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(Ã�÷�¨ ø ¤��Ü��) ôÀ�±ó¢ ö�À÷¥Âê



§�³¨ ø ¢�þ
�b �ú� ´¨� ù¢�Þ÷ Ó�ó�b� ¤�Ø�î ø üª¥�õ� ×Þî ��µî ßþÀ�� �f ±ì �î üÆî ý�Â� ñø� ù�Ú÷ ¤¢ Àþ�ª
¢¤�¢ ýÂÚþ¢ Ýó�ä �õ�÷ö�þ�� ßµª�÷ �î Ý�î é�Âµä� Àþ�� �õ� À¨Â÷ ÂÑ÷ �� üµÞ�¥Â� ö�À�� ¤�î �õ�÷ö�þ��

.Àª��üõ üª¥�õ� ��µî ßµª�÷ ý�Ìê ¥� �ø�Ôµõ �f õ�î ¤�î ý�Ìê ø
Ý±�Ê÷ Àª¤� ü¨��ª¤�î âÎÖõ ¤¢ Û�Ê½� �Î¨�ø �� �î ¢�� ´Þ�Ö÷�Âð ø ßþÂ�ª ý���Â¹� ßþ� ñ��Âû ��
.À�µª�¢ üþ�ÃÆ� ÇÖ÷ ö� �� öÀ�¨¤ ¤¢ Ã�÷ ýÂÚþ¢ ¢�Âê� ,ô�üÜ±ì ý�û¤�î À�÷�Þû �î ý���Â¹� .´Èð
�î ôÀ�Þ�¤� À���¨� ×þ�Øþ ¥� ,ù¢Âî ù¢�Ôµ¨� ´¬Âê ßþ� ¥� ø ù¢�¢ ¤�Âì �÷�ú� �¤ ¤�µÔÚÈ�� ßþ� �Ü�¨��þÀ�
ý�ì� ���� ôÀ�Þ�¤� ¢�µ¨� ¥� ß��»Þû .Ý�îüõ ÂØÈ� ,ô��µª�¢ �¤ �ú÷� ý¢Âð�ª ¤�¿µê� �úó�¨ ßþ� üÏ
ý�ì� ���� ¥� .ô�ùÀª À�õùÂú� ö�Èþ� ©¥¤� �� ý�ûüþ�Þ�û�¤ ¥� �õ�÷ö�þ�� �b �ú� ¤¢ �î ýÂþÀ� Âµî¢
¤¢ ¤�Ì� �� �î ýÂ±�ì Âµî¢ ý�ì� ���� ¥� Ã�÷ ø Ýþ�Þ÷üõ ÂØÈ� À�Þ�¤� ¤ø�Èõ ¢�µ¨� ü»þ�� Âµî¢
ß�Æ� Âµî¢ ý�ì� ���� À�Þ�¤� À���¨� ¥� ø À÷Àª Û±Öµõ �¤ �õ�÷ö�þ�� ßþ� ý¤ø�¢ ´Þ�¥ ��ä�ê¢ �bÆÜ�
�õ�÷ö�þ�� ßþ� Ý�Ñ�� ¤¢ �Âõ â���õ ¥� ü¡Â� ßµª�Áð ¤��µ¡� ¤¢ �� �î ý¤�þÂúª ÀÞ½õ ý�ì� ø ýÂ�¡

.ô¤�¢ �¤ ÂØÈ� ñ�Þî ,À÷�ù¢�Þ÷ ý¤�þ
ñ�±ì �û´ÞÆì ¥� ü¡Â� �bÞ�Â� ¤¢ �î Ã�÷ ù¢�¥�®¤ Â�õ� ý�ì� ���� ôÂµ½õ ¤�ØÞû ø ´¨ø¢ ¥� ß��»Þû

.Ýþ�Þ÷üõ ý¤�ÁÚ¨�³¨ Ã�÷ À÷¢�Þ÷ ´Þ�¥
ÂØÈ� Ã�÷ À÷Àª Û±Öµõ �¤×�cü ¤̈�ê ¤¢ �õ�÷ö�þ�� ßþ� ²þ�� ´Þ�¥ �î ýÀªÂõ ýÀúõ ý�ì� ¥� �Þ��¡ ¤¢

