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1 ÛÊê
ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã�

üþ������ Â±� ¤¢ ù���î ýÂ�¨ 1.1
ø ù¢�¢ ö�È÷ Spe
(R) ¢�Þ÷ �� �¤ R ý�ÖÜ� 1ñø� ý�ûñ�ùÀþ� ��Þ� ý�ä�Þ¹õ 1.1.1 ÓþÂã�¢�Þ÷ �� �¤ R ý�ÖÜ� ñ�Þþ�î�õ ý�ûñ�ùÀþ� ��Þ� ý�ä�Þ¹õ ��÷ .Ý�õ�÷üõ R ý�ÖÜ� 2ñø� Ó�Ï �¤ ö�.Ý�û¢üõ ö�È÷ Max(R)
ñø� ý�ûñ�ùÀþ� ��Þ� ý�ä�Þ¹õ .Àª�� R ý�ÖÜ� ¥� ñ�ùÀþ� ×þ ,a À��î ­Âê 2.1.1 ÓþÂã��� ;Ý�û¢üõ Çþ�Þ÷ V (a) ¢�Þ÷ �� ø ùÀ�õ�÷ a ñ�ùÀþ� 3 ý�µþ¤�ø À�µÆû a ñ�ùÀþ� Ûõ�ª �î �¤ R ý�ÖÜ�.V (a) = fp 2 Spe
(R) : a � pg ÂÚþ¢ �¤�±äPrime Ideals1Prime Spe
trum2Variety32



3 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê�Ìä ý�¤�¢ V (a) ,(℄23[;52.3) Â� � � � ,�¤�¬ßþ� ¤¢ .a � R À��î ­Âê 3.1.1 ÓþÂã�ø ùÀ ÷��¡ a ñ�Þ� � � õ ñø� ñ�ùÀ þ� �¤ V (a) ñ�Þ� � � õ �Ìä .´¨� ñ�Þª ý�Î��¤ � � ´±Æ÷ ñ�Þ � � � õ.Ý�û¢üõ ö�È÷Min(a) ¢�Þ÷ �� �¤ a ñ�Þ���õ ñø� ý�ûñ�ùÀþ� ��Þ� ý�ä�Þ¹õ
,�¤�¬ ßþ� ¤¢ .Àª�� �ÖÜ� ×þ R À��î ­Âê 1.1.1 ù¤��ð,V (0) = Spe
(R); V ((1)) = ; (i)ù�ðö� ,Àª�� R ý�úó�ùÀþ� ¥� ý�ù¢��÷�¡ faigi2I Âð� (ii)V ([i2I ai) = \i2I V (ai)ù�ðö� ,À�ª�� R ý�ÖÜ� ¥� ñ�ùÀþ� ø¢ a; b Âð� (iii)V (a \ b) = V (ab) = V (a) [ V (b)

.℄℄15[;25 ý�½Ô¬[ �� ¢�ª á��¤ .ö�ûÂ�ý�Ìê ×þ ý�µÆ� ý�û�ä�Þ¹õ ÇÖ÷ ¤¢ �ûV (a) ,1.1.1 ýù¤��ð�� ���� �� 4.1.1 ÓþÂã�.Ý�õ�÷üõ 1üØÆþ¤�¥ ý��ó���� �¤ Spe
(R) ýø¤ Â� Û¬�� ý��ó���� ßþ� �î À÷�ªüõ Âû�Ò ý��ó����.À��îüõ Ó�¬�� �¤ ý��ó���� ý�Ìê ßþ� ¥�� ý�û�ä�Þ¹õ D(a) := Spe
(R)� V (a)
�î Àª�� R ý�ÖÜ� ¥� üó�ùÀþ� a ø Àó�õüû��µõ ñøÀõ - R×þ M À��î ­Âê 2.1.1 ù¤��ð.(1� x)M = 0 �î ¢¤�¢ ¢��ø ö��� x 2 a ,�¤�¬ßþ� ¤¢ .M = aMZariski1



