f, g) = f(x)g(y), (f ∈ X
′
, g ∈ Y

′
)

�ä�Þ¹õ �¤�¬ ßþ� ¤¢ .Ý�÷��¡ üõ y ¤�Æ÷�� x �¤ x⊗ y �î

X ⊗ Y = {
n∑

i=1

αi(xi ⊗ yi) : n ∈ N, αi ∈ F, xi ∈ X, yi ∈ Y }

.¢�ªüõ ùÀ�õ�÷ Y ø X ýÂ±� ¤�Æ÷�� �Â®

Ýþ¤�¢ g ∈ Y
′ ø f ∈ X

′ Âû ý�Â� �¤�¬ ßþ� ¤¢ ,y ∈ Y ø x1, x2 ∈ X Ý��î ­Âê

((x1 + x2)⊗ y)(f, g) = f(x1 + x2)g(y) = f(x1)g(y) + f(x2)g(y)

= (x1 ⊗ y)(f, g) + (x2 ⊗ y)(f, g)

y1, y2 ∈ Y ø x ∈ X Âû ý�Â� ß��»Þû .(x1 + x2)⊗ y = (x1 ⊗ y) + (x2 ⊗ y) �¹�µ÷ ¤¢

Ýþ¤�¢

x⊗ (y1 + y2) = (x⊗ y1) + (x⊗ y2).

g ∈ Y
′ ø f ∈ X

′ Âû ý�Â� �¤�¬ ßþ� ¤¢ ,α ∈ F ø y ∈ Y ø x ∈ X Ý��î ­Âê ñ��

Ýþ¤�¢
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