.Ý�îüõ

ý¢��� ¢�¥Âê
1389 ¤�þÂúª
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�õÀÖõ
ô�Üä ¤¢ �î Àª��üõ Ûþø��ó -ô¤�µª� �ó¢�ãõ ,ôø¢ �±�Âõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ ßþÂ�Ýúõ ¥� üØþ ×ªü�

.¢¤�¢ ¢Â�¤�î ü¨À�úõ ø ×þÃ�ê ¤¢ ùÄþ�� ÓÜµ¿õ
-ô¤�µª� �ÜÿÆõ ¥� ¤�Ñ�õ .À÷�ªüõ Ý�ÆÖ� §�Øãõ ø Ý�ÖµÆõ á�÷ ø¢ �� Ûþø��ó -ô¤�µª� ��¢�ãõ
ÅØä �ÜÿÆõ ¤¢ �õ� .Àª��üõ Û�Æ÷�µ� ö¢�� ô�Üãõ �� ùÄþø â���� ø ùÄþø Âþ¢�Öõ ßµê�þ ,Ý�ÖµÆõ Ûþø��ó
Û�Æ÷�ÂÔþ¢ ÂÚÜÞä üÔ�Ï ý�ûù¢�¢ ö¢�� ô�Üãõ �� q Û�Æ÷�µ� â��� ö¢Âî �À�� ,éÀû Ûþø��ó -ô¤�µª�
¤¢ �î .À�ª�� �µª�¢ ü�ø�Ôµõ ý�ûÛØª ,À�÷���üõ üÔ�Ï ý�ûù¢�¢ .Àª��üõ L(q) Ûþø��ó ô¤�µª�

.Àª Àû��¡ �µ¡�¢Â� �ú÷� �� 6 ø 5 ,3 ý�ûÛÊê
�î) ���� ý¢Àä ¤�µ¡�¨ ø ¢��ø ,üþ�µØþ �Ê¿Èõ �¨ ý�¤�¢ §�Øãõ Ûþø��ó -ô¤�µª� �ÜÿÆõ Âû

.´¨� (Àª��üõ q Û�Æ÷�µ� ö�Þû
-ô¤�µª� �ÜÿÆõ ×þ ¥� Ó�Ï �¨ Âð� �î Àû¢ ���� ñ��b¨ ßþ� �� ´þ�ú÷ ¤¢ Àû��¡üõ �õ�÷ö�þ�� ßþ�
ý�Ìê ýø¤ ¢ÂÔ�ÂÊ½�õ Û�Æ÷�µ� ×þ ö���üõ �þ� Àª�� ô�Üãõ (�ø�Ôµõ ý¥Âõ Íþ�Âª ��) Ûþø��ó

?¢Âî �À�� L2(0, a)

.¢¤�¢ ��óø� Óþ¤�ã� ø ü��õÀÖõ °ó�Îõ ü¡Â� ö��� �� «�Êµ¡� �õ�÷ö�þ�� ßþ� ñø� ÛÊê
Â¹�õ ´¨� ùÀª ´��� üþ�úµ÷� ¯�Ö÷ ¤¢ �î üÞ�¨ ©�ã�¤� �÷�Ú� �î ¢�ªüõ ù¢�¢ ¼�®�� ôø¢ ÛÊê ¤¢
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6 �õÀÖõ

â��� ¥� üØþÃ�ê Â�±ã� ß��»Þû ,¢�ªüõ �ÜØþÂþ¢ ý¥Âõ Íþ�Âª �� Ûþø��ó -ô¤�µª� �ó�bÆõ öÀõ� ÀþÀ� ��
.¢�ªüõ ���¤� ùÄþø Âþ¢�Öõ ø Ûþø��ó -ô¤�µª� Û�Æ÷�ÂÔþ¢ ÂÚÜÞä ¤¢ °þÂ®