4 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê
.¢�ª �ã��Âõ ℄℄2[;5.2[ �� .ö�ûÂ�

ý�ÖÜ� ¥� üó�ùÀþ� a ø Àó�õüû��µõ ñøÀõ - R×þ M À��î ­Âê (1�õ�þ�î�÷ Ýó) 3.1.1 ù¤��ð.M = 0 �¤�¬ßþ� ¤¢ .M = aM ø a � J(R) �î Àª�� R.¢�ª �ã��Âõ ℄℄2[;6.2[ �� .ö�ûÂ�
ý2�µÆ��ø ñø� ñ�ùÀþ� �¤ p .p 2 Spe
(R) ø ñøÀõ - R×þ M À��î ­Âê 5.1.1 ÓþÂã�.p = (0 :R m) � îý¤� Ï� � À ª� � ¢� �� õ M ¤¢ m À � ÷� õ ýÂ Ô¬Â � è �Ìä ù� ðÂ û Ý � õ� ÷ü õ Mý�ÖÜ� ¢¤�õ ¤¢ üõ�ú�� ù�ðÂû �þ ø AssR(M) ¢�Þ÷ �� �¤ M ý�µÆ��ø ñø� ý�ûñ�ùÀþ� ��Þ� ý�ä�Þ¹õ��÷ assR(a) ´õ�ä �� �¤ AssR(R=a) ý�ä�Þ¹õ ,a � R Âð� .Ý�û¢üõ ö�È÷ Ass(M) �� Àª�±÷ R.Ý�û¢üõ ö�È÷
fp 2 Spe
(R) :Mp 6= 0g ý�ä�Þ¹õ .Àª�� ñøÀõ - R×þM À��î ­Âê 6.1.1 ÓþÂã�,Mp ¥� ¤�Ñ�õ �î Ý�û¢üõ ö�È÷ Supp(M) � þ ø SuppR(M) ¢�Þ÷ � � �¤ ö� ø ùÀ�õ�÷ M 3ÛÞ½õ �¤.´¨� p ñø� ñ�ùÀþ� �� ´±Æ÷ M ý¥�¨üã®�õ ¥� Û¬�� ñøÀõNakayama's lemma1Asso
iated Prime Ideal2Support3



5 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê¥� ùÀª �µ¡�¨ ý�ûÂ�¹÷¥ ñ�Ï ÝÞþÂ��¨ �� ´¨� Â��Â� R ý�ÖÜ� 1ñøÂî Àã�e 7.1.1 ÓþÂã�,�¤�¬ßþ� Â�è ¤¢ ø .Àª�� ¢���õ ý¢Àä ß��� �Ø�þ� Â� ¯øÂÈõ ,Spe
(R) ¤¢ âì�ø ñø� ý�ûñ�ùÀþ�ÂÚþ¢ �¤�±ä �� .Ý��îüõ ÓþÂã�1 �¤ ö�dim(R) := supfn 2 N0 : Àª�� �µª�¢ ¢��ø R ñø� ý�ûñ�ùÀþ� ¥� n ñ�Ï �� ýÂ�¹÷¥ g
�� ùÀª �µ¡�¨ ý�ûÂ�¹÷¥ ñ�Ï ÝÞþÂ��¨ �� ´¨� Â��Â� ,M ñøÀõ - R ñøÂî Àã�e 8.1.1 ÓþÂã�1 �¤ ö� ,Àª�±÷ ¢���õ üÞÞþÂ��¨ ß��� Âð� ø ,(¢��ø �¤�¬ ¤¢) Supp(M) ¤¢ âì�ø ñø� ý�ûñ�ùÀþ�.Ý��îüõ ÓþÂã� �1 �¤ ö� ñøÂî Àã�e ,M = 0 Âð� ß��»Þû .Ý��îüõ ÓþÂã�

�¤�¬ ßþ�¤¢ .Àª�� Àó�õüû��µõ ñøÀõ - R×þ M À��î ­Âê 1.1.1 ÝóSupp(M) = fp 2 Spe
(R) : (0 :R M) � pg = V (AnnR(M)):.℄℄23[;20.9[ �� ¢�ª á��¤ .ö�ûÂ�:À÷�ñ¢�ãõ Âþ¥ ý�ûù¤��ð .Àª�� ñøÀõ - R×þ M À��î ­Âê 2.1.1 Ýó,M = 0 (i),Mp = 0 ,p 2 Spe
(R) Âû ý�¥� �� (ii).Mm = 0 ,m 2Max(R) Âû ý�¥� �� (iii).℄℄23[;15.9[ �� ¢�ª á��¤ .ö�ûÂ�Krull Dimension1



6 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊêù�ðÂû Ý���ð 1ü�Â® ý�µÆ� �¤ R ý�ÖÜ� ¥� S ý�ä�Þ¹õÂþ¥ 9.1.1 ÓþÂã�,1R 2 S (i).xy 2 S ,x; y 2 S �Ìä ø¢ Âû ý�¥� �� (ii)
×þ M ø R ý�ÖÜ� ¥� ü�Â® ý�µÆ� ý�ä�Þ¹õÂ þ¥ ×þ S �î À� � î ­Âê 1.1.1 ��Ìì.AssR(M) = AssS�1R(M) ,�¤�¬ßþ� ¤¢ .Àª�� ñøÀõ - S�1R.℄℄15[;1.6[ �� ¢�ª á��¤ .ö�ûÂ�

,�¤�¬ ßþ�¤¢ .p 2 Spe
(R) ø ñøÀõ - R×þ M À��î ­Âê 1.1.1 �¹�µ÷p 2 AssR(M), pRp 2 AssRp(Mp):.℄℄15[;2.6[�� ¢�ª á��¤ .ö�ûÂ�
¥� Õ � ì¢ ý� ó� ± ÷¢ × þ 0 �! M 0 �! M �! M 00 �! 0 À � � î ­Â ê 2.1.1 ��Ìì�¤�¬ ßþ� ¤¢ .Àª�� �ûüµ¿þÂÞû - R ø �ûñøÀõ - RAss(M) � Ass(M 0) [Ass(M 00):.℄℄15[;3.6.[ �� ¢�ª á��¤ .ö�ûÂ�Multipli
ativly 
losed1



7 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê,�¤�¬ ßþ�¤¢ .Àª� � À ó� õüû� � µ õ ÂÔ¬Â�è ñøÀõ - R ×þ M À� � î ­Âê 3.1.1 ��Ìì�î ý¤�Ï �� ´¨� ¢���õ M ý�úóøÀõÂþ¥ ¥� 0 = M0 � M1 � � � � � Mn = M ÛØª �� ýÂ�¹÷¥.pi 2 Spe
(R) ö� ¤¢ �î ,Mi=Mi�1 �= R=pi ,1 � i � n Âû ý�Â�.℄℄15[;4.6[ �� ¢�ª á��¤ .ö�ûÂ�
�¤�¬ ßþ�¤¢ .Àª�� ñøÀõ - R×þ ,M À��î ­Âê 4.1.1 ��Ìì.´¨� üû��µõ ý�ä�Þ¹õ ×þ Ass(M) (i).Ass(M) � Supp(M) (ii).À�µÆû ü÷�ÆØþ ñ�Þ�÷üõ ý�Ìä� ý�¤�¢ Supp(M) ø Ass(M) (iii).℄℄15[;5.6[ �� ¢�ª á��¤ .ö�ûÂ�

Çþ�Þ ÷ Min(M) ¢� Þ ÷ � � �¤ Ass(M) ñ� Þ � ÷ü õ ý�Ìä� ý�ä�Þ¹õ 1.1.1 ý¤�Áð¢�Þ÷.Ý�û¢üõ
�ûñøÀõ - R ¥� Õ�ì¢ ý��ó�±÷¢ 0 �! M 0 �!M �! M 00 �! 0 À��î ­Âê 5.1.1 ��Ìì.Supp(M) = Supp(M 0) [ Supp(M 00) �¤�¬ ßþ�¤¢ .Àª�� �ûüµ¿þÂÞû - R øÛ¬�� 0 �! M 0p �! Mp �! M 00p �! 0 ý�ó� ± ÷¢ ö¢� � Õ� ì¢ ¥� üµ��¤ � � ÝØ� .ö�ûÂ �.p 2 Supp(M) ö� ¤¢ �î ,¢¢Âðüõ



8 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê�¤�¬ ßþ�¤¢ .Àª�� R ý�ÖÜ� ¥� üó�ùÀþ� a À��î ­Âê 3.1.1 Ýópa = \p2V (a) p .¢�ª �ã��Âõ ℄℄23[;48.3[ �� .ö�ûÂ�
�î ¢¤�¢ ¢��ø ö��� n 2 N ,�¤�¬ ßþ� ¤¢ .Àª�� R ý�ÖÜ� ¥� üó�ùÀþ� I À��î ­Âê 4.1.1 Ýó.Àª��üõ ¢�¡ ñ�Øþ¢�¤ ¥� ü÷��� Ûõ�ª ñ�ùÀþ� Âû ,ÂÚþ¢ �¤�±ä �� .(pI)n � I.¢�ª �ã��Âõ ℄℄23[;21.8[ �� .ö�ûÂ�
M ,p 2 Ass(M) Âû ý�¥� �� ,�¤�¬ ßþ�¤¢ .Àª�� ñøÀõ - R×þ M À��î ­Âê 5.1.1 Ýó.¢¤�¢ Rp �� ´¿þÂØþ üóøÀõÂþ¥.℄℄23[;24.7[ �� ¢�ª á��¤ .ö�ûÂ�

�¤�¬ ßþ�¤¢ .Àª�� ýÂ��÷ ý�ÖÜ� R ø ñøÀõ - R×þ ,M À��î ­Âê 6.1.1 ��ÌìZDR(M) = [p2Ass(M) p:.℄℄23[;36.9[ �� ¢�ª á��¤ .ö�ûÂ�



9 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊêÂ�¹÷¥ ,�¤�¬ ßþ�¤¢ .Àª�� ñøÀõ - R×þ M À��î ­Âê 10.1.1 ÓþÂã�0 =M0 � � � � �Mn =Mù¢�¨ MiMi�1 ñøÀõ - R ,0 � i � n Âû ý�¥� �� ù�ðÂû À�õ�÷üõ ùÀª á�±ª� �¤ M ý�ûñøÀõÂþ¥ ¥��î (1¤À ó�û-ö¢Â� ý��Ìì)¢�ªüõ ´�� � ø À�õ� ÷üõ ë�ê ýùÀª á�±ª� Â �¹÷¥ ñ�Ï �¤ n .Àª� �2ñ�Ï �¤ íÂµÈõ ñ�Ï ßþ� ,À� ÷�ÆØþ ý�ûñ�Ï ý�¤�¢ ñøÀõ ×þ ýùÀª á�±ª� ý�ûÂ�¹÷¥ ý�Þû`(M) ¢�Þ÷ �� Àª�±÷ R ý�ÖÜ� ¢¤�õ ¤¢ üõ�ú�� �î ü�¤�¬ ¤¢ �þ ø `R(M) ¢�Þ÷ �� ø ùÀ�õ�÷ M ñøÀõ�¤�¬ �� ø ´¨� üû��µõ ñ�Ï ¥� M Ý�þ�ð Àª�� ýÂ�¹÷¥ ß��� ý�¤�¢ M ù�ðÂû .Ý�û¢üõ ö�È÷ø ´Æ�÷ üû��µõ ñ�Ï ¥� M Ý�þ�ð Àª�±÷ ýÂ�¹÷¥ ß��� ý�¤�¢ M Âð� .Ý�û¢üõ ö�È÷ `R(M) <1.`R(M) =1 Ý�Æþ�÷üõ
´¨� üû��µõ ñ�Ï ¥� M ,�¤�¬ßþ� ¤¢ .Àª�� ñøÀõ - R×þ ,M À��î ­Âê 7.1.1 ��Ìì.Àª�� ü���¤� ø ýÂ��÷ Âð� �ú�� ø Âð�.℄℄23[;36.7[ �� ¢�ª á��¤ .ö�ûÂ�3�� µîÄ ÷� Çª�� �¤ E ñøÀõ - R .Àª� � ñøÀõ - R×þ M À��î ­Âê 11.1.1 ÓþÂã�ù�ðÂû Ý�÷��¡üõ M ý�Â�,Àª�� ��µîÄ÷� ñøÀõ - R ö���ä�� E (i),M � E (ii)Jordan�Holder1Length2Inje
tive Hull3