ùbÂð ×þ �� [0, a] ùb¥�� ýø¤ q Û�Æ÷�µ� â��� öÀõ� ´¨À� ùb�½÷ ø ý¢ÂÔ�ÂÊ½�õ ,¢��ø �� ô�¨ ÛÊê
��Ìì ��±�� ��õÀÖõ ø Íþ�Âª ø ¢¤�¢ «�Êµ¡� �ÜØþÂþ¢ ý¥Âõ Íþ�Âª �� a0 = a

2 �b ÎÖ÷ ¤¢ ü÷ø¤¢
.À�îüõ �ÂÏ üØÞî �¹�µ÷ À�� ù�ÂÞû �� �¤ (1.3 ��Ìì) ×���¤���

¤¢ ø Ýþ¥�À÷�üõ ¢�È÷ �À�� ¢ÂÔ�ÂÊ½�õ ¤�Ï �� q ´¨� ßØÞõ �î üþ�úµó�� �� üû�Ú÷ ô¤�ú� ÛÊê ¤¢
ü�ãþ .Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ §�Øãõ Ûþø��ó -ô¤�µª� Û��Æõ ¥� ÂÚþ¢ üþ�úµó�� Ý¹�� ÛÊê
�� ø Àª�� À÷���üõ a ø 0 ß�� a0 À�÷�õ ý��ÎÖ÷ Âû ,Àª�� a

2 �Ø÷� ý�¹� üÜ¡�¢ ùbÂð ö� ¤¢ �î �¤ üµó��
�õ�¢� ¤¢ ø Ý���þüõ �¤ (1.5) ��Ìì ¤¢ q Û�Æ÷�µ� ,ùÄþø Âþ¢�Öõ ý�Â� �ÜØþÂþ¢ Íþ�Âª ßµêÂð ÂÑ÷ ¤¢
¢ÂÔ�ÂÊ½�õ Û�Æ÷�µ� Ýû�� ø �µêÂð ÂÑ÷ ¤¢ �¤ ß���¤ �ÜØþÂþ¢ ý¥Âõ Íþ�Âª (2.5) ��Ìì ¤¢ ÛÊê ö�Þû

.Ý���þüõ �¤ q

a0 ü÷ø¤¢ ùbÂð ×þ �� L2(0, a) ý�Ìê ýø¤ �¤ q Û�Æ÷�µ� â��� Ó�Ï �¨ ×Þî �� 6 ÛÊê ¤¢ �fµþ�ú÷ ø
�À�� ((3.6) ��Ìì ¤¢) a0 �bÎÖ÷ ¤¢ ß���¤ ý¥Âõ Íþ�Âª �� ø ((2.6) ��Ìì ¤¢) �ÜØþÂþ¢ ùbÄþø Âþ¢�Öõ ��

.Ý��îüõ
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��óø� Óþ¤�ã� ø ü��õÀÖõ Ý�û�Ôõ

Û�Æ÷�ÂÔþ¢ ��¢�ãõ 1.1

�ó¢�ãõ ,Àª�� ÛÖµÆõ Â�çµõ À�� �þ ×þ �� ´±Æ÷ Ç��ÖµÈõ ø �µÆ��ø Â�çµõ ×þ Ûõ�ª �î ý��ó¢�ãõ
.¢�ªüõ ùÀ�õ�÷ Û�Æ÷�ÂÔþ¢

.À�îüõ ëÀ¬ �ó¢�ãõ ¤¢ �î ´¨� üã��� ßµê�þ ,Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ ���� ¥� ¤�Ñ�õ

üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 2.1
,Àª�� ÛÖµÆõ Â�çµõ ×þ �� ´±Æ÷ Ç��ÖµÈõ ø �µÆ��ø Â�çµõ ×þ Ûõ�ª �î ý��ó¢�ãõ 1.1 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ

�¤�Ê� ô� n �±�Âõ üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 2.1 �µØ÷

F (x, y, y′, ..., y(n)) = 0

7
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�þ

y(n) = F

(
x, y,

dy

dx
, ...,

dn−1y

dxn−1

)

.Àª��üõ
.À�õ�÷üõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ö� �±�Âõ �¤ �ó¢�ãõ ×þ ¤¢ ¢���õ ÕµÈõ ßþÂ���� �±�Âõ 3.1 ÓþÂã�

ÛØª �� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ 4.1 ÓþÂã�

a0y
(n)(x) + a1y

(n−1)(x) + ... + an−1y
′(x) + any(x) = Q(x)

.À�þ�ð n �±�Âõ üÎ¡ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ �¤
ôÂê �� ñø� �±�Âõ üÎ¡ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ üÜî �¤�¬ 5.1 �µØ÷

y′ + p(x)y = q(x)

�bÎ��¤ ×Þî �� ö� ���� �î ,Àª�� üõ

y = e−
∫

p(x)d(x)
[∫

q(x).e
∫

p(x)dxdx + c

]

.Àþ�üõ ´¨À�

ü�Ã� ��ÖµÈõ �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ 3.1

ü�Ã� Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ �¤ ö� Àª�� �µª�¢ ¢��ø ÛÖµÆõ Â�çµõ ×þ ¥� Ç�� Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ¤¢ Âð�
.À�õ�÷üõ

�¤�¬ �� t ø x ÛÖµÆõ Â�çµõ ø¢ �� ôø¢ �±�Âõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ ñ�·õ ö���ä ��

L(u) = F (x, t, u, ux, ut, uxx, uxt, utt) = 0
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��ÖµÈõ ø �ûÂ�çµõ ßþ� �� �µÆ��ø u ñ�ú¹õ â��� ,t ø x ÛÖµÆõ ý�ûÂ�çµõ Ûõ�ª �î .¢�ªüõ �µª�÷
´¨� u = u(x, t) À�÷�õ üã��� ß��ã� ,�õ éÀû .Àª��üõ u â��� ¥� utt ø uxt ø uxx ø ut ø ux ü�Ã�
.À÷�ªüõ ùÀ�õ�÷ �ó¢�ãõ ý�ú���� ,¢��ø �¤�¬ ¤¢ üã���� ß��� .À�î ëÀ¬ D ��õ�¢ ø �ó¢�ãõ ¤¢ �î

:Ý�ª�� �µª�¢ üÜî ´ó�� ¤¢ Âð� ¢�ªüõ ùÀ�õ�÷ üÎ¡ ,ü�Ã� Û�Æ÷�ÂÔþ¢ ÂÚÜÞä ×þ 6.1 ÓþÂã�

∀u1, u2 : L[c1u1 + c2u2] = c1L(u1) + c2L(u2)

.À�µÆû ´��� c2 ø c1 �î
:Ý�û¢ Ý�Þã� Ã�÷ ÂÚÜÞä üû��µõ ¢�Àã� ý�Â� Ý�÷���üõ �¤ ´ó�� ßþ�

:ù�Ú÷� ,À�ª�� �úµ��� c1, c2, ..., ck ø â���� u1, u2, ..., uk Âð�

L




k∑

j=1

cjuj


 =

k∑

j=1

cjL[uj ]

ô� m �±�Âõ �� �î À�µÆû [a, b] ýø¤ ùÀª ÓþÂã� â���� �ä�Þ¹õ Cm[a, b] ¥� ¤�Ñ�õ 7.1 ÓþÂã�
.À�ª�� �µ¨��� ø ù¢�� ÂþÁ�ÕµÈõ

t0 �ÎÖ÷ ñ�� ö� ÕµÈõ °��Âõ ô�Þ� ù�ðÂû À�þ�ð üÜ�Ü½� t0 �b ÎÖ÷ ¤¢ �¤ f â��� 8.1 ÓþÂã�
.Àª�� t0 �bÎÖ÷ ¤¢ ¤�Ü�� ÍÆ� ý�¤�¢ ÂÚþ¢ �¤�±ä �� .Àª�� ¢���õ