10 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê.K \M 6= 0 ,K À�÷�õ ,E ñøÀõ ¥� ÂÔ¬Â�è ñøÀõÂþ¥ Âû ý�¥� �� (iii).Ý�û¢üõ Çþ�Þ÷ E(M) �þ ø ER(M) ¢�Þ÷ �� �¤ M ��µîÄ÷� Çª��
Âð� ��÷ ø ´¨� ¢ÂÔ�ÂÊ½�õ üµ¿þÂØþ À� �� ��µîÄ÷� Çª�� ,(℄21[ ;31.3) �� ��� 1.1.1 ÂîÁ�.E(M) =M ù�Ú÷� ,Àª�� ��µîÄ÷� M
M ø ,ü�Â® ý�µÆ� ý�ä�Þ¹õÂþ¥ ×þ S � R ,ýÂ��÷ ý�ÖÜ� ×þ R À��î ­Âê 6.1.1 Ýó.S�1ER(M) �= ES�1R(S�1M) ,�¤�¬ ßþ� ¤¢ .Àª�� ñøÀõ - R×þ.℄℄5[;5.2.3[ �� ¢�ª á��¤ .ö�ûÂ�
¤¢ .Àª�� ñøÀõ - R×þ M ø ,p 2 Spe
(R) ,ýÂ��÷ ý�ÖÜ� ×þ R À��î ­Âê 7.1.1 Ýó.Ass(E(R=p)) = fpg ùÄþø �� ;Ass(M) = Ass(E(M)) ,�¤�¬ ßþ�.℄℄5[;7.2.3[ �� ¢�ª á��¤ .ö�ûÂ�
.a1; : : : ; an 2 R ø À ó�õüû� � µ õ ÂÔ¬� ÷ ñøÀõ - R ×þ M À� � î ­Âê 12.1.1 ÓþÂã�ù�ðÂû Àû¢üõ Û�ØÈ� n ñ�Ï�� 1ÝÑ�õ ý�µª¤ - M ×þ a1; : : : ; an Â¬��ä Ý�þ�ð,M 6=< a1; : : : ; an > M (i)M= < a1; : : : ; ai�1 > M ñøÀõ - R 2ÂÔ¬ ��Üä ��ÆÖõ ai ÂÊ�ä ,i = 1; � � � ; n Âû ý�¥� �� (ii)Regular Sequen
e1Zero Divisor2



11 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊê��÷ (ai)n1 ¢�Þ÷ �� �¤ �µª¤ ßþ� üû�ð .ai =2 ZDR(M= < a1; : : : ; ai�1 > M) ÂÚþ¢ �¤�±ä �� ;Àª�±÷.À�û¢üõ ö�È÷
(ai)n1 �µª¤ - M .Àª�� R ¥� üó�ùÀþ� a ø ñøÀõ - R×þ M À��î ­Âê 13.1.1 ÓþÂã��î Àª�±÷ ¢���õ ö��� a ¥� an+1 �Ìä ,ù�ðÂû Ý�õ�÷üõ ñ�Þþ�î�õ ý�µª¤ - M ×þ �¤ a ñ�ùÀþ� ¤¢.Àª�� a ñ�ùÀþ� ¤¢ �µª¤ -M ×þ ��÷ (ai)n+11
ý�¤�¢ ñ�ùÀþ� ×þ ¤¢ âì�ø ñ�Þþ�î�õ ý�û�µª¤ - M ��Þ� ,(℄23[;13.16) �� ��� 2.1.1 ÂîÁ�.À�µÆû ö�ÆØþ ñ�Ï
ñ�Ï ,�¤�¬ßþ� ¤¢ .Àª�� R ¥� üó�ùÀþ� a ø ñøÀõ - R×þ M À��î ­Âê 14.1.1 ÓþÂã�gradeMa ¢�Þ÷ �� ø ùÀ�õ�÷ M ýø¤ a 1ý��¤¢ �¤ a ¤¢ âì�ø ñ�Þþ�î�õ ý�û�µª¤ - M ��Þ� íÂµÈõ¢�Þ÷ �� �¤ R ýø¤ a ý��¤¢ ù�Ú÷� ,M = R Âð� ,«�¡ ´ó�� ¤¢ .Ý�û¢üõ ö�È÷ grade(a;M) �þ ø.Ý�û¢üõ Çþ�Þ÷ grade a
.Àª�� ñøÀõ - R×þ M ø ýÂ��÷ üã®�õ ý�ÖÜ� ×þ ,(R;m) À��î ­Âê 15.1.1 ÓþÂã�¢�Þ÷ �� ø ùÀ�õ�÷ R ýø¤ M ñøÀõ 2ÕÞä �¤ M ýø¤ m ñ�Þþ�î�õ ñ�ùÀþ� �ú�� ý��¤¢ ,�¤�¬ßþ� ¤¢.Ý�û¢üõ ö�È÷ depthRMgrade1depth2



12 ü��õÀÖõ Ý�û�Ôõ ø Óþ¤�ã� .1 ÛÊêñøÀ õ - R × þ M ø ýÂ �� ÷ ü ã ®� õ ý� Ö Ü � × þ ,(R;m) À � � î ­Â ê 8.1.1 ��Ìì.depthR M � dim M �¤�¬ßþ�¤¢ .Àª�� ÂÔ¬�÷ Àó�õüû��µõ.℄℄5[;12.2.1[ �� ¢�ª á��¤ .ö�ûÂ�
ñøÀ õ - R × þ M ø ýÂ �� ÷ ü ã ®� õ ý� Ö Ü � × þ ,(R;m) À � � î ­Â ê 9.1.1 ��Ìì.depth M � dim R=p �¤�¬ßþ�¤¢ .p 2 AssR(M) ø Àª�� ÂÔ¬�÷ Àó�õüû��µõ.℄℄5[;13.2.1[ �� ¢�ª á��¤ .ö�ûÂ�
�¤� ¬ß þ� ¤¢ ,À ª� � R ý� Ö Ü � ¥� ü û�� ¿ ó¢ ñ�ùÀ þ� a À � � î ­Â ê 10.1.1 ��Ìì.grade a � ht a.℄℄5[;14.2.1[ �� ¢�ª á��¤ .ö�ûÂ�
ý�ÖÜ� ¥� ùÂ¨ ñ�ùÀþ� ×þ ,a À��î ­Âê (ñøÂî üÜ¬� ñ�ùÀþ� ý��Ìì Ý�Þã�) 11.1.1 ��Ìì.ht p � n ,p 2Min(a)Âû ý�¥� �� ,�¤�¬ßþ� ¤¢ .´¨� ùÀª À�ó�� �Ìä n Í¨�� �î Àª�� R.℄℄23[;4.15[ �� ¢�ª á��¤ .ö�ûÂ�
ø a � p �î Àª�� ö��� p 2 Spe
(R) ø R ýÂ��÷ ý�ÖÜ� ¥� üó�ùÀþ� a À��î ­Âê 8.1.1 Ýó.p 2Min(a) �¤�¬ßþ� ¤¢ .ht a = ht p