üÜ�Ü½� ù¥�� ßþ� öø¤¢ ¤¢ âì�ø �ÎÖ÷ Âû ¤¢ ù�ðÂû À�þ�ð üÜ�Ü½� [a, b] ùb¥�� ¤¢ �¤ f â��� 9.1 �µØ÷
.Àª��

�bÎÖ÷ ¤¢ ö� üó��µõ ��ÖµÈõ ø y ¤�ÀÖõ ,ùÀª ù¢�¢ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ Â� ùø�ä Âð� 10.1 ÓþÂã�
.À�þ�ðüõ ��óø� ¤�ÀÖõ �ÜÿÆõ �¤ ö� ,À�ª�� ß�ãõ x = x0
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üû��µõ ô� (n + 1) �±�Âõ ÕµÈõ x0 �b ÎÖ÷ üÚþ�ÆÞû ¤¢ f â��� Âð� :¤�Ü�� ��Ìì 11.1 ��Ìì
�¤�¬ �� üÚþ�ÆÞû ßþ� �� ÕÜãµõ x �ÎÖ÷ Âû ¤¢ f ¤�ÀÖõ �¤�¬ ßþ� ¤¢ ,Àª�� �µª�¢

f(x) = f(x0) + (x− x0)f ′(x0) +
1
2!

(x− x0)2f ′′(x0) + ... +
1
n!

(x− x0)nf (n)(x0) + Rn(x)

ö� ¤¢ �î Àþ�üõ ´¨À�

Rn(x) =
1

(n + 1)!
(x− x0)n+1f (n+1)(ξ)

ø

f (k)(x0) =
dkf

dxk

∣∣∣∣∣
x=x0

.´¨� x ø x0 ß�� ý��ÎÖ÷ ξ ø
.¢�ªüõ ùÀ�õ�÷ ö¤�ÜØõ ýÂ¨ ,x0 = 0 �bÎÖ÷ ¤¢ ¤�Ü�� ýÂ¨ 12.1 �µØ÷

.Àª�� �ÂÚÞû ,ö� ¤¢ üÈî �ó�±÷¢ Âû �î ´¨� üþ�Ìê ,ô�� �þ Ûõ�î ý�Ìê 13.1 ÓþÂã�
ý�Ìê ×þ H ù�Ú ÷� .Àª� � ô� � ýÂµõ ý�Ìê ×þ H À� ÷� õ �Ìê ×þ ù�ðÂû 14.1 ÓþÂã�

.´¨� �Â±Ü�û

ôø¢ �±�Âõ üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõ 4.1

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Âþ¥ �¤�¬ �� I üÖ�Ö� ù¥�� ýø¤ ôø¢ �±�Âõ ¥� üó�Þãõ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ

a0(x)y′′ + a1(x)y′ + a2(x)y = f(x) (1-1)
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.À�µÆû I ýø¤ ÍÜµ¿õ â���� f ø a2 ø a1 ø a0 �î
.¢�ªüõ ùÀ�õ�÷ ßÚÞû�÷ �¤�¬ ßþ� Â�è ¤¢ À�þ�ð ßÚÞû �¤ �ó¢�ãõ Àª�� f = 0 ,I ýø¤ ù�ðÂû

y ý�¹� φ ý¤�ÁÚþ�� �� ù�ðÂû Àª��üõ (1-1) �ó¢�ãõ ���� ×þ φ ∈ C2(I) (ÍÜµ¿õ) â��� Âû
:Ý�ª�� �µª�¢ ∀x ∈ I ý�Â�

a0(x)ϕ′′(x) + a1(x)ϕ′(x) + a2(x)ϕ(x) = f(x)

(1-1) �ó¢�ãõ ,Ý�û¢ ö�È÷ L �� �¤ a0(x) d2

dx2 + a1(x) d
dx + a2(x) ôø¢ �±�Âõ üÜ�Æ÷�ÂÔþ¢ ÂÚÜÞä Âð�

ø¢ Âû ø ϕ ø ψ ∈ C2(I) â��� ø¢ Âû ý�Â� ü�ãþ ,´¨� üÎ¡ L ÂÚÜÞä .¢�ªüõ �µª�÷ Ly = f ôÂÔ�
:Ýþ¤�¢ c1, c2 ∈ C ´��� ¤�ÀÖõ

L(c1ϕ + c2ψ) = c1Lφ + c2Lψ

.¢�ªüõ ùÀ�õ�÷ üÎ¡ üÜ�Æ÷�ÂÔþ¢ �ó¢�ãõ ×þ (1-1) ßþ�Â����
���� ×þ ¢�¡ ,�ó¢�ãõ ¥� ü���� Âû üÎ¡ °�îÂ� �î ´¨� ßþ� üÎ¡ ßÚÞû ��¢�ãõ ü¨�¨� üðÄþø
c2 ø c1 ´��� Âû ý�Â� ��®ø �� À��î ëÀ¬ Lψ = 0 ø Lϕ = 0 Íþ�Âª ¤¢ ψ ø ϕ Âð� �Âþ¥ .Àª��üõ

:Ýþ¤�¢

L(c1ϕ + c2ψ) = c1Lϕ + c2Lψ = 0

Àõ�ãµõ â���� 5.1
(a, b) ù¥�� Â� r â��� ø À�ª�� ùÀª ÓþÂã� [a, b] ùb¥� � Â� g ø f â���� À��î Âê 15.1 ÓþÂã�
∫ b
a r(x)f(x)ḡ(x)dx ñ�ÂÚµ÷� Í¨�� r ö¥ø â��� �� ´±Æ÷ g ø f üÜ¡�¢ �ÂÌÜ¬�� ,Àª�� ´±·õ �µ¨���

.Ý��îüõÉ¿Èõ 〈f, g〉 ¢�Þ÷ �� ø ù¢Âî ÓþÂã�
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〈f, g〉 = 0 ù�ðÂû À�þ�ð Àõ�ãµõ r > 0 ö¥ø â��� �� ´±Æ÷ �¤ g ø f â��� ø¢ 16.1 ÓþÂã�
üÔ�õ�÷ 〈f, f〉 =

∫ b
a r(x)|f(x)|2dx ü�ãþ ,©¢�¡ �� f â��� üÜ¡�¢ �ÂÌÜ¬�� 17.1 ÓþÂã�

‖f‖ = 〈f, f〉 1
2 �bÎ��¤ �� �î Ý�û¢ üõ Çþ�Þ÷ ‖f‖ �� �¤ f ôÂ÷ .´¨� r(x) > 0 ,|f(x)| ≥ 0 �Âþ¥ ,´¨�

.Àª�� ÂÔ¬ â��� f Âð� �ú�� ø Âð� ´¨� ÂÔ¬ ö� ôÂ÷ Àª�� �µ¨��� [a, b] ùb¥�� Â� f Âð� ,¢�ªüõÉ¿Èõ

´±Æ÷ ø¢��ø¢ â���� ßþ� Âð� Ý�þ�ð Àõ�ãµõ �ó�±÷¢ ×þ �¤ {
ψn

}∞
n=0

â���� �ó�±÷¢ 18.1 ÓþÂã�
〈ψn, ψm〉 = 0 ù�Ú÷� ,n 6= m Âð� ü�ãþ À�ª�� Àõ�ãµõ Ýû��

�Â±Ü�û ý�Ìê 6.1

¤¢ ‖x − y‖ �¤�¬ ßþ� ¤¢ ,Ý��î ÓþÂã� ‖x − y‖ �� �¤ y ø x ß�� �Ü¬�ê ø ,‖x‖ = 〈x, x〉 1
2 ù�ðÂû

.´¨� ×þÂµõ ý�Ìê ×þ ,Âµõ ßþ� �� H ßþ�Â���� À�îüõ ëÀ¬ ýÂµõ ý�Ìê ñ�¬�
.¢�ªüõ ùÀ�õ�÷ �Â±Ü�û ý�Ìê ,(Ûõ�î) ô�� üÜ¡�¢ �Â® ý�Ìê 19.1 ÓþÂã�

�� ÍÜµ¿õ ¢�Àä� ¥� x = (ξi) = (ξ1, ξ2, ξ3, ...) ý�û�ó�±÷¢ ¥� ÛØÈµõ L2 ý�Ìê 20.1 ñ�·õ
�¤�Ê � y = (ηi) ø x = (ξi) �Ìä ø¢ ß � � ü Ü¡�¢ �Â® ø Àª� � üû� � µ õ

∞∑

j=1

ξj .ξ̄j � î ý¤�Ï

.´¨� �Â±Ü�û ý�Ìê ×þ ¢�ªüõ ÓþÂã� 〈x, y〉 =
∞∑

j=1

ξj .η̄j

üÜ¡�¢ �Â® �î [a, b] Â� Ù±ó ÂþÁ�ù¥�À÷� ÍÜµ¿õ â���� ¥� ÛØÈµõ L2[a, b] ý�Ìê 21.1 ñ�·õ
�Â±Ü�û ý�Ìê ×þ ,¢�ªüõ ÓþÂã� 〈f, g〉 =

∫ b
a f(x)ḡ(x)dx �¤�¬ �� g ø f ÍÜµ¿õ â��� ø¢ ß��

.´¨�

.À�þ�ð ô�� â��� ,Àª�� üÜ�Ü½� ÍÜµ¿õ �b½Ô¬ ô�Þ� ¤¢ �î �¤ üã��� 22.1 ÓþÂã�
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O, o ý�û¢�Þ÷ üêÂãõ 7.1
�¤�¬ ßþ� ¤¢ À�ª�� D íÂµÈõ ��õ�¢ �� ÍÜµ¿õ ý�ûÂ�çµõ �� g ø f â��� ø¢ Âð� 23.1 ÓþÂã�

:�Øþ¤�Ï �� Àª�� ¢���õ δ > 0 ø ´±·õ ý k ¢Àä ù�ðÂû f(z) = O(g(z)) Ý�þ�ð

∀z : |z − z0| < δ =⇒ |f | < k|g|

�þ ø

lim
z→z0

|f(z)|
|g(z)| = k

:ù�ðÂû f(z) = o(g(z)) Ý�þ�ð

∀z∀ε∃δ > 0 : |z − z0| < δ =⇒ |f | < ε|g|

�þ ø

lim
z→z0

|f(z)|
|g(z)| = 0

:ù�ðÂû ´¨� g ¥¤�Ýû f ß��»Þû ø

lim
z→z0

|f(z)|
|g(z)| = 0

�¤ �ó�±÷¢ ßþ� ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ {ϕn(z)} â���� ¥� üû��µõ�÷ �þ üû��µõ �ó�±÷¢ 24.1 ÓþÂã�
:ù�ðÂû Ý�þ�ð ü±÷�¹õ �ó�±÷¢

ϕn+1(z) = o(ϕn(z)) , z → z0
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:ÂÚþ¢ �¤�±ä ��

lim
ϕn+1(z)
ϕn(z)

= 0 , z → z0

�µª�À÷ ¤�Âì z0 ¥� üÚþ�ÆÞû ¤¢ ϕn(z) ¥� ýÂÔ¬ º�û �î ´¨� ¤�ÂìÂ� üµìø ÓþÂã� 25.1 ÂîÁ�
.Àª��

�û an)
∞∑

n=1

anϕn(z) Ý�þ�ð Àª�� â���� ¥� ü±÷�¹õ �ó�±÷¢ ×þ {ϕn(z)} �ó�±÷¢ Âð� 26.1 ÓþÂã�
:Ý�ª�� �µª�¢ N Âû ý�Â� ù�ðÂû ´¨� f(z) ¥� ü±÷�¹õ °þÂÖ� �þ ü±÷�¹õ ÍÆ� ×þ ,(À�µÆû ´���

f(z) =
N∑

n=1

anϕn(z) + o(ϕN (z)) , z → z0

:¢Âî ö��� Ã�÷ Âþ¥ �¤�¬ �� �¤ ��� �Î��¤ ö���üõ ß��»Þû

f(z) =
N−1∑

n=1

anϕn(z) + o(ϕN (z)) , z → z0

Ûþø��ó - ô¤�µª� ��¢�ãõ 8.1
ôø¢ �±�Âõ üÎ¡ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ 27.1 ÓþÂã�

A(x)u′′ + B(x)u′ + C(x)u = g(x) (2-1)

�µ¨��� x ∈ [a, b] Âû ý�¥� �� g ø C ø B ø A′ ø A â���� Ý��î Âê ÝþÂ�ðüõ ÂÑ÷ ¤¢ [a, b] ùb¥�� Â� �¤
ÝÑ�õ ôø¢ �b ±�Âõ Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ üÜî ôÂê �¤ (2-1) �b ó¢�ãõ �¤�¬ ßþ� ¤¢ .A(x) > 0 ø À�ª��

�¤�¬ �� ö���üõ �¤ (2-1) �b ó¢�ãõ ù�Ú÷� A′ = B Âð� ,À�þ�ð

d

dx

[
A(x)

du

dx

]
+ C(x)u = g(x) (3-1)
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ÓþÂã� ���Èõ ý�ûÂê �� .¢�ªüõ ùÀ�õ�÷ (2-1) �b ó¢�ãõ üì�½ó� �¤�¬ (3-1) �b ó¢�ãõ .´ª�÷
(3-1) �¤�¬ �� ö���üõ Âþ¥ ý�ûÂ�çµõ Â��ç� �� �È�Þû �¤ (2-1) �b ó¢�ãõ A ø B ø C ¢¤�õ ¤¢ ���

�b ó¢�ãõ �� ö� 1
Ae

∫
B
A dx �� (2-1) �b ó¢�ãõ éÂÏ ø¢ �Â® �� �î ¢Âî ÛþÀ±�

Lu =
d

dx

[
p(x)

du

dx

]
+ q(x)u = f(x) (4-1)

ö� ¤¢ �î ¢�ªüõ ÛþÀ±�

p(x) = e
∫

B
A

dx q(x) =
c

A
p(x) f(x) =

g

A
p(x)

[a, b] ¤¢ f ø q ø p′ ø p â���� Ý�µêÂð ÂÑ÷ ¤¢ C ø B ø A′ ø A ý�Â� �î üþ�ûÂê �� ,´¨� ¼®�ø
¤¢ Âð� .´¨� éøÂãõ ÝÑ�õ Ûþø��ó - ô¤�µª� �ÜÿÆõ �� (4-1) �b ó¢�ãõ .´¨� p(x) > 0 ø À÷��µ¨���
�î «�¡ ý�úµó�� ¤¢ Ûþø��ó - ô¤�µª� �ó�bÆõ Ý�û¢ ¤�Âì λσ(x)u â��� f(x) ý�� �� (4-1) �b ó¢�ãõ

.´ª�¢ Àû��¡ ùÄþø â���� ø ùÄþø Âþ¢�Öõ ¢�ªüõ ¶½� Âþ¥ ¤¢

Ûþø��ó - ô¤�µª� �ó�bÆõ ùbÄþø Âþ¢�Öõ 9.1
�b Ü�¨�� x ∈ [a, b] ��õ�¢ ýø¤ ϕ(x) ý�Â� Ûþø��ó - ô¤�µª� �ó�bÆõ ùbÄþø Âþ¢�Öõ 28.1 ÓþÂã�

Âþ¥ �ó¢�ãõ
d

dx

[
p(x)

dϕ

dx

]
+ q(x)ϕ + λσ(x) = 0 (5-1)

ý¥Âõ Íþ�Âª ��

sin(α)ϕ(a) + ϕ(α)ϕ′(a) = 0

sin(β)ϕ(b) + ϕ(β)ϕ′(b) = 0 (6-1)